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d�� � � d�� � � É¿Q,È ÅYT/� �>���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � Í

d�� d d Æ�^2] 	öÅYÈ9�§ÄRZ/]EÇ Ë ��TWVYÈ98+	 Ë ÅYÈ�X�h�� �>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � Í
��ÈÌÈ
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d�� d�� � �9VYXfQ���]WV6Q,h,] Ë Å^Å Ë É�QD]/�h�>���>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� � Í
d�� d�� d � Ë ÄED,VY]¤ÅYT)Z:\ QDh Ã V^XfÅ^X�	¤X�Ç�]��R���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� � Í

d�� � �+VYÈÌh�	¤È ÃDË ÇÌ]}ÄH�"� Ã XiÅ7��=}Ä^]}Ä°Z/])Ç Ë SÎX/Z/T}Ç�ÈÊÄ Ë Å^ÈÌXfhh�i���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� ���
d�� ��� � b Ë h Ë Q�%�Z/]i	¤X�SÎS�Q,h,È�	 Ë Å^ÈÌXfhDÄ ���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� ���

d�� ��� � � � �1Q,Æ,ÇÌÈ-	}Ä��;�>�I�>���>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� ���
d�� ��� � � d �1V^È-�fT©Ä�� �>�I�>���>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� ���

d�� ��� d PRXfS�Æ,V^]EZ/]�Ä^]}ÄYÄFÈÌXfh¼Ä�� �>���>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� ���
d�� ��� � � ]WQ�%�SUX�Z�=WÇÌ]}Ä�Z/]EÇì\ ÈÌh¿Å^VYQDÄ � ���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� � �

d�� ��� ��� � � \ ÈÌh¿Å^VYQDÄ ÃDË Ä^Ä^È9�c���>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� � �
d�� ��� ��� d � \ ÈÌh¿Å^VYQDÄ Ë 	¤Å^È4�c�+���>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� � �

d�� ��� k ��� Ã XfÅ7��=©ÄF])Z/]i	��,È4@>V^]}SÎ]}h¿Å Ã¼Ë V7� Ë È�Å �K�>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� � �
d�� ��� Í PRXfh�	W]}Ä � �>���>���>�>�I�>���>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� � �

d�� k �°T©ÄFQDÇ Å Ë ÅYÄ�]�%/ÈÌÄFÅ Ë h�Å Ä��a�>���>�>�I�>���>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� dfe
d�� k+� � ]a�f]
	I� � Ã XiÅ(��=}Ä^])Z/Qj	��,È9@>VY]WSU]Wh¿Å ÃDË V7� Ë È�Å ���I�>�>���>���>���>�>���>�I�>���>���>�>��� dfe

d�� k+� � � � ��T}Ä^Q,Ç Å Ë Å Ä°Z:\ ÈÌhDZ/T
	¤ÈÊZ Ë ÆDÈ�ÇÌÈ ÅYT/�n���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� dfe
d�� k+� � � d ��T}Ä^Q,Ç Å Ë Å Ä°Z/]�Z/T 	WÈÌZ Ë Æ,ÈÌÇ�È�Å^T��?���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� d�d

d�� k+� d S ]}VYÄ�QDh Ë @ Ë È�ÆDÇ�ÈÊÄ^Ä^]WSU]}h�Å°Z/])Çì\ �"� Ã XiÅ7��=}Ä^]EZ,Qo	��DÈ9@>V^]}SU]Wh¿Å ÃDË V7� Ë È�Å �j�>���>���>�>��� d �
d�� k+� d�� � d Q,Å^ÈÌÇÌÄ � �>�I�>���>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� d �
d�� k+� d�� d b �DÈ9@>V^]}SU]Wh¿Å�	¤X�SÎS�Q/Å Ë Å^È4�c� ���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� dik
d�� k+� d�� � �1V^X Ã V^ÈÌT¤ÅYT)Z/] Ã V^T�8�%/]/�H�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� d �
d�� k+� d�� k � d Q�]:%�	¤ÇÌQDÄ^È9�'���T���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� d �
d�� k+� d�� Í /=VYXfQ Ã ] Ë ÆwTWÇÌÈÌ]Wh�]¤Å�]�% Ã XfhD]Wh¿Å^ÈÌ]WÇÌÇ�]ESUX/Z/Q,Ç Ë ÈÌV^]��j�>�>���>�I�>���>���>�>��� � �
d�� k+� d�� g �RXfVYX/Z Ë ÅY]WQ,V Ä�� � ��È�SU]©Ä2Å Ë S Ã Ä��
�:� �>���>���>���>�>���>�I�>���>���>�>��� �fk

d�� Í 3Rh,] Ã VYX Ã VYÈ�TWÅ^T=È�S Ã XfV^Å Ë h�ÅY]U_,Ç�\ �,X�SÎX�SUXfV Ã �,ÈÊÄFSU]/�U�I�>�>���>���>���>�>���>�I�>���>���>�>��� � �
d�� Í�� � � T:8¼h,È ÅYÈ�X�h�]¤Å°Å^V Ë � Ë Q�%y]�%/ÈÌÄFÅ Ë h�Å Ä��\���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� � �
d�� Í�� d �1V^XfÅ^X�	¤X�Ç�]©Ä@Q,Å^ÈÌÇ�ÈÊÄ Ë h¿Å�Ç ËUÃ VYX Ã VYÈÌT¤Å^TEZ:\ �,XfSUX�SÎX�V Ã �,ÈÌÄ^SU]/�����>�>���>�I�>���>���>�>��� � �

d�� Í�� d�� � � ] Ã V^XfÅ^X�	¤X�Ç�] � b�È�VY]}Z�`1É¿Q,È-� Ë ÇÌ]Wh¿Å��+VYÈ4� Ë 	:� � �lb�` �#�2� �>���>���>�>��� � �
d�� Í�� d�� d � ] Ã V^XfÅ^X�	¤X�Ç�])PR]W]}Z�� Ë SÎc2a�	��,VYX¿]©Z/]WV^c � X�Y6] Ë �f]
	R`6b! I�J�I�>���>���>�>��� � �
d�� Í�� d�� � �1V^XfÅ^X�	¤X�Ç�]EZ/]�Z/T
	¤XfS Ã ÅY]�ÄF]
	¤VY]¤Å°Z:\ TWÇÌ] 	öÅYÈ�X�hj0 Ã Ç�QDÄ^ÈÌ]WQ,V Ä Ë Q/ÅYXfVYÈ ÅYT}Ä �!�>��� � �
d�� Í�� d�� k � ] Ã V^XfÅ^X�	¤X�Ç�]>� ��P&� �>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� � �

d�� Í�� � PRX�Ä$	WXfh¿Å^VYÈ�ÆDQ/Å^ÈÌXfhDÄ � �I�>���>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� k �

�/� ��*,(1& ¯ !�� 3#²�3�²�79²R·R8w-,0F(1? ²�3³¯¤¸§0^?1-/*D· ´��©0F?@-/*D·R´ 5 $'´�´�0��� ) N6O
5 ��! {}|�~9¦©�§uw~��9v��uC��"���|��.| � uw�§|$#&%('E�Du t.�/x��9|�¦Ît9x�u¼t9x���¾�{©¾�¦Î�D�§�w¾�z.x��§®:v.|�¦ ½ ) Â��� � � ]=SUX/Z�=}Ç�]�Z/] � XfÇÌ]��¿c � Ë X+���>�I�>���>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� k¿g

��� � � � ��� Ã XfÅ7��=©ÄF]©Ä°Z/Q�SÎX/Z�=}Ç�]�� �>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� k¿g
��� � � � � � 3Rh�V^T©ÄF] Ë Q�ÈÊZ/T Ë ÇÌÈÌÄ^T/�H�>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� k¿g
��� � � � � d ]RÆDÄFÅ^V Ë 	öÅYÈ�X�h�Z,]}Ä�SU]}ÄYÄ Ë f]©Ä@T
	�� Ë h�fT}Ä � �>���>���>�>���>�I�>���>���>�>��� k¿g
��� � � � � � ��� Ã XfÅ7��=©ÄF])Z/Qj	��,È4@wVY]WSU]}h�Å Ã¼Ë V7� Ë È�Å � ���>���>���>�>���>�I�>���>���>�>��� k¿g
��� � � � � k b@X�h,h Ë ÈÌÄYÄ Ë h�	¤]=ÈÌh,È ÅYÈ Ë Ç�])Z/])Çì\ È�h¿Å^VYQDÄ �,�>���>���>���>�>���>�I�>���>���>�>��� k¿g
��� � � � � Í b ËfÃDË 	WÈ ÅYT}Ä�Z/])Çì\ ÈÌh¿Å^VYQDÄ � ���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� k �

��� � � d � ])ÄE�/ÄFÅ7=WSU])Z/]�Z/T©Z/Q�	¤Å^ÈÌXfh�Z/] � X�Ç�] �¿c � Ë X�� �>�>���>���>���>�>���>�I�>���>���>�>��� k �
��� d � ]=SUX/Z�=}Ç�]�Z/] � XfÇÌ]��¿c � Ë XÎT¤ÅY]WhDZ/Q Ë ��] 	=Z/]}Ä Ã V^X Ã V^ÈÌT¤ÅYT}Ä Ë Ç-fT}Æ,VYÈÌÉ¿Q,]©Ä��k���>�I�>���>���>�>��� k �

��� d�� � � ]ESÎX/Z�=}Ç�]�Z,] � XfÇÌ]��¿c � Ë XUT¤ÅY]WhDZ,Q Ã¼Ë V�Q,h,]EÅ(�,TWX�V^ÈÌ]ET}É¿Q Ë ÅYÈ�X�h,h,]}Ç�ÇÌ]/� ���>���>�>��� k �
�¿ÈÌÈÌÈ
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��� d�� d � ]ESUX�Z�=WÇÌ] � X�Ç�] ��c � Ë XÎT¤ÅY]WhDZ,Q Ã¼Ë V°VYTWT 	WV^È�Å^QDV^]��>�I�>���>�>���>���>���>�>�I�>���>��� k �
��� d�� � � È4@wT}V^]}h¿Å^]}Ä6Å(�,TWX�V^ÈÌ]}Ä�T©É¿Q Ë ÅYÈ�X�h,h,]WÇÌÇÌ]}Ä$	¤X�hDÄ^ÈÌZ/T}V^T}]}Ä �R���>�>���>���>���>�>�I�>���>��� Í �

) � uC¨f�,����{©¾�¦}��µt'�§| ½ ÂwÂ
k+� � ] Ã,Ã VYX�	��,] ÃDË V°ÇÌX�	 Ë ÇÌÈ�Å^T)Z/] �f	 ]�ÇÌÇ�]©Ä2ÅY]WV
�#�>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� Í�Í

k+� � � � � \ ÈÌZ/T}])Z/] �f	�]RÇ�ÇÌ]}ÄFÅ^]}V)_�3�hD]i	¤Xfh¼Ä2ÅYV^Q�	¤Å^ÈÌXfh ÃDË V°Ä Ë ÅYQ,V Ë Å^ÈÌXfh�� ���>���>�>�I�>���>��� Ífg
k+� � � d P�XiÅYV^]E]�%¿ÅY]WhDÄ^ÈÌXfh�Z/])Ç�\ Ë Ç-fX�V^È�Å7�DSÎ]EZ/] �f	 ]�ÇÌÇ�]©Ä2ÅY]WV
� ���>�>���>���>���>�>�I�>���>��� Ífg

k+� d � X�	 Ë ÇÌÈ�Å^T)ÄFÈÌS Ã ÇÌ] Ã X�Q,V°Ç�])SUX/Z�=}Ç�])Z/] � XfÇÌ]��¿c � Ë XÎT¤Å^]}hDZ/Q��>�>���>�>���>���>���>�>�I�>���>��� Í �
k+� d�� � � T�8Dh,È�Å^ÈÌXfhDÄ �u���>���>���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� Í �

k�� d�� � � � a�XfQDÄFcìÅ^]WVYSU]}Ä�Ä7�¿h¿Å Ë %/ÈÌÉ¿Q,]©Ä�� �>���>���>�I�>���>�>���>���>���>�>�I�>���>��� Í �
k�� d�� � � d �+V^]}Q��f]©Ä�� ���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� Í �

k+� d�� d ]�h Ë Ç4�/Ä^]EZ,]=Ç Ë V(=�fÇÌ]EZ/] ÃDË ÈÌVY]=]WÅ�Z/]}Ä°V(=��Ç�]©Ä�Z/] Ã VYX*^2] 	¤Å^ÈÌXfh�� ���>���>�>�I�>���>��� g�e
k+� d�� � � X�	 Ë Ç�È�Å^T)Ä^È�S Ã ÇÌ]/�K���>���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� g �

k+� � ] Ã,Ã ÇÌÈ-	 Ë ÅYÈ�X�h Ë Q�SUX/Z�=}Ç�] � XfÇÌ]��¿c � Ë XUÄ2Å Ë hDZ Ë VYZ������>���>�I�>���>�>���>���>���>�>�I�>���>��� g¿Í
k+� ��� � ]�h Ë Ç4�/Ä^]EZ,]}Ä�V(=�fÇÌ]}Ä (D)

]¤Å
(C)

� ���>�>���>�I�>���>���>�>���>���>�I�>�>���>���>��� g¿Í
k+� ��� d �+V^X�Æ,Ç-=WSU])Z/]�Z/T}Z,Q�	öÅYÈ�X�h�Z/])Çì\ È�h¿Å^VYQDÄ Ã XfQ,VRÇ�]ESUX/Z�=WÇÌ]�Z/] � X�Ç�] �¿c � Ë XUÄFÅ Ë hDZ Ë VYZP��� g �
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Í�� � �RXfSUXfSUX�V Ã �DÈÌÄ^SU]/�!�>���>���>���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � e
Í�� � � � ����� �>�>���>�>���>���>���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � e

Í�� � � � � � � X�	 Ë Ç�È�Å^T�� ���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � e
Í�� � � � � d � T©Z/Q�	öÅYÈ�X�h�]Wh�Q,h,])TWÅ ËiÃ ]/� �>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � d

Í�� � � d ���	��
�� ]¤Å �	�� �����>���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � k
Í�� � � d�� � � X�	 Ë Ç�È�Å^T�� ���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � k
Í�� � � d�� d � T©Z/Q�	öÅYÈ�X�h�]Wh�Q,h,])TWÅ ËiÃ ]/� �>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � g

Í�� d b �DÈ9@>V^]}SU]Wh¿Å!�,XfSUX�SÎX�V Ã �,ÈÌÉ¿Q,]�� �>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � �
Í�� d�� � � X�	 Ë Ç�È�Å^T Ã XfQ,V°ÇÌ]}Ä Ë Å^XfSU]©Ä�� �>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � �

Í�� d�� � � � � T�8Dh,È�Å^ÈÌXfhDÄ ���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � �
Í�� d�� � � d �¡V Ë hDÄE��XfVYS Ë ÅYÈ�X�hDÄ@Z,] Ã V^]}Q��f]©Ä��R�>���>�I�>���>�>���>���>���>�>�I�>���>��� � �
Í�� d�� � � � � ]WSUSU] Ã XfQ,V°Ç Ë V7= fÇÌ] (D)

�6�>���>�I�>���>���>�>���>���>�I�>�>���>���>��� � �
Í�� d�� � � k � X�	 Ë Ç�È�Å^T Ã XfQ,V°ÇÌ]}Ä Ë Å^X�SÎ]©Ä�� �>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � d

Í�� d�� d � Å^QDZ,]�Z/])Ç Ë Z/T©Z/Q�	¤Å^ÈÌÆ,È�ÇÌÈ�Å^T�]}h�Q,hD])T¤Å ËfÃ ] Ã XfQDV (GXCD)
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Í�� d�� � b Ë Ä�Æ,ÈÌh Ë ÈÌVY]/�!���>���>���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� ���
Í�� d�� ��� � � T�8Dh,È�Å^ÈÌXfhDÄ ���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� ���
Í�� d�� ��� d �+V^]}Q��f]©Ä Ë Q Ã ÇÌQDÄ°Æ,ÈÌh Ë ÈÌVY]}Ä ���>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � �
Í�� d�� ��� � �°TWT
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Í�� ��� � � d � X�	 Ë Ç�È�Å^T Ë ÅYXfSUÈÊÉ�QD]/�����>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � �
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Í�� ��� d b Ë Ä�Æ,ÈÌh Ë ÈÌVY]/�!���>���>���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � efg
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È9%



���������
	�������������������

� £ ~.�9¾¿t1|�~.�9�D~9¨�|�|�~>{Wx�|�v.~9�0/.¨��/{}��u¼~�|¿{Ît9x�u¼z.� "¿�|��.|��.¾¿�.v.¨i{}��u¼~��.|�� � �§~>{}x�v9¦ ½ ��� �
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� e�� � � d �1V^]}Q��f]©Ä��H�>���>���>�>�I�>���>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� � Ífe

%



���������
	��� ���������������
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	¤VY]¤Å�Z:\ TWÇÌ] 	¤Å^ÈÌXfho0 Ã Ç�QDÄ^ÈÌ]WQ,V Ä Ë Q/ÅYXfVYÈ ÅYT}Ä � �>���>���>�>�I�>���>��� � �
d�� Í�� � �1V^XfÅ^X�	¤X�Ç�])Z:\ T 	�� Ë h�f]EZ/]i	WÇ�]��K� ��P&� ���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� k¿e
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� � � `[%�]}S Ã Ç�]�Z,]i	��,È9@>VY]WSU]Wh¿Å!0ÎS Ë Ä^É¿Q,]6^2]WÅ Ë ÆDÇ�]����>���>���>�I�>���>�>���>���>���>�>�I�>���>��� Í
d�� � �1V^ÈÌh�	¤È ÃDË Q�%�VYT}Ä^Q,Ç Å Ë Å Ä�]:%/ÈÌÄFÅ Ë h¿ÅYÄ°Ä^XfQDÄ�Çì\ �"� Ã XiÅ7��=}Ä^]EZ,]i	��,È9@>VY]WSU]Wh¿Å ÃDË V7� Ë È�Å � �>�I�>���>��� d �
d�� d ��T 	 ËfÃ È�Å^Q,Ç Ë ÅYÈ9�±Z/]}Ä�VYT}Ä^Q,Ç�Å Ë ÅYÄ°Z/]�Z/T
	¤ÈÊZ Ë ÆDÈ�ÇÌÈ ÅYT)]Wh Ã VYT}Ä^]Wh�	W]EZ,]EÅ7�,T}XfVYÈ�]©Ä@T©É¿Q Ë ÅYÈ�X�h,h,]WÇÌÇÌ]}Ä � � d�Í
��� � � ])SUX�Z�=WÇÌ]EZ,]�Z/T}Z/Q+	öÅ^ÈÌXfh�Z/] � XfÇÌ]��¿c � Ë X������>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� k �
��� d � ])SUX�Z�=WÇÌ]EZ,] Ã V^]}Q��f])Z/] � XfÇÌ]��¿c � Ë XUT¤ÅY]WhDZ/Qj0ÎQ,h,]EÅ(�,TWX�V^ÈÌ]=T}É¿Q Ë ÅYÈ�X�h,h,]}Ç�ÇÌ] (E)

� ���>��� k �
��� � ��X�Z�=WÇÌ]�Z/] Ã VY]WQ��f]�Z,] � XfÇÌ]��¿c � Ë X Ë ��] 	�Ç�]©Ä&��X�V^SU]©Ä�hDXfVYS Ë Ç�]©Ä%ÈÊÄYÄFQ,]©Ä�ZC\ Q,h�Ä7��ÄFÅ7=}SU]�Z/]

VYTWT
	¤VYÈ ÅYQ,VY]
R
SÎX/Z/QDÇ�X����K�P�>���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� Ífe

��� k �9V Ë hDÄE��XfVYS Ë Å^ÈÌXfh¼Ä@Z:\ Q,h,] Ã V^]}Q��f])Z/] T `E u
]Wh�Q,h,] Ã VY]WQ��f])Z/] T ` u ↓ ���I�>�>���>���>��� Í �

��� Í ��X�Z�=WÇÌ]�Z/] Ã VY]WQ��f]�Z,] � XfÇÌ]��¿c � Ë X Ë ��] 	�Ç�]©Ä&��X�V^SU]©Ä�hDXfVYS Ë Ç�]©Ä%ÈÊÄYÄFQ,]©Ä�ZC\ Q,h�Ä7��ÄFÅ7=}SU]�Z/]
VYTWT
	¤VYÈ ÅYQ,VY]

R
SUX/Z/Q,ÇÌX���� Ã VY]Wh Ë h¿Å6]}h�	WXfS Ã ÅY]=QDh�X Ã T}V Ë Å^]WQDV ⊕ Ë Ä^Ä^X�	¤È Ë ÅYÈ9�¡]WÅ!	¤XfSUS�Q/Å Ë Å^È4�c�EÍ�d

k+� � ��X�Z�=WÇÌ]�Z/] Ã VY]WQ��f]�Z,] � XfÇÌ]��¿c � Ë X Ë ��] 	�Ç�]©Ä&��X�V^SU]©Ä�hDXfVYS Ë Ç�]©Ä%ÈÊÄYÄFQ,]©Ä�ZC\ Q,h�Ä7��ÄFÅ7=}SU]�Z/]
VYTWT
	¤VYÈ ÅYQ,VY]

R
SUX/Z/Q,ÇÌX	��� Ã VY]Wh Ë h¿Å.]}h�	WXfS Ã ÅY]6QDh�X Ã T}V Ë Å^]WQDV ⊕ Ë Ä^Ä^X�	¤È Ë ÅYÈ9�D]WÅ[	¤XfSUS�Q/Å Ë Å^È4�]WÅ�Q,h�ÄE��S�Æ¼X�Ç�])Z/]���X�h�	öÅYÈ�X�h

h
�"�>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� Í �

k+� d t QDÄ^È�X�h�Z,]EZ,]WQ�%�V7= fÇÌ]}Ä
(GX)

]}h�QDh,])ÄF]}Q,Ç�]��T�>���>�I�>���>���>�>���>���>�I�>�>���>���>��� Í �
k+� � ��X�Z�=WÇÌ]=Z/] � XfÇÌ]��¿c � Ë X Ë �f]
	°Ç Ë � S Ë 	¤VYX �[V(=��Ç�] (M)

F�X�

C[u1, . . . , un]

]}ÄFÅ@Q,h�	¤X�h�ÅY]:%�Å^]
Z,])Ç�\ ËiÃ,Ã Ç�È�	 Ë Å^ÈÌXfh�Z/]}Ä�V(=��Ç�]©Ä (GX)

F
(h)

F
(D)

F
(C)

�<���>���>���>�>�I�>���>���>�>���>���>�I� gik
Í�� � � XfÇÌ]��¿c � Ë XUT¤ÅY]WhDZ,Q Ã XfQDV°Ç Ë Å7�DTWXfVYÈÌ]=T©É¿Q Ë ÅYÈ�X�h,h,]WÇÌÇÌ] �	��� �1�>���>�>���>���>���>�>�I�>���>��� � e
Í�� d � XfÇÌ]��¿c � Ë X�TWÅ^]}hDZ/Q Ã XfQDV9Ç Ë Å(�,TWX�V^ÈÌ]+T}É¿Q Ë Å^ÈÌXfh,hD]WÇÌÇ�] ���	��
�� XfQ �	�� FäX�
 C ]}ÄFÅ9QDh&	¤X�h�ÅY]:%�Å^]

	WXfS Ã X�Ä^TEZ,]�ÄE��S%ÆwXfÇÌ]}Ä h X�Q ⊕ �1�>���>���>���>�>���>�I�>���>���>�>���>���>�I�>�>���>���>��� � Í
Í�� � � XfÇÌ]��¿c � Ë XUT¤ÅY]WhDZ,Q Ã XfQDV°Ç Ë Å7�DTWXfVYÈÌ]=T©É¿Q Ë ÅYÈ�X�h,h,]WÇÌÇÌ] �	�	��
 {.}. ���>���>���>���>�>�I�>���>��� � �
Í�� k �']}V^S�Q/Å Ë Å^ÈÌXfhUZ/]}Ä'V(=��Ç�]©Ä (Cv)

]¤Å
(GX)

Ä^È�Å^X�Q/Å^]©Ä±ÇÌ]}Ä'V(=�fÇÌ]}Ä �
Ri
�'Ä^Xfh¿Å+Z/È9@>TWVY]Wh¿ÅY]}Ä±Z/]

(Cv)]WÅRÄFÈ
n ≥ 2

� �>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>���>���>�I�>�>���>���>��� � e
Í�� Í a/È�S Ã ÇÌÈ98k	 Ë ÅYÈ�X�h�Z/]�Ç Ë V(=��Ç�] (Cv)

]¤Å
(Dv)

Ä}\ ÈÌÇD]�%/ÈÌÄFÅ^]�QDh,]RV(=��Ç�]
(Cv) Ë Q/c<Z/]©Ä^Ä^QDÄ+Z/] Ç Ë V7= fÇÌ]

(GX)
]¤Å�Ç Ë V7= fÇÌ] (Dv)

^2QDÄ2ÅY] ËiÃ V(=}Ä6Ç Ë S�5WSU]EV7= fÇÌ]
(GX)

F Ë ��] 	 n ≥ 2
�1���>�>���>���>��� � e

Í�� g �<ÇÌÇÌQDÄ2ÅYV Ë Å^ÈÌXfh�Z/Q�Ç�]}SUSÎ] � k Ã¼Ë f] � � �h�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � d
Í�� � �<ÇÌÇÌQDÄ2ÅYV Ë Å^ÈÌXfh�Z/Q�Å^VYXfÈÊÄFÈ-=WSU]>	 Ë Ä�� �>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � �
Í�� �

K = {kα1

1 , . . . , kαn
n }

� �>���>���>�>�I�>���>���>�>���>���>�I�>���>�>���>���>���>�>�I�>���>��� � �
Í�� � t QDÄ^È�X�h�Z,]EZ,]WQ�%�V7= fÇÌ]}Ä

(GX)
�k�>�>���>���>���>�>���>�I�>���>���>�>���>���>�I�>�>���>���>��� � e �

Í�� � e �9V Ë hDÄE��XfVYS Ë Å^ÈÌXfh D ���������� Ë �f]
	 K2 ∩K1 6= ∅
]¤Å
n ≥ 2

� �>���>�>���>�I�>���>�>���>���>��� � e¿d
Í�� � � �9V Ë hDÄE��XfVYS Ë Å^ÈÌXfh ⊕ ���������� F K1 ∩K2 6= ∅

]¤Å1ÅYXfQ/ÅY]}Ä6ÇÌ]}Ä@V7= fÇÌ]}Ä
(Ri)

ÄFX�h¿Å6Z/È4@wT}V^]}h¿Å^]}Ä6Z/]
(C)

� � e �
%��
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Í�� � d �<ÇÌÇ�Q¼Ä2ÅYV Ë Å^ÈÌXfh�Z/Qj	 Ë Ä (DK)
Z Ë hDÄ°ÇÌ]EÇ�]}SÎSU]%d � Ã¼Ë f] � efk��j�>���>���>�>���>�I�>���>���>�>��� � e¿Í

Í�� � � �']WVYS%Q,Å Ë ÅYÈ�X�h�Z,]}Ä�V(=�fÇÌ]}Ä (GX)
c
(C)

]Wh
(C)
c
(GX)

�a�>�>���>�I�>���>�>���>���>���>�I�>�>��� � e �
Í�� � k �°T©ÄFQDSÎT�Z,]}Ä�VYT}Ä^Q,Ç Å Ë Å Ä�XfÆ/ÅY]Wh�QDÄ Ã XfQ,V°ÇÌ] Ã VYXfÆ,Ç-=WSU])Z/])Z/T}Z,Q�	öÅYÈ�X�h�Z,])Ç�\ È�h¿ÅYV^QDÄ �1�>���>�>��� � e �
g�� � � ]=SUX/Z�=}Ç�]�Z/] Ã V^]}Q��f]EZ/] � XfÇÌ]��¿c � Ë X�TWÅ^]}hDZ/Qj0UÇ Ë Å(�,TWX�V^ÈÌ]ET}É¿Q Ë ÅYÈ�X�h,h,]}Ç�ÇÌ] (E)

� ���>�>��� � � d
g�� d � ]=SUX/Z�=}Ç�]�Z/] Ã V^]}Q��f]EZ/] � XfÇÌ]��¿c � Ë X�TWÅ^]}hDZ/Qj0UÇ Ë Å(�,TWX�V^ÈÌ]ET}É¿Q Ë ÅYÈ�X�h,h,]}Ç�ÇÌ] (Es)

�����>�>��� � � Í
g�� � �°T
	 ËfÃ È ÅYQ,Ç Ë Å^È4�RZ/]©Ä)Å7�DTWXfVYÈÌ]}Ä�T©É¿Q Ë ÅYÈ�X�h,h,]WÇÌÇÌ]}Ä Ã VYXfQ�� Ë h¿Å%Ç�\ ÈÌhDZ/T Ã ]Wh¼Z Ë h�	W]�Z/Q Ã V^X�Æ,Ç-=WSU]�Z/]

Z/T©Z/Q�	¤Å^ÈÌXfh�Z/]EÇ�\ ÈÌh�ÅYV^Q¼Ä°]¤Å�Z/Q Ã VYXfÆ,Ç-=WSU])Z:\ Q,h,È48+	 Ë Å^ÈÌXfh��T���>���>���>�>���>�I�>���>���>�>��� � � Í
� � � �°T
	 ËfÃ È ÅYQ,Ç Ë Å^È4�±Z/]}Ä�VYT}Ä^Q,Ç�Å Ë Å Ä°Z/]�Z/T
	¤ÈÊZ Ë Æ,ÈÌÇÌÈ ÅYT Ã XfQDV�Ç�\ Q,h,È48+	 Ë Å^ÈÌXfhh�i�>�>���>�I�>���>���>�>��� � d �
� � d ]RQ/Å^X�S Ë Å^] Ã XfQ,V X1 . X2

� �I�>���>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� � � �
� � � ]RQ/Å^X�S Ë Å^] Ã XfQ,V X1 = X2 ⊕X3

�o�>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� � � �
� � k ]RQ/Å^X�S Ë Å^] Ã XfQ,V X1 = h(X2)

� ���>���>�>���>���>�I�>�>���>���>���>�>���>�I�>���>���>�>��� � � �
� e�� � � XfÇÌ]��¿c � Ë X%TWÅ^]}hDZ/Q Ã X�Q,V�Ç Ë Å7�,T}XfVYÈ�]=T}É¿Q Ë Å^ÈÌXfh,hD]WÇÌÇ�] ���	��
�� F�X�
 C ]}ÄFÅ6Çì\ ËiÃ,Ã ÇÌÈ�	 Ë ÅYÈ�X�h�Z:\ Q,hÃ XfÇ-��h�'fSU])Z/]

Z/2Z[h]
�s�>�>���>���>���>�>���>�I�>���>�>���>���>�I�>�>���>���>���>���>�>�I� � k �

%���È
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PRXfQDÄ°Q,Å^ÈÌÇ�ÈÊÄFX�hDÄ�ÇÌ]}Ä�h,XfÅ Ë ÅYÈ�X�hDÄ°Ä^Q,È4� Ë h�ÅY]}Ä6ÅYXfQ/Å Ë Q�ÇÌXfh�[Z/]i	W]¤Å^Å^]=Å7��=©ÄF][_

N
]Wh¿Å^ÈÌ]WV Ä�h Ë ÅYQ,VY]WÇÊÄ

Z
]Wh¿Å^ÈÌ]WV Ä�V^]}Ç Ë Å^È4�§Ä

Z/2Z
ÇÌ]i	¤X�V Ã Ä60UZ/]}Q�%�T}Ç�T}SU]Wh¿ÅYÄ

Z/2Z[h] Ë h,h,] Ë Q�Z/]}Ä Ã XfÇ-��h�'fSU]}Ä�]}h h Ä^Q,V Z/2Z

⊕
X Ã TWV Ë Å^]}Q,V°Z/Q � XfQ�]:%�	¤ÇÌQDÄ^È9�'�

+
X Ã TWV Ë Å^]}Q,V Ë Z,Z,È ÅYÈ9�±Z/]>fVYXfQ Ã ] Ë ÆwTWÇÌÈÌ]Wh

−
X Ã TWV Ë Å^]}Q,V�È�h"��]WV ÄF]EZ/]>fVYXfQ Ã ] Ë ÆwTWÇÌÈÌ]Wh

dom
Z,XfSUS Ë ÈÌh,])Z:\ QDh,] ËiÃ,Ã Ç�È�	 Ë Å^ÈÌXfh

img
È�S Ë �])Z:\ QDh,] ËiÃ,Ã Ç�È�	 Ë Å^ÈÌXfh

u
�f] 	¤Å^]}Q,V

u

t ↓
��X�V^SU]Eh,X�V^S Ë ÇCZ,Q�ÅY]WVYSU] t

t ↓R/AC
��XfVYSÎ]Eh,X�V^S Ë Ç:SÎX/Z/QDÇ�XB]RbGZ/Q�Å^]WVYSU]

t

{u}v
	��,È9@>VYTEZ,Q�SU]©Ä^Ä Ë �] u ÃDË V°Ç Ë 	WÇ�]��

v

〈u, v〉 Ã¼Ë ÈÌV^])Z/Q�SU]}ÄYÄ Ë f] u ]¤Å v
S(t)

]}hDÄ^]WS%ÆDÇ�])Z/]©Ä�ÄFX�QDÄFc�ÅY]WVYSÎ]©Ä�ÄE��h¿Å Ë %�ÈÊÉ¿Q,]}Ä�Z/Q�ÅY]WVYSÎ] t
St(t)

]}hDÄ^]WS%ÆDÇ�])Z/]©Ä�ÄFX�QDÄFc�ÅY]WVYSÎ]©Ä�Z/Q�ÅY]WVYSU]
t Ã XfQ,V°QDho	��DÈ9@>V^]}SU]Wh¿Å�Z/ÈÌÄFÅ^VYÈÌÆ,Q/Å^È4�

Sc(t)
]}hDÄ^]WS%ÆDÇ�])Z/]©Ä�ÄFX�QDÄFc�ÅY]WVYSÎ]©Ä�Z/Q�ÅY]WVYSU]

t Ã XfQ,V°QDho	��DÈ9@>V^]}SU]Wh¿Å�Z/ÈÌÄFÅ^VYÈÌÆ,Q/Å^È4�']¤Å�	¤X�SUS%Q/Å Ë Å^È4�
NSt(t)

]}hDÄ^]WS%ÆDÇ�])Z/]©Ä�ÄFX�QDÄFc�ÅY]WVYSÎ]©Ä�Z/Q�ÅY]WVYSU]
t

Fact(t)
]}hDÄF]}S%Æ,ÇÌ])Z/]}Ä$� Ë 	öÅY]WQ,V Ä°Z/Q�Å^]}V^SU] t

mgu
Q,h,È48D]WQ,VRÇ�] Ã ÇÌQDÄ$�TWh,T}V Ë Ç

T ` s
ÇÌ]EÅ^]}V^SU]

s
]©Ä2Å�Z/T©Z/Q�	¤Å^ÈÌÆ,Ç�]i0 Ã¼Ë V^Å^ÈÌV�Z,])Ç�\ ]WhDÄ^]WS�Æ,ÇÌ]EZ,]EÅ^]WVYSU]}Ä T


	¤Xfh¿ÅYV Ë È�h¿Å^]

1
	¤Xfh¿ÅYV Ë È�h¿Å^]=Q,h,])TWÅ ËfÃ ]

ME

	¤Xfh¿ÅYV Ë È�h¿Å^]
ME

. Ã V^X/Z/QDÈ Å�]}h�ÅYV^] Ã XfÇ-��h�'fSU]}Ä°Z,]
Z/2Z[h]

�	��� ��ÄYÄFX�	¤È Ë ÅYÈ4��È�Å^T%�%XfSUS%Q,Å Ë ÅYÈ4��È�Å^TE]¤Å 3 XfSUX�SÎX�V Ã �,ÈÌÄ^SU]
�	�	��
�� ��ÄYÄFX�	¤È Ë ÅYÈ4��È�Å^T%�%XfSUS%Q,Å Ë ÅYÈ4��È�Å^T)��h,È ÅYT%��ÈÌÇ Ã XiÅY]Wh�	W]=]WÅ 3 X�SUXfSUXfV Ã �,ÈÊÄFSU]
�	�� � V^X�Q Ã ])��Æ¼T}Ç�ÈÌ]Wh�]¤Å 3 XfSUX�SÎX�V Ã �,ÈÌÄ^SU]
�	�	��


{.}.
��ÄYÄFX�	¤È Ë ÅYÈ4��È�Å^T%�%XfSUS%Q,Å Ë ÅYÈ4��È�Å^T)��h,È ÅYT%��ÈÌÇ Ã XiÅY]Wh�	W]=]WÅ=�&�,È9@>VY]WSU]Wh¿ÅRZ/ÈÊÄ2ÅYV^ÈÌÆ,Q/ÅYÈ9�

�	�
{.}.

� V^X�Q Ã ])��Æ¼T}Ç�ÈÌ]Wh�]¤Å=�&�,È4@>V^]}SÎ]}h¿ÅRZ/ÈÌÄFÅ^VYÈÌÆ,Q/Å^È4�

%��¿ÈÌÈ



���������
	����� � ������� �����

%���È�ÈÌÈ



Chapitre 1
� � ��� � 	 � � � � � � �

� �������	��
 ����	��� ������������� ����� � � ��� ����
 � ��������
 ����� 
�� ��� ��� 
 � � � ���! ��� �"� ����
#
 ��$ �%�%� ��� �%��&('`!��bs� � È ^cZ/Ä2ÅYV Ë �
��(�� � $'0F*,3

)+*,) -/.�021�04350�687�9;:�7<350>=?=A@	B�C835D21ECF0>BG*H*I*J*I*I*J*I*J*I*I*J*I*�*I*J*I*I*J*I*J*I*I*J* K
LNMOL5MOLQPSRUT+VNW"X5Y�Z"Y#[�Y�\]\^VNXNY�\�M_M`M`M/M`M`M`M#M`M`M/M`M`M`M/M`M`M/M`M`M`M/M`M`M`M#M`M`M a
LNMOL5M a b4Y�\Hc+V%d]e^fgRhfgc2VNW�e^\�MiM`M/M`M`M`M/M`M`M`M#M`M`M/M`M`M`M/M`M`M/M`M`M`M/M`M`M`M#M`M`M j

)+*FK klBnmo7"@p:rqFstC�9�1�0�C8.%7�*u*I*J*I*J*I*I*J*I*J*I*I*J*I*J*I*I*J*I*�*I*J*I*I*J*I*J*I*I*J* v
)+*Fv klBnmo7"@p:�7<3N.�wtm�1�02x+.%D+mos�CF7>*y*I*J*I*J*I*I*J*I*J*I*I*J*I*�*I*J*I*I*J*I*J*I*I*J* z

LNM j�MOL|{(T"f~}�d^Y�[�Y�W�e^\�\���[��he]d^fg���"Y�\�MM/M`M`M`M#M`M`M/M`M`M`M/M`M`M/M`M`M`M/M`M`M`M#M`M`M �
LNM j�M a {(T"f~}�d^Y�[�Y�W�e^\HVN\���[��he]d^fg���2Y�\�M�M`M`M`M#M`M`M/M`M`M`M/M`M`M/M`M`M`M/M`M`M`M#M`M`M �
LNM j�M j �t�5V�W�eUV�X5Y�\HYhe�fOW2Rh�5W�����W"fgYhW�e^\HZ�Y�\HR�T"f~}�d^Y�[�Y�W�e^\�\���[��he]d^fg���2Y�\�Y�e#V�\���[��he]d^fg���"Y�\�M �

)+*Oz ���472=�m	687?�S�G7<m�.%0+1�04350�687�:�7<�!7�7�:ostD+=A���t3Nst.%0>7":t7�.�*`*�*I*J*I*I*J*I*J*I*I*J* �
LNM �"MOLQb4Y`c"d^��e^��R��5�OY5M�M/M`M`M/M`M`M`M/M`M`M`M#M`M`M/M`M`M`M/M`M`M/M`M`M`M/M`M`M`M#M`M`M �
LNM �"M a bS� V�e]eUV5���"Y5M�M`M`M/M`M`M/M`M`M`M/M`M`M`M#M`M`M/M`M`M`M/M`M`M/M`M`M`M/M`M`M`M#M`M`M �

)+*F� -`68D�Bp:t7�6FD�1%st �9�7�*;*I*I*J*I*J*I*I*J*I*J*I*I*J*I*J*I*I*J*I*�*I*J*I*I*J*I*J*I*I*J* ¡

¢ Q�^2X�Q,VYZC\ ��Q,È¿Z Ë hDÄ¡Ç Ë Ä^X�	¤ÈÌT¤ÅYT+SUX�Z,]WVYh,]/F¤Çì\ È�h���X�V^S Ë Å^ÈÊÉ�QD]+]}ÄFÅ¡XfSUh,È Ã VYT}Ä^]Wh¿Å^]��¤`+ÇÌÇ�]@ÄW\ ]}ÄFÅ¡ÈÌh�ÅYV^X/Z/QDÈ ÅY]1Z Ë h¼Ä
hDXiÅ^VY] ��È�]@É�QDXiÅ^ÈÊZ/ÈÌ]Wh,hD]+]¤Å.Ç�\ XfV Z/ÈÌh Ë ÅY]WQ,V
F¤]Wh¿ÅYV Ë�C h,T Ã¼Ë VCÇì\ ]©Ä^Ä^XfV9Z:\ ÈÌh¿Å^]}V^h,]WÅ F©ÄW\ ]}ÄFÅ9Z/T}SÎX�	WV Ë Å^ÈÊÄFT°_©Z/]+h,X�S%Æ,VY]WQ�%
��X���]WV Ä Ã X�ÄYÄ7=}Z/]}h�Å[Z/]�h,X�Ä;^2X�Q,VYÄÎQ,hD]�ÆwX C Å^] Ë Q�%�Ç�]WÅFÅYV^]©Ä�T}Ç�]
	öÅYV^X�h,ÈÌÉ¿Q,]�� � \ ËiÃ,ÃDË V^È�Å^ÈÌXfhsZ/]�Ç�\ È�h���XfVYS Ë Å^ÈÊÉ¿Q,]
Z Ë hDÄ=h,XfÅ^VY]UÉ¿Q,XfÅ^ÈÊZ/ÈÌ]WhJ	�� Ë h��]�h,X¿ÄESUX�Z,]}ÄEZ/]B	¤X�hDÄFX�SUS Ë Å^ÈÌXfh�]¤Å�Z/]B	¤X�SÎS�Q,h,È�	 Ë Å^ÈÌXfh����<Ç±]}ÄFÅ�Z/T}Ä^XfVYS Ë ÈÊÄ
Ã X�ÄYÄ^È�Æ,ÇÌ]/F+0ÎÅ^XfQ¼Ä°SUXfSU]Wh¿ÅYÄ FDZ/]�� Ë È�VY]�Z/]©Ä Ë 	�� Ë ÅYÄ°Z Ë hDÄ°Q,hD])Æ¼X�Q/Å^ÈÊÉ¿Q,]i��È�V^Å^QD]WÇÌÇ�]�FDZ/]$^2X�Q,]WV°X�Q�Z,]%Z/ÈÊÄ7	WQ/Å^]}V
��È Ë ÈÌh�ÅY]WVYh,]¤Å Ë �f]
	�Q,h,] Ã ]WV Ä^Xfh,h,]�ÄFÈ�Å^Q,T}] ÃDË VFÅYXfQ/Å�Z Ë hDÄ�ÇÌ]�SUXfhDZ/]�� � ] Ã Ç�QDÄ�]Wh Ã Ç�Q¼Ä�F6Ç�]©Ä�SUX���]WhDÄyZ,]
	WXfSUS%QDh,È-	 Ë ÅYÈ�X�h%h,]°h,T
	¤]©Ä^Ä^È Å Ë h¿Å ÃDË Ä'QDhÎX Ã T}V Ë Å^]}Q,VK�¿QDS Ë È�hUÄ^]�Z/T���]WÇÌX Ã,Ã ]Wh¿Å°_äÅ^T}Ç�T Ã �,XfhD]°SÎX�Æ,ÈÌÇ�]�F*	¤XfQDV^VYÈ�]}VT}Ç�]
	öÅYV^X�h,ÈÌÉ¿Q,]�F2��XfVYQ,S[Ä¡Z,]@Z/ÈÊÄ7	WQDÄYÄFÈÌXfh�F Ë 	�� Ë ÅYÄ:]}h)Ç�È-fhD]��-�4�
�¡X�QDÄh	W]}ÄCT
	�� Ë h�f]}Ä¡ÄFX�h�ÅafTWVYT}Ä ÃDË V.Z/]}Ä Ã V^XfÅ^X�	¤X�Ç�]©Ä
Z,]i	¤XfSUS�Q,h,È�	 Ë ÅYÈ�X�hDÄ$	¤X�S Ã Ç�]�%/]}Ä�É¿Q,])Çì\ Q,Å^ÈÌÇ�ÈÊÄ Ë Å^]}Q,V�h,]&	WXfh¿Å^V('fÇÌ] ÃDË Ä�ÅYXiÅ Ë ÇÌ]WSU]Wh¿Å �>b@]WV^Å Ë ÈÌhDÄ Ã V^XfÅ^X�	¤X�Ç�]©Ä6Z,]
	WXfSUS%QDh,È-	 Ë ÅYÈ�X�h�]Wh"��XfÈÌ]Wh¿Å�Ä^Q,V�ÇÌ]=VYT}Ä^] Ë Q�Z/]©Ä�È�h���X�V^S Ë Å^ÈÌXfhDÄ�Ä^]WhDÄ^È�ÆDÇ�]©Ä�F¿Å^]}ÇCQ,h�h�Q,SUTWVYXÎZ/]>	 Ë V^Å^]=Æ Ë h�	 Ë ÈÌV^]�F
É¿Q,È¡h,]�Z/XfÈ-�f]}h¿Å Ã¼Ë Ä�ÅYXfS%Æw]WV°]}h¿Å^VY]�Z/])S Ë Q�� Ë ÈÊÄ^]}Ä�S Ë ÈÌhDÄ �
�'XfQ,V$ Ë V Ë h¿Å^ÈÌV�Q,hj	¤]WV^Å Ë È�h�h,È-�f] Ë Q�Z/]�Ä^T 	¤QDV^È�Å^T�F
ÇÌ]}Ä Ã VYXiÅYX�	¤XfÇÌ]}Ä=Z/]�	¤X�SÎS�Q,h,È�	 Ë Å^ÈÌXfhJ	��DÈ9@>V^]}h¿Å F�fV�./	W]#0�Z/]}Ä�	¤X/Z/]©ÄEÄF]
	¤VY]¤ÅYÄ FwÇ�]}Q,VYÄ=T
	�� Ë h��]}Ä=Z/]ÎSÎ]©Ä^Ä Ë �]}Ä �
� Ë Ç-�,]WQ,VY]WQ¼ÄF]}SÎ]}h¿Å FiÇì\ Q¼Ä Ë f]°Z/]�SUT¤Å(�,X/Z/]}Ä 	¤V(� Ã Å^X�fV ËiÃ �,ÈÊÉ¿Q,]}Ä.h,] ÄFQ�GUÅ Ã¼Ë Ä Ã XfQ,V  Ë V Ë h�ÅYÈ�V'ÇÌ]RÄ^] 	¤VY]¤Å1ZC\ Q,hD]
ÈÌh���X�V^S Ë ÅYÈ�X�hJ	WXfh�8¼Z,]Wh¿Å^ÈÌ]WÇÌÇ�]��P�¡X�QDÄEÇ�]©Ä ^2XfQ,V Ä�F:Z/]Uh,X�Q��f]}Ç�ÇÌ]}Ä;� Ë È�ÇÌÇ�]©ÄEÄFX�h�Å)Z/T
	¤XfQ��f]WV^Å^]©Ä Ä^Q,V�Z/]©Ä Ã V^XfÅ^X�	¤X�Ç�]©Ä
	WV7� Ã ÅYX/�V ËfÃ �,ÈÊÉ�QD]}Ä � � Ë Z/T 	WXfQ���]WV^Å^]°Z/]�ÅY]WÇÌÇ�]©Ä Ë Å^Å Ë É�QD]}Ä']Wh¿ÅYV Ë�C h,]°QDh,] Ã ]WV^Å^]°T 	WXfh,X�SUÈÌÉ¿Q,]!	WXfhDÄ^ÈÌZ,TWV Ë Æ,ÇÌ]6É¿Q,È
X�Æ,ÇÌÈ4�] Ë Ç�X�VYÄ�0�VY]¤Å^ÈÌVY]WVESUXfSU]Wh¿Å Ë h,TWSU]}h�Å�ÇÌ][ÄE�/ÄFÅ7=}SÎ]�F Ë 8¼h"Z/][ÇÌ]1	¤X�V^VYÈ-f]WV=XfQ"ÇÌ][V^]}S Ã Ç Ë 	¤]WV
���<Ç+]}ÄFÅ%Z/X�h�	

�



� � ���������
	����������� �

Ã VYÈÌSÎX�VYZ,È Ë Ç�Z/]j�fT}V^È48D]WV Ë Q/Å^X�S Ë Å^ÈÊÉ¿Q,]WSU]}h�ÅyÇ Ë Ä^T 	¤QDV^È�Å^T�Z/]©Ä Ã VYXiÅYX�	¤XfÇÌ]}Ä�	WV7� Ã ÅYX/fV ËiÃ �,ÈÌÉ¿Q,]©Ä Ë � Ë h¿ÅyÇ�]}Q,VYÄ
SUÈÊÄF]©ÄR]}h�Ä^]WV(�¿È�	¤]�F Ë 8Dh�Z/]ÎÄW\ Ë ÄYÄ^Q,V^]}V É¿QC\ È�ÇÊÄ=h,] Ã X�ÄYÄ7=}Z/]}h�Å ÃDË Ä=Z/]#� Ë ÈÌÇ�ÇÌ]}Ä � � Ë ÄFT
	¤Q,VYÈ ÅYT�Z/]�	¤]©Ä Ã V^XfÅ^X�	¤X�Ç�]©Ä
hC\ ]}ÄFÅ ÃDË Ä[Q,h,ÈÊÉ¿Q,]WSU]Wh¿Å1 Ë V Ë h¿Å^ÈÌ] ÃDË V[Çì\ Q¼Ä Ë f]�Z:\ Q,h,]�SUT¤Å(�,X/Z/]�Z/]<	��DÈ9@>V^]}SU]Wh¿Å�	¤V(� Ã Å^X�fV ËiÃ �,ÈÊÉ¿Q,]�S Ë ÈÌÄ
Ë QDÄ^Ä^È ÃDË V°QDh,]>�fT}V^È48+	 Ë Å^ÈÌXfh Ë Q/ÅYXfS Ë ÅYÈÌÉ¿Q,]E]¤Å$��X�V^SU]}Ç�ÇÌ])Z/Q Ã V^XfÅ^X�	¤X�Ç�]=ÇÌQ,È c¬S�5WSU]/�
P�X�QDÄ Ã V^T
	¤ÈÊÄFX�hDÄ+S Ë ÈÌh¿Å^]}h Ë h¿Å1Ç Ë h,XfÅ^ÈÌXfhyZ/] Ã V^XfÅ^X�	¤X�Ç�]�Z,]�	¤X�SÎS�Q,h,È�	 Ë Å^ÈÌXfh�F¿Z/] ÃDË VFÅYÈ-	WÈ Ã¼Ë h¿Å[�,XfhDh�5¤ÅY]R]¤ÅZ:\ ÈÌh�ÅYV^Q¼Ä���`+h¼ÄFQ,È�Å^]°QDhÎÆDV^]�� ËiÃ ]WV �¤Q��,ÈÊÄ2ÅYXfVYÈÌÉ¿Q,]�Z/]©Ä±Z/È9@>TWVY]Wh¿ÅY]}Ä.Å^]
	��,h,ÈÊÉ¿Q,]}Ä 	WV7� Ã ÅYX/fV ËiÃ �,ÈÌÉ¿Q,]©Ä9Z,T��f]}Ç�X Ã,Ã TW]}Ä

Ë Q�8DÇ¿Z,]}Ä.ÄFÈ-= 	WÇ�]©ÄCh,X�QDÄ Ë S�=Wh,]}V Ë 0 Ã V^T©ÄF]}h¿Å^]WV¡Ç�]©Ä Ã VYÈÌh�	¤È ÃDË ÇÌ]}ÄCÅ^]
	��,h,ÈÊÉ�QD]}ÄCSUX/Z/]}V^h,]©Ä9Z,] 	��,È4@wVY]WSU]}h�Å
�W`+h�8Dh�F
h,X�QDÄ'SUXfh¿Å^VYXfh¼Ä�FiÄ^Q,V±Q,h[Z/]©Ä Ã ÇÌQDÄ[	¤T}Ç4=}Æ,VY]}Ä Ã VYXiÅYX"	WXfÇÌ]}ÄK	¤V(� Ã Å^X�fV ËiÃ �DÈÌÉ¿Q,]©Ä�F�É¿Q,]�S Ë Ç-fVYT6Çì\ Q/Å^ÈÌÇ�ÈÊÄ Ë Å^ÈÌXfh[Z:\ Q,h,]
SUT¤Å(�,X/Z/])Z/]i	��,È4@wVY]WSU]}h�Å�ÈÌh"��È�X�Ç Ë Æ,Ç�]�F�È�ÇC]©Ä2Å Ã X�ÄYÄFÈÌÆ,ÇÌ]�Z:\ XfÆ/ÅY]Wh,ÈÌV°Q,h,])ÈÌh���XfVYS Ë ÅYÈ�X�h�Ä^] 	WV7=WÅ^]/�

����� �i����M��W
��	a�5� � � 
������ �����a
��>M��a��� �

� ] ÃDË V^Å�Ç�]©Ä°ÄFÈ-= 	WÇ�]©Ä�F,Z,])h,XfS�Æ,V^]}QDÄ^]}Ä@Å^]
	��,h,ÈÊÉ�QD]}ÄH��Q,VY]Wh¿Å�T}Ç Ë Æ¼X�V^T}]}Ä Ã X�Q,V Ã VYXiÅYT�f]}V�Ç�]©Ä°T 	�� Ë h�f]©Ä�Z:\ ÈÌh/c
��X�V^S Ë ÅYÈ�X�hDÄ � � ]©Ä Ã VY]WSUÈ-=WVY]}ÄRÄ^]�Æ Ë Ä Ë È�]}h¿ÅRQ,h,ÈÊÉ¿Q,]WSU]Wh¿ÅEÄFQ,V=Z/]}Ä SUT¤Å(�,X/Z/]}ÄRÈÌÄYÄFQD]}ÄRZ,]%Ç Ë 	¤V(� Ã Å^X�fV ËiÃ �,ÈÌ])]¤Å
Z/T �f]}Ç�X Ã,Ã T}]}Ä ÃDË V.ÇÌ]}Ä'SUÈÌÇ�È�Å Ë È�VY]}Ä Ë 8DhÎZ,] Ã V^XfÅ^T��]WV'Z/]}Ä'ÈÌh���X�V^S Ë ÅYÈ�X�hDÄ'ÄF]
	¤V(=¤ÅY]}Ä �ib@]©Ä'SUT¤Å7�DX�Z,]}Ä'Q/ÅYÈ�ÇÌÈÌÄ^]Wh¿Å±Q,h,]
	WÇ�]�� Ã VYÈ4��TW];	WXfh,h�Q,] Q,h,ÈÊÉ¿Q,]WSU]Wh¿Å°Z/]}Ä�Z/]}Q�% ÃDË V^Å^È�	¤È ÃDË h�Å Ä�� � Ë Å^V Ë h¼ÄFSUÈÊÄ^Ä^È�X�hyZ/]�	¤]¤Å^Å^]�	¤ÇÌ]:�9É¿Q,È:Ä}\ ]�@w]
	öÅYQ Ë È�Å F
ÈÌÇ � Ë ]Wh�	WXfVY]�É¿Q,]WÇÊÉ¿Q,]}Ä Ë hDh,TW]©Ä�F ÃDË VÎQ,hsT 	�� Ë h�f] Ã � �/Ä^ÈÌÉ¿Q,]�]Wh¿Å^VY] Ã ]WV Ä^Xfh,h,]©Ä�Z,]�	WXfh�8 Ë h�	¤]�Fa	WXfhDÄFÅ^È�Å^Q,]
Q,hD]�TWÅ ËiÃ ] Ã VYÈ�SUXfV Z/È Ë ÇÌ]�Z Ë hDÄÎÇ�] Ã VYXiÅYX�	¤XfÇÌ]�Z,]o	WXfSUS%QDh,È-	 Ë ÅYÈ�X�h�� � Ë�Ã ]}VFÅY]�Z/]j	W]¤ÅFÅY]j	¤ÇÌ]:� Ë Z/]©Ä�	WXfhDÄ^T¤c
É¿Q,]}h�	¤]©Ä6	 Ë Å Ë ÄFÅ^VYX Ã �,ÈÊÉ¿Q,]}Ä Ã XfQ,V�Ç Ë 	WXfh�8wZ/]Wh¿Å^È Ë ÇÌÈ�Å^TEZ/]EÇ Ë 	¤X�SUS%Q,h,È�	 Ë Å^ÈÌXfh��
/=V�./	W] Ë Q�% Ë � Ë h�	WTW]}Ä@VYT 	¤]}h¿Å^]}Ä
Z/]©Ä�	WV7� Ã ÅYX/fV ËiÃ �,]}Ä F,É¿Q,È9SUÈÌV^]}h¿Å Ë Q Ã XfÈÌh¿Å=Z/]©Ä�SUT¤Å(�,X/Z/]}Ä=Z/]#	��DÈ9@>V^]}SU]Wh¿Å;01	WÇ�]�� Ã Q,Æ,ÇÌÈÌÉ¿Q,]�F¼Çì\ T 	�� Ë h�f]�Z/]
	W]¤ÅFÅY]i	¤ÇÌ]:� Ã VYÈ4��TW]E]Wh¿Å^VY])Z/]WQ�% ÃDË VFÅYÈ-	WÈ ÃDË h¿ÅYÄ�]}ÄFÅ�VYT Ë ÇÌÈÊÄFT�0UÇ�\ Ë ÈÊZ/])Z:\ Q,h Ã VY]WSUÈÌ]WV Ã VYXiÅYX"	WXfÇÌ]=Z,]i	¤XfSUS�Q,h,È�	 Ë c
ÅYÈ�X�h,	¤V(� Ã Å^X�fV ËiÃ �DÈÌÉ¿Q,]°Q/ÅYÈ�ÇÌÈÊÄ Ë h�Å�Q,h�	��,È9@>VY]WSU]Wh¿Å Ë Ä7�¿SUTWÅ^VYÈÌÉ¿Q,]�� ]RÈ�hDÄ^È F Ë Q�^2XfQDVYZ:\ ��Q,È F¿ÇÌ]}Ä6	¤X�SUS%Q,h,È�	 Ë Å^ÈÌXfhDÄ
Ä^T 	WQ,V^ÈÊÄ^TW]}Ä1ÄW\ ]:@>] 	¤Å^Q,]}h�Å6]Wh¿Å^VY]RZ/]}Q�%UÈ�hDZ,È4��ÈÊZ/QDÄ � Ç Ë S%Æ>Z Ë �[Z,ÈÌÄFÅ Ë h�Å Ä1Z/] Ã ÇÌQDÄFÈÌ]WQDVYÄ1SÎÈÌÇÌÇ�ÈÌ]WV Ä1Z/];Z�È�ÇÌXfS�=¤ÅYV^]©Ä�F
V ËiÃ ÈÊZ/]}SÎ]}h¿Å=]WÅ>0�SUXfÈÌhDZ/VY]�	WX/D/Å
FPfV�./	W] Ë Q�% Ë � Ë h�	WTW]}ÄRÅ^]
	��,h,X�Ç�X�fÈÊÉ�QD]}Ä=Z/]}ÄESUX��f]}hDÄ=Z/]B	¤XfSUS�Q,h,È�	 Ë ÅYÈ�X�h
]WÅ Ë Q�% Ã VYX/�V7=©Ä�Z/]}Ä6ÅY] 	��,h,ÈÊÉ¿Q,]}ÄRZ/]>	��,È9@>VY]WSU]Wh¿Å �

+ ) + ) + ��8¼»�$±? '13³²R3 � 3¡´�´¿$ '+3¡´*)
� Ë 	WXfSUS%QDh,È-	 Ë ÅYÈ�X�h�]©Ä2Å�Çì\ T
	�� Ë h�f])Z:\ È�h���X�V^S Ë Å^ÈÌXfh�]Wh¿Å^VY])Z/]WQ�%�XfQ Ã ÇÌQDÄ^È�]}Q,VYÄ Ã ]}VYÄ^Xfh,hD]}Ä ��	�� Ë É¿Q,] Ã ]}VFc

Ä^Xfh,hD]yT¤Å Ë h¿Å ËfÃ,Ã ]}Ç�T}]l� � � 
 � �%� � ��� 
6X�Q ������� 
 �±b@]©Ä ÃDË VFÅYÈ-	WÈ Ã¼Ë h¿ÅYÄ#	¤XfSUS�Q,h,ÈÊÉ�QD]Wh¿Å&fV�./	W]10�Z/]©Ä%]}h"�fXfÈÊÄ�Z/]
SU]}ÄYÄ Ë f]©Ä)� 	¤X�h�	¤V(=¤ÅY]WSU]Wh¿Å F�	�� Ë É¿Q,] SU]©Ä^Ä Ë �]R]Wh"��X��fTRh¡\ ]©Ä2Å�É¿QC\ Q,h,])ÄFQDÈ ÅY]EZ,]=ÆDÈ Å Ä �:���+V^]}h,Xfh¼Ä@QDh�]�%�]}S Ã Ç�]U_
Z/]}Q�% Ë f]}h�Å Ä�F+]�ÇÌÈ-	W]�]¤Å) 6X�Æ�FDÄ^XfQ�� Ë È ÅY]Wh¿Å�	¤X�SUS%Q,h,ÈÊÉ¿Q,]WV��¿È Ë Q,h ����� ��$����l� ���!� � �t� ��� 
 � � � É¿Q,È Ã ]}Q/Å;5WÅ^VY]
�	� �%$O� � XfQA� �E�� �! � � ]©Ä�SU]}ÄYÄ Ë f]}Ä6]}h ��X��fT©Ä Ë Q�SUX���]Wh�Z:\ QDhf	 Ë h Ë ÇCZ/]i	WXfSUS%Q,hDÈ-	 Ë Å^ÈÌXfh Ã Q,ÆDÇ�È�	)ÄFX�h¿Å!�¿ÈÊÄ^È�Æ,ÇÌ]}Ä
ÃDË V6Å^XfQ¼Ä°Ç�]©Ä ÃDË V^Å^È�	¤È ÃDË h�Å Ä�F Ë Ç�X�VYÄ�É¿Q,]/F¼ÄFQ,V°QDho	 Ë h Ë Ç:Z/]i	¤X�SÎS�Q,h,È�	 Ë Å^ÈÌXfh Ã V^È-�fT�F,ÄF]}Q,ÇÊÄ�Ç�]©Ä Ë f]}h¿ÅYÄ6� Ë � Ë h¿Å
Ë 	�	:=©Ä Ã ]}Q��f]}h¿ÅRV^]
	¤] �fXfÈÌV�Ç�]©Ä�SU]}ÄYÄ Ë f]©Ä�TWSUÈÊÄRÄ^Q,V�	¤]i	 Ë h Ë Ç �+]�ÈÌhDÄFÈ F¼Z,Q�Å^]WS Ã Ä Z/]�Ç Ë fQ,]}V^VY]I��V^X�ÈÌZ,]�Ç�] � ÅYT¤c
ÇÌT Ã �DXfh,]yVYXfQ�f] �?	WXfhDÄFÅ^È�Å^Q Ë È�Å�Q,hu	 Ë h Ë Ç@Z/]�	¤X�SÎS�Q,h,È�	 Ë Å^ÈÌXfh 	��,È4@wVYTy]}h�ÅYV^] ��X�Ä(	¤X�Q ]¤Å�b Ë ÄE�,ÈÌh�fÅ^Xfhh�.a�È
h,X�QDÄ�Ä^Q Ã,Ã X�Ä^XfhDÄ�	¤]&	 Ë h Ë Ç¡Z/]&	WXfSUS%Q,hDÈ-	 Ë Å^ÈÌXfh�Ä7D,V
FDÈÌÇ9Z/] �¿ÈÌ]Wh¿Å Ë Ç�X�VYÄ�QDh<	 Ë h Ë Ç¡Z,]&	¤X�SÎS�Q,h,È�	 Ë Å^ÈÌXfh Ã VYÈ4��T
]}h�ÅYV^]#	¤]}Ä Z/]WQ�% Ã Q,ÈÌÄYÄ Ë h�	W]}Ä � � \ Ë Q/Å^VY] ÃDË VFÅ
F¼ÇÌ]}ÄRSÎT©Z/È Ë Ä FDÅY]WÇÊÄ�Ç ËyÃ VY]}ÄYÄF]%XfQ�Ç Ë V Ë Z/ÈÌX�F���X�V^S Ë È�]}h�Å Q,h<	 Ë h Ë Ç
Z/]�	¤X�SUS%Q,h,È�	 Ë Å^ÈÌXfh Ã Q,Æ,ÇÌÈ-	Î]Wh¿ÅYV^]ÎÇ�]©ÄEZ/]WQ�%�ÆDÇ�X�	WÄ �P3�h Ã VYXiÅ^X�	WXfÇÌ]�Z/]�	¤X�SÎS�Q,h,È�	 Ë Å^ÈÌXfh Ã ]WVYSU]¤ÅEÇ�\ T 	�� Ë h��]
Z/]=SU]}ÄYÄ Ë f]©Ä+]Wh¿ÅYV^]EZ/È4@wT}V^]}h�Å Ä ÃDË V^Å^È�	¤È ÃDË h¿Å ÄU��È Ë Q,ho	 Ë h Ë Ç>Z/]�	¤X�SÎS�Q,h,È�	 Ë Å^ÈÌXfh�� � Ë ��XfVYSU]/F¿Ç�]>	WXfh¿Å^]}h¿Q�Z/]}Ä
SU]}ÄYÄ Ë f]©Ä�F:ÇÌ]}Ä%Z/È9@>TWVY]Wh¿Å Ä ÃDË V^Å^È�	¤È ÃDË h�Å Äi0�Ç Ë 	¤X�SÎS�Q,h,È�	 Ë Å^ÈÌXfh"]¤Å%Çì\ X�VYZ,V^]yZ Ë hDÄ)ÇÌ]}É¿Q,]}Ç+Ç�]©Ä�SU]}ÄYÄ Ë f]©Ä)ÄFX�h¿Å
T
	�� Ë h��T}ÄU�¿È Ë QDh�	 Ë h Ë ÇwZ/]�	¤X�SUS%Q,h,È�	 Ë Å^ÈÌXfh�Ä Ã T 	¤È48D]}h�Å�Q,h<� � ��
�� � � $ �"��� � ��� �!� �4� ��� 
 � � � � � =©Ä6Ç�X�VYÄ6É¿QC\ QDh
Ë f]Wh¿Å 	WXfSUSU]Wh�	W]RQ,h Ã VYXiÅ^X�	WXfÇÌ]/F¿h,XfQDÄ6Z/ÈÌV^X�hDÄ1É¿QC\ Q,h,] ���E���E� � � Z/Q Ã V^XfÅ^X�	¤X�Ç�] Z/TWÆ,Q,Å^]/F/]}Ç�ÇÌ] Ä}\ Ë 	���= �f]WV Ë Q,h,]��X�ÈÌÄ�ÇÌ] Ã V^XfÅ^X�	¤X�Ç�]=ÅY]WVYSÎÈÌh,T��

d



� � � � � ����� ��	�� �
�	� ��� � �
� �

+,) + )�� ��3¡´�5R$'*/-,0F8:0F5R$±?@-,´ )
b � Ë É¿Q,] ÃDË VFÅYÈ-	WÈ ÃDË h¿Å Ã ]}Q/Å�]�@w]
	öÅYQ,]WV
F.Ä^ÈÌS%Q,Ç�Å Ë h,TWSU]Wh¿Å
F Ë �f]
	yZ/È4@wT}V^]}h¿ÅYÄ Ã¼Ë V^Å^È�	¤È ÃDË h¿ÅYÄ F Ã ÇÌQDÄ^È�]}Q,V Ä%Ä^]}ÄFc

Ä^ÈÌXfhDÄ°Z/Q Ã VYXiÅYX"	WXfÇÌ]/� � ]}Ä ÃDË VFÅYÈ-	WÈ ÃDË h¿ÅYÄ�ÄFX�h¿Å°Z,]�Z/]WQ�%�Åc� Ã ]©ÄE_��,XfhDh�5¤ÅY]}Ä�XfQ�ÈÌh�ÅYV^Q¼Ä��

� ½ � ½ À ½ � ¢ �/xä{}��¨f�§t.�,~>{©¦ 3.u¼~.~�¿{©|¿¦ ½
� Ë hDÄ�Ç Ë Z/]}Ä(	¤VYÈ Ã Å^ÈÌXfh�Z:\ Q,h Ã V^XfÅ^X�	¤X�Ç�]�F�ÇÌ]}Ä Ë f]}h�Å Ä°ÄFX�h¿Å�Ä^Q Ã,Ã X�Ä^T}ÄH5WÅ^VY]I�DXfh,h�5WÅ^]©Ä�F � & �5& ÈÌÇÌÄ�X�h�Å°Q,ho	¤X�SÎc

Ã XfV^Å^]}SU]Wh¿ÅEÉ¿Q,È±Ä^Q,È�Å�	W]WÇÌQ,È'TWh,X�h�	¤T ÃDË V=Q,h,]Î]:%/T
	¤Q/ÅYÈ�X�h�h,X�V^S Ë ÇÌ]�Z,Q Ã VYXiÅYX"	WXfÇÌ]/� � ]©ÄR]}h ��XfÈÊÄ Z,]�SU]}ÄYÄ Ë f]©Ä
Ä^Xfh¿Å Ã V^T
	¤ÈÊÄ�]¤Å ]:@>] 	öÅYQ,T}Ä=Z Ë hDÄ�Çì\ X�VYZ,V^]�Z/T�8Dh,È ÃDË V Ç�] Ã VYXiÅ^X�	WXfÇÌ]/� � ] Ã ÇÌQDÄ F+	W]}Ä Ë f]}h¿ÅYÄ$�,X�h,h�5WÅ^]}ÄRh,]#	WXfÇÌÇ Ë c
ÆwXfVY]Wh¿Å ÃDË Ä Ë �f] 	 ÇÌ]}Ä Ë Å^Å Ë É�Q Ë h¿ÅYÄ �

� ½ � ½ À ½ À £ ~>{Wx�v.¦ ½
3Rh �,� 
 � � � X�Q � 
 
 ��� � ��� 
w]©Ä2Å°Q,h ÃDË VFÅYÈ-	WÈ ÃDË h¿Å�É¿Q,È:h,])Ä^Q,È�Å Ã¼Ë Ä6]:% Ë 	¤Å^]}SÎ]}h¿Å6ÇÌ])Z/TWVYXfQ,ÇÌ]WSU]}h�Å°Z/Q Ã VYXiÅ^Xfc	WXfÇÌ]/� �<Ç¼]©Ä Ã È�X�h,h,]RÇÌ]}Ä6	¤X�SUS%Q,h,È�	 Ë Å^ÈÌXfhDÄ@É¿Q,ÈP	¤ÈÌV(	WQ,Ç�]}h¿Å6Ä^Q,V1ÇÌ]}Ä6	 Ë h Ë Q�% Ã QDÆ,Ç�È�	WÄ F ^2XfQ,] Ã ÇÌQDÄFÈÌ]WQDVYÄ@ÄF]©Ä^Ä^È�X�hDÄ1Z,]

Ã V^XfÅ^X�	¤X�Ç�]©Ä Ë ��] 	%Z,]}Ä ÃDË V^Å^È�	¤È ÃDË h�Å Ä�Fw]Wh Ä^]&� Ë ÈÌÄ Ë h¿Å ÃDË ÄYÄF]}V Ã XfQDV=QDh Ë �]Wh¿Å��,Xfh,h�5¤Å^]Î]¤Å Ë È�hDÄ^È']:@>] 	¤Å^Q,][Z/]©Ä
Ë 	öÅYÈ�X�hDÄ+h,X�h Ã VYT���Q,]©Ä ÃDË V1Ç Ë Ä Ã T 	WÈ98k	 Ë ÅYÈ�X�h�Z/Q Ã V^XfÅ^X�	¤X�Ç�]�F Ë 8¼hyZ/] Z/T
	¤X�Q���V^ÈÌV@Z/]©Ä+ÈÌh���XfVYS Ë ÅYÈ�X�hDÄ1Ä^Q Ã,Ã X�Ä^TW]©Ä
VY]}ÄFÅ^]}V°ÄF]
	¤V(=¤Å^]©Ä��

����� � ��� �5� �������a��M����>��� �

� =}Ä±Çì\ Ë h¿Å^ÈÊÉ¿Q,È ÅYT�Z/]}Ä+SÎX���]WhDÄ±Z,]�Å^V Ë hDÄ^SUÈÌÄYÄFÈÌXfhUZ:\ È�h���XfVYS Ë Å^ÈÌXfhDÄ � Ä7D,V Ä'�i��QDV^]}h�Å1Z,T��f]}Ç�X Ã,Ã T}Ä �/]�Q S =}SU]
Ä^È-= 	¤ÇÌ] Ë � Ë h¿Å�fc2b;F ��ÈÊÄ2Å Ë��¬Ë ]}QDÄ)T 	WV^È-��È Å�0f]�VYÈÌÄFÅ Ë fX�V Ë ÄE]Wh Å Ë Å^X�Q Ë h¿Å�Ä^Q,V%ÇÌ]�	WV(.fh,][V Ë ÄFT�Z:\ QDhµ]}Ä(	¤Ç Ë �f]yÄ^Xfh
SU]©Ä^Ä Ë �]/���<Ç Ë Å^Å^]Wh¼Z/È ÅÎÇ Ë V^] Ã X�QDÄ^Ä^]�Z/]©Ä&	��,] �f]}Q�% Ë � Ë h�Å%ZC\ ]}h ��X��f]}V)Ç�]�SÎ]©Ä^Ä Ë �]WV Ë ��]WV^Å^ÈÌVi]�VYÈÌÄFÅ Ë fX�V Ë Ä)Z/Q
Z Ë h��]WV�É¿Q,È°Ä^] Ã VYT Ã¼Ë V Ë È�Å �'b@]
	¤È�]}ÄFÅ�QDh�]:%/]}S Ã Ç�]�Z:\ Q,Å^ÈÌÇ�ÈÊÄ Ë Å^ÈÌXfh�Z/] � 
 ! ����� � � � � �>� � � � � Ë ÄFÅ^T� Ë h,X�fV ËiÃ �DÈ�]
��Z/QjfVY] 	 � ÄFÅ^]  Ë h,X�Ä���	¤X�Q��f]}VFÅ�]WÅ � fV ËiÃ �,]WÈÌh ��T
	¤VYÈ�VY]-�6]©Ä2Å Ç�\ Ë V^ÅRZ/]&	 Ë 	��,]}V°Q,h�SU]}ÄYÄ Ë f]/F,Z,]%ÄFX�VFÅY]�É¿Q,]
Çì\ ]:%/ÈÌÄFÅ^]}h�	¤])S�5}SÎ]�Z,Q�ÄF]
	¤VY]¤Å�]Wh�Ä^XfÈ�ÅRZ/ÈÊÄ^Ä^È�S�Q,ÇÌTW]/�+]h��] 	EÇ Ë Ä2ÅYT� Ë h,X/�V ËfÃ �,ÈÌ]/F�Q,h�SU]}ÄYÄ Ë f]E]}ÄFÅ;	 Ë 	��,T>	 Ë V°È�Ç
hD] Ã ]WQ,ÅH5WÅ^VY])Z/T¤ÅY] 	öÅYT/� � ]Eh,XfS�Æ,V^]}QDÄ^]}Ä@Å^]
	��,h,ÈÊÉ�QD]}Ä ��Q,VY]Wh¿Å°È�h"�f]}h¿Å^TW]©ÄH	¤XfSUSU]EÇ�\ ]Wh+	¤VY] ÈÌh"�¿ÈÊÄ^È�Æ,ÇÌ] Ë Q�Å^]WS Ã Ä
Z,] �+ÇÌÈÌh,] �l�<]}VUÄ^È-= 	¤ÇÌ] Ë � Ë h¿Å fc2b �%XfQ�]Wh+	¤XfVY]�VYT 	W]WSUSU]Wh¿ÅUÇ�]oY Ë Å^]}V^S Ë V7Z�ÈÌh��É¿Q,È Ã ]WVYSÎ]WÅyZ/]�Z,ÈÌÄYÄFÈÌS%QDÇ�]}V
ÇÌ]�	¤X Ã ��VYÈ4���Å=Z:\ QDh,]�ÈÌS Ë �]�Ä Ë hDÄ=É¿QC\ ÈÌÇ ËiÃ,Ã¼Ë V Ë ÈÊÄ^Ä^]�ÄFQDV Çì\ ÈÌS Ë �]/� � \ Ë Q/ÅYV^]©Ä Å^] 	��Dh,ÈÌÉ¿Q,]©Ä Ã XfQDVEÄ^T 	WQ,VYÈÌÄ^]WV Ç�]©Ä
	WXfSUS%QDh,È-	 Ë ÅYÈ�X�hDÄ[��QDV^]}h�Å�Z/T �f]}Ç�X Ã,Ã T}]}Ä F�]WÇÌÇ�]©Ä°ÄFX�h�Å Ã XfQ,V�Ç Ë�Ã Ç�Q Ã¼Ë V^Å�Æ Ë Ä^TW]}Ä6Ä^Q,V°Q,h,] ËiÃDÃ V^X�	��,]I	¤V(� Ã Å^X�fV Ë c
Ã �,ÈÌÉ¿Q,] ��Z/QJ�V^]
	 � Z�V^Q Ã Å^X¿Ä��J	 Ë 	��,]WVE]WÅ)Z,] � fV ËiÃ �,]WÈÌh ��T 	WV^ÈÌV^],�2� � ]©Ä Å^] 	��Dh,ÈÌÉ¿Q,]©Ä>	¤V(� Ã Å^X�fV ËiÃ �,ÈÊÉ¿Q,]}Ä F
	WXfh¿Å^V Ë ÈÌVY]WSU]Wh¿Å>0�Ç Ë Ä2ÅYT� Ë h,X�fV ËiÃ �,ÈÌ]%Q,Å^ÈÌÇ�ÈÊÄFT}] ÃDË V �RÈÌÄFÅ Ë��ìË ]WQDÄ F:SUX�Z,È98D]}h¿Å�Ç�]©ÄESÎ]©Ä^Ä Ë �]}Ä=XfVYÈ-fÈÌh Ë Q�% Ã XfQDV
ÇÌ]}Ä6VY]WhDZ,V^] � È�h�	WXfS Ã VYT��,]}hDÄ^È�Æ,ÇÌ]}Ä � Ë 8Dh�Z:\ Ë ÄYÄFQ,VY]WV@Q,ho	¤]WV^Å Ë È�h�h,È-�f] Ë Q�Z/]EÄ^T 	¤QDV^È�Å^T;� Ë 	W] Ë Q�% Ë Å^Å Ë É�Q Ë h¿ÅYÄ �

3Rh,]�Z/]}Ä Ã V^]}SÎÈ-=WVY]}Ä@ÅY] 	��,h,ÈÊÉ¿Q,]}Ä$	WV7� Ã ÅYX/�V ËfÃ �,ÈÊÉ�QD]}Ä@]}ÄFÅ�ÇÌ]>	��,È4@wVY]WSU]Wh¿Å ÃDË V�Å^V Ë hDÄ Ã X¿ÄFÈ�Å^ÈÌXfhh�0�'X�Q,V!	��,È4� c
��VY]WVÎQ,hsSÎ]©Ä^Ä Ë �]/F9Ç�\ XfV Z/VY]�Z/]}Ä�ÇÌ]¤ÅFÅYV^]©ÄUZ/Q�SU]}ÄYÄ Ë f]�XfVYÈ4�È�h Ë Ç1]©Ä2Å Ã ]}V^S�Q/Å^T�� �'X�Q,V�ÇÌ]�Z/T 	��,È4@>V^]}V F9È�Ç°Ä^Q�GUÅ
ZC\ ËfÃ,Ã ÇÌÈÌÉ¿Q,]}VRÇ Ë SUT¤Å(�,X/Z/]%ÈÌh"�f]WV Ä^]/�+3Rh�Z/]©Ä Ã VY]WSUÈÌ]WV Ä�]�%�]}S Ã Ç�]©Ä;	WXfh,h�QDÄ Z:\ Q,h�Å^]}Ç 	��,È9@>VY]WSU]Wh¿Å ]©Ä2Å=Ç Ë �%�  
 ��$ �� � � � 
 � � 
 � F,Q/ÅYÈ�ÇÌÈÊÄFT}] Ë Q S =WSU]�Ä^È4=
	¤ÇÌ] Ë � Ë h¿Å icFb Ã¼Ë V�Ç�]©ÄHfVY] 	}Ä���	¤X�hDÄ^ÈÌÄFÅ^]=]Wh�Q,h�Æ�.�ÅYXfh�F Ë Q/Å^X�Q,V°Z/QDÉ¿Q,]WÇ
]©Ä2Å�]}h,VYXfQ,ÇÌTW]UQ,h,]�Ç Ë h,È4=}V^][Z/]1	WQ,ÈÌV � � \ ]:% Ã T©Z/È�Å^]WQDV�T 	WV^È�Å%ÄFX�h�SU]©Ä^Ä Ë �]UÄ^Q,V�Ç Ë Ç Ë h,È-=WVY]/F Ã QDÈÌÄ%Q,h,]���XfÈÊÄEÅY]WV^c
SUÈÌh,TEÇ Ë Z/T}V^X�Q,Ç�]=]¤Å°Çì\ ]}h"�fXfÈÌ]/� � ]EVYT 	W] Ã ÅY]WQ,V6]Wh,VYXfQDÇ�]�0�Ä^Xfh�Å^X�Q,V�Ç Ë Ç Ë h,È-=WVY]RVY]��WQ,]=Ä^Q,V�Q,h�Æ�.�ÅYXfh�Z/]=S�5}SU]
Z,È Ë S�=WÅ^VY]/F�	W]EÉ¿Q,È¡Ç�Q,È Ã ]}V^SU]¤Å Ë È�h¼ÄFÈCZ/]EVY]¤ÅYV^X�Q��f]}V6ÇÌ]=Å^]�%¿ÅY])XfVYÈ4�È�h Ë Ç �

3Rh,] Ë Q/Å^VY]�ÅY] 	��,hDÈÌÉ¿Q,]�F ËfÃ,Ã ]}Ç�T}]�	��DÈ9@>V^]}SU]Wh¿Å ÃDË V=Ä^Q,ÆDÄFÅ^È�Å^Q,Å^ÈÌXfh�FP	¤X�hDÄ^ÈÌÄFÅ^]&0�	�� Ë h�f]}V�Ç�\ Ë Ç Ã � Ë Æ¼]WÅ Ã XfQDV
	��DÈ9@>V^]}V°Q,h�SU]}ÄYÄ Ë f]��¿`1Ç�ÇÌ]�T¤Å Ë È�Å Z/TE^E0UQ/Å^ÈÌÇ�ÈÊÄ^TW]�Z/Q�ÅY]WS Ã Ä�Z/]©Ä°VYXfS Ë ÈÌhDÄ°Ä^XfQDÄ�ÇÌ]�h,X�SºZ/] � 	��,È4@wVY]WSU]}h�ÅRZ,]
b@T©Ä Ë V(�����'X�Q,V�	��,È4@wVY]WVRQ,h�SU]}ÄYÄ Ë f]/F/ÈÌÇ�� Ë Q/Å Z/T
	 Ë Ç�]}VRZ/]EÅ^VYXfÈÊÄ°ÇÌ]¤Å^Å^VY]}ÄRZ Ë hDÄ°Çì\ Ë Ç Ã � Ë Æw]¤ÅI	�� Ë É¿Q,])ÇÌ]¤Å^Å^VY]�Z/Q
SU]©Ä^Ä Ë �];0�Å^V Ë hDÄ^SU]¤Å^Å^VY]/���'XfQ,V°Z/T
	¤X/Z/]}V°Q,h�SU]©Ä^Ä Ë �]I	��,È4@>V^T�F/È�ÇCÄ^Q�GUÅRZ/])Z/T 	 Ë ÇÌ]WV$	�� Ë 	¤Q,h,]EZ/]©Ä�Ç�]WÅFÅ^VY]}Ä°Z,]� Ã X�Ä^È�Å^ÈÌXfhDÄ�Z Ë hDÄ)ÇÌ]�Ä^]WhDÄ�È�h"�f]}VYÄ^][Z/]yÇì\ Ë Ç Ã � Ë Æw]¤Å
�9P�X�QDÄ Ã VYT}Ä^]Wh¿ÅYXfhDÄEQ,hµ]�%/]WS Ã ÇÌ]�Z:\ Q,hµSU]}ÄYÄ Ë f]B	��,È4@wVYT
Ã¼Ë Vi	¤]WÅFÅY][SÎTWÅ7�,X/Z/]�_ � ����� � � � / � � � t � ���C`1h ËiÃ,Ã ÇÌÈÊÉ�Q Ë h¿Å)Ç Ë SUT¤Å(�,X/Z/][]:% Ã X�Ä^TW]B	¤È�c¬Z,]}ÄYÄFQDÄ Ã XfQDV

�



� � ���������
	����������� �

Z/T
	��,È4@wVY]WVH	¤]=SU]}ÄYÄ Ë f]RhDXfQDÄ6VY]¤Å^VYXfQ��fXfh¼Ä+Ç Ë 	¤T}Ç4=}Æ,VY] Ã �DV Ë ÄF]=É�QD] Ã VYXfhDXfh�� Ë �Q,Ç�]©Ä�b@T}Ä Ë V ËiÃ V(=}Ä6Ä Ë ��È-	¤Å^XfÈÌVY]
Ä^Q,V �[� Ë V^h Ë 	¤]=VYXfÈCZ/Q  6XfV Ä Ã �,XfVY];0��wT}Ç Ë _ � S `@P!� S � � � S �^b �!���

� ]i	��DÈ9@>V^]}SU]Wh¿ÅRZ/] S È4�]Wh�=}V^]�� " S �e=}SÎ]�ÄFÈ-= 	WÇ�],��]}ÄFÅ�Q,h Ë Q/ÅYV^]i	��DÈ9@>V^]}SU]Wh¿Å ÃDË V ÄFQ,Æ¼Ä2ÅYÈ ÅYQ/Å^ÈÌXfh��+�<Ç¡Ä}\ Ë fÈ�ÅZ:\ Q,h,]#��XfVYSU] Ã ÇÌQDÄET �fXfÇÌQ,T}]%Z/Qg	��,È9@>VY]WSU]Wh¿Å)Z/][b@T©Ä Ë V%_Cdig�	��,È4@wVY]WSU]}h�Å Ä Z,][b@T©Ä Ë V=Ä^Xfh¿Å ËfÃ,Ã ÇÌÈÌÉ¿Q,T©ÄEZ Ë hDÄ
Q,h 	W]WV^Å Ë È�h�XfV Z/VY]/�6b@]WÅ�XfV Z/VY]f	¤X�V^VY]}Ä Ã X�hDZ 0µQ,h�SUXiÅ�XfQ�Q,h,] Ã �,V Ë Ä^]f	¤XfhDh¿QD]�Z/]�Çì\ ]�% Ã T}Z,È ÅY]WQ,V�]¤Å�Z,Q
VYT 	W] Ã ÅY]WQ,V)Z/Q"SU]}ÄYÄ Ë f]/�Cb@]¤Å^Å^]UÈÌh���XfVYS Ë Å^ÈÌXfh ÃDË VFÅ Ë fT}]#	WXfhDÄFÅ^È�Å^Q,]UQ,hD] ��$ ��� É¿Q,È Ã ]WVYSU]¤Å�Z:\ ]:@>] 	¤Å^Q,]}V�Z Ë hDÄÇÌ]EÆ¼X�h�X�VYZ/VY]=Ç�]©Ä°Z/È9@>TWVY]Wh¿Å Ä$	��,È9@>VY]WSU]Wh¿ÅYÄ°Z,]�b@T©Ä Ë V ��]RÈ�hDÄ^È F/Ç Ë S�5WSU]i	¤ÇÌ]:� Ã ]}V^SU]WÅ�0�Ç Ë ��XfÈÊÄ°Z/]i	��,È4@wVY]WV�]¤Å
Z/T
	��,È4@wVY]WV Q,h�SU]}ÄYÄ Ë f]��¼PRXiÅ^X�hDÄ=É�QD]/F>Z Ë hDÄ Q,h,]ÎÇ Ë h��Q,]%Z/X�h,h,TW]�F¼QDh,]�TWÅ^QDZ,]ÎZ/]&��V^T©É¿Q,]Wh�	W]�Z:\ ËiÃDÃDË VYÈ ÅYÈ�X�h
Z/]©Ä°ÇÌ]¤ÅFÅYV^]©ÄRZ/]%Ç�\ Ë Ç Ã � Ë Æ¼]WÅ Z Ë h¼Ä�Q,h�ÅY]:%�Å^]>��X�Q,VYh,È Å Q,h,] Ë ÈÌZ,] Ã V^T
	¤ÈÌ]WQDÄ^] Ã XfQ,V � 	 Ë ÄYÄ^]WV)��ÇÌ]}Ä;	��,È9@>VY]WSU]Wh¿ÅYÄ
ÃDË V°ÄFQ,Æ¼Ä2ÅYÈ ÅYQ/Å^ÈÌXfhDÄ �
�'X�ÄYÄ^T}Z Ë h�Å°Q,h�Å^]�%�Å^]�Z:\ Q,h,])ÇÌXfh��Q,]WQDV�ÄFQ�GyÄ Ë h¿Å^]�F�È�ÇC]©Ä2Å Ë Ç�X�VYÄ Ã X�ÄYÄFÈÌÆ,ÇÌ])Z/])Z/]���ÈÌh,]WV°ÇÌ]}Ä
ÇÌ]¤Å^Å^VY]}Ä�ÇÌ]}Ä Ã ÇÌQDÄ°QDÄ^È�Å^TW]©Ä�F/]WÅ Ë ÈÌhDÄ^ÈCZ/]i	¤X�SÎSU]}h�	¤]}V!0ÎZ,T 	��,È4@wVY]WV°ÇÌ]ESU]}ÄYÄ Ë f]/�

�'XfQ,V�Å^]WVYSUÈ�hD]WV
F�	¤È�Å^Xfh¼Ä)Q,hµZ/]WVYh,ÈÌ]WV�]�%/]WS Ã ÇÌ]B�,ÈÌÄFÅ^X�V^ÈÊÉ¿Q,]/� � XfV Ä)Z/][Ç Ë ÄF]
	¤Xfh¼Z/]�fQ,]}V^VY]USÎX�hDZ/È Ë ÇÌ]/F:ÇÌ]}Ä
Ë Ç�ÇÌ]WS Ë h¼Z,Ä)SUÈ�VY]Wh¿Å Ë Q Ã X�È�h¿Å�Ç Ë S Ë 	��,ÈÌh,] � `@P!��/��f] ���'b@]WÇÌÇÌ]¤ce	¤È Ã ]WVYSU]¤Å^Å Ë È�Å�Z/],	��,È9@>VY]WV�Q,h�SÎ]©Ä^Ä Ë �]
�V(.�	¤]B0�Q,h�Z/ÈÊÄ Ã X�Ä^È�Å^È4��T}Ç�]
	öÅYV^XfcìSUT 	 Ë h,ÈÊÉ¿Q,][É¿Q,È F¡]Whg��Xfh+	öÅ^ÈÌXfh�ZC\ Q,hD]�	¤ÇÌ]:��Z/X�h,h,TW]�FCVYT Ë ÇÌÈÊÄ Ë È Å)Q,h,],	¤]WV^Å Ë È�hD]
	WXfS%ÆDÈ�h Ë ÈÌÄ^XfhUZ/]�Ä^Q,ÆDÄFÅ^È�Å^Q/ÅYÈ�X�hDÄ Ã XfÇ-� Ë Ç Ã � Ë ÆwT¤ÅYÈÌÉ¿Q,]©Ä±]¤Å@Z,]�Å^V Ë hDÄ Ã X¿ÄFÈ�Å^ÈÌXfh¼Ä��*]RÈ�hDÄ^ÈDÇÌ]}Ä Ë ÇÌÇ�]}S Ë hDZ,Ä Ã ]Wh¼Ä Ë È�]}h�Å
	WXfSUS%Q,hDÈÌÉ¿Q,]}V Z/]©ÄRÈÌh���XfVYS Ë ÅYÈ�X�hDÄR]}h�Å^X�Q/Å^]UÄ^T 	¤QDV^È�Å^T�0yÇÌ]WQ,V Ä�ÅYV^X�Q Ã ]}Ä �$� Ë ÈÌÄ ÇÌ]}Ä Ë ÇÌÇ�ÈÌT}Ä FwÄ^XfQ¼ÄRÇ Ë Z/ÈÌVY] 	öÅYÈ�X�h
Z:\ ]�Ç Ë hJ�¡Q,VYÈÌh��F¼SÎÈÌVY]Wh¿Å Ë Q Ã X�È�h¿Å � b d � d a,a�3 a � �/FwQ,h�Z,]}Ä Ã V^]}SUÈ�]}VYÄRXfV Z/È�h Ë Å^]}Q,V Ä�Fk	¤] 	WÈ ËyÃ ]}V^SUÈÊÄ Z/]
Z/T
	��,È4@wVY]WV6Ç�]©Ä6SÎ]©Ä^Ä Ë �]}ÄUfTWhDTWVYT}Ä F ÃDË V@`@P!��/��f]&���.X�Q,V Ã ÇÌQDÄ�Z/] Ã V^T
	¤ÈÊÄFÈÌXfhDÄ6Ä^Q,V@Çì\ �,ÈÌÄFÅ^X�È�VY]EZ:\ `@P!��/��f]#]¤Å
Z/]©ÄU	WX�Z,]}Ä+Ä^] 	WV^]WÅYÄ+]}hBfT}h,TWV Ë Ç Fih,X�QDÄ±ÈÌh ��È�Å^X�hDÄ+ÇÌ]�ÇÌ] 	öÅY]WQ,V60i	¤X�hDÄ^Q,Ç ÅY]WV+ÇÌ];	WTWÇ-=WÆ,VY]°ÇÌÈ4��VY]RZ/] a��/a�ÈÌh�/��� a�ÈÌh � ��� �

���	� � ��� �5� � � 
C�nq ��M���
c�8� � ���a� �
� Ë 	¤V(� Ã Å^X�fV ËiÃ �,ÈÌ])]}ÄFÅ QDh�]Wh¼ÄF]}S%Æ,ÇÌ]%Z/]�Å^]
	��,h,ÈÊÉ�QD]}Ä=É�QDÈ Ã VYXiÅ(=��]Wh¿ÅRQ,h�SÎ]©Ä^Ä Ë �])]Wh�Ç�]%Å^V Ë hDÄE��XfVYS Ë h¿Å

]}h[Q,h Ë Q/ÅYV^]RSÎ]©Ä^Ä Ë �]E_ 	W]¤ÅFÅY]°Å^V Ë h¼Äc��X�V^S Ë ÅYÈ�X�h�SUX/Z/È48D]RÇì\ È�h���X�V^S Ë Å^ÈÌXfhB	¤X�h�ÅY]Wh�Q,]�Z Ë hDÄ+ÇÌ]�SU]}ÄYÄ Ë f]°X�V^È-fÈÌh Ë Ç
Ã XfQ,V9V^]}hDZ/VY]±Ç�\ ÈÌh���XfVYS Ë Å^ÈÌXfhEÅYV Ë hDÄ^SÎÈÊÄ^]+h,Xfh#	¤XfS Ã VYT��D]WhDÄ^È�ÆDÇ�]�� � ]©Äa	WV7� Ã ÅYX/fV ËiÃ �,]}Ä>ÈÌh"�f]Wh¿ÅY]Wh¿Å9Z/]©ÄCSUT¤Å(�,X/Z/]}Ä
Z/]H	��,È4@wVY]WSU]}h�Å'Z/] Ã Ç�Q¼Ä']Wh Ã Ç�QDÄK	WXfS Ã ÇÌ]:%/]}Ä F
	WXfS Ã X�Ä^TW]}Ä.Z:\ Q,h,] ��Xfh�	¤Å^ÈÌXfhÎZ/]6	��DÈ9@>V^]}SU]Wh¿Å.]WÅ'ZC\ Q,hD]U��X�h�	öÅYÈ�X�h
Z/]�Z/T 	��,È4@>V^]}SÎ]}h¿Å � � Ë ��X�h�	öÅYÈ�X�h�Z/]#	��,È4@>V^]}SÎ]}h¿Å Ã ]}V^SU]WÅ=Z/]&	��DÈ9@>V^]}VRQ,h�SÎ]©Ä^Ä Ë �]�Z/XfhDh,T m ÃDË V�QDh,] ��$ ���
k
F¼Q,h ÃDË V Ë S�=WÅ^VY])Z/]%Ç Ë ��Xfh�	¤Å^ÈÌXfh�Z/]#	��,È9@>VY]WSU]Wh¿Å �wP�X�QDÄ�h,XfÅ^X�hDÄ

{m}k
ÇÌ]�SU]}ÄYÄ Ë f] m 	��,È9@>VYT ÃDË VRÇ Ë 	WÇ�]��

k
�

m→
��Xfh�	¤Å^ÈÌXfh�Z/]i	��,È4@wVY]WSU]}h�Å� 	¤ÇÌ]:�

→ {m}k

� Ë ��X�h�	öÅYÈ�X�h[Z/]�Z/T 	��DÈ9@>V^]}SU]Wh¿Å Ã ]}V^SU]WÅU0 ÃDË V^Å^ÈÌV+Z:\ Q,hUSÎ]©Ä^Ä Ë �]$	��,È9@>VYT
{m}k

Z/]°V^]WÅ^VYXfQ���]WV'ÇÌ]°SÎ]©Ä^Ä Ë �]
X�V^È-fÈÌh Ë Ç m 	WXfh,h Ë ÈÌÄYÄ Ë h¿Å6Ç Ë 	¤ÇÌ]:�±Z/]�Z/T
	��,È9@>VY]WSU]Wh¿Å �

{m}k →
��X�h�	öÅYÈ�X�h�Z,]�Z/T 	��,È4@>V^]}SÎ]}h¿Å�� 	¤ÇÌ]:�

→ m

b@]}Ä;��X�h�	öÅYÈ�X�hDÄ>	¤V(� Ã Å^X�fV ËiÃ �,ÈÊÉ¿Q,]}Ä ÄFX�h¿Å=]}hJ�TWh,T}V Ë Ç9Æ Ë ÄFT}]}Ä=ÄFQDV�Z/]}Ä Ã VYXfÆ,Ç-=WSU]©Ä S Ë Å7�,T}S Ë Å^ÈÊÉ¿Q,]}ÄEZ/È�ÅYÄ
� Z/È4G1	¤ÈÌÇ�]©Ä&�\0�V^T©ÄFX�QDZ/VY]/��]RÈ�hDÄ^È@Ä Ë h¼Ä>	¤XfhDh ËAC Å^VY][Ç Ë 	WÇ�]���Z,]�Z/T 	��DÈ9@>V^]}SU]Wh¿Å�È�Ç@]}ÄFÅ%Z/È4GB	WÈ�ÇÌ]�Z/]yZ,T 	��,È4@wVY]WV
Q,h�SU]}ÄYÄ Ë f]�F.]WÅ1	¤]/F'Å Ë h¿ÅyÉ¿QC\ ÈÌÇ�hC\ ]:%/ÈÊÄ2ÅY]WV Ë�Ã¼Ë ÄUZ/]�SUX��f]}hsZ/]�VYT}Ä^XfQDZ/VY]�Ç�] Ã VYXfÆ,Ç-=WSU]�Z/È�Å � Z/È4G1	¤ÈÌÇ�] ���
PRXfQDÄ Ã VYT}Ä^]Wh¿Å^X�hDÄ@È-	WÈCÉ�QD]WÇÊÉ�QD]}Ä6Q,h,]©Ä°Z/]}Ä6SUT¤Å(�,X/Z/]}Ä�QDÄ^Q,]}Ç�ÇÌ]}Ä�Z/]>	��,È4@wVY]WSU]}h�Å°]�%�ÈÊÄFÅ Ë h¿ÅY]}Ä �0�'X�Q,V$	¤]WÇ Ë h,XfQDÄ
Z/ÈÊÄFÅ^ÈÌh�fQ,X�hDÄÎZ/]WQ�%u	 Ë ÅYT�fX�V^ÈÌ]}Ä%Z/]�	��DÈ9@>V^]}SU]Wh¿Å F'ÇÌ]}Ä�	��,È4@wVY]WSU]Wh¿Å Ä�Ä7��SÎTWÅ^VYÈÌÉ¿Q,]©Ä%]WÅÎÇÌ]}Ä�	��,È4@>V^]}SÎ]}h¿ÅYÄ Ë Ä7��c
SUT¤ÅYV^ÈÊÉ¿Q,]}Ä � �'XfQDV Ã ÇÌQDÄ�Z,]�Z/T¤Å Ë ÈÌÇÌÄ FCÇÌ]yÇÌÈ4��VY]yV^T���TWVY]Wh�	W]yZ/]  I�.a�	��,h,]WÈÌ]WV�� a�	�� � g � ]¤Å�Z/]�h,XfS�Æ,V^]}Q�% Ë Q/Å^VY]}Ä
X�Q���V Ë f]}Ä�� � + e�e�F �RX�ÆDefe"F  6Q�	We � F$��XfÇÊe � F � �)e¿d � Ã V^X Ã X¿ÄF]}h�Å Q,h ËiÃ ]WV �¤Q Ë Ä^Ä^]��#	¤XfS Ã ÇÌ]¤ÅEZ/]}Ä=Z/È4@wT}V^]}h¿Å^]}Ä
SUT¤Å(�,X/Z/]}Ä°Z,]i	��,È9@>VY]WSU]Wh¿ÅYÄ�]�%/ÈÌÄFÅ Ë h�ÅY]}Ä �

k



� � � � ��� ��� ��	 �� ��� � ����� ��� � �
� � �

+,)�O ) + �"»R0���*,3 � 3¡?@-,´µ´ %�� 7:-/*D0^¶�·�3¡´*)
� ]6	��,È4@>V^]}SÎ]}h¿Å'Ä7��SÎTWÅ^VYÈÌÉ¿Q,]@Q/Å^ÈÌÇÌÈÌÄ^]@Ç Ë S�5}SU]6	WÇ�]�� Ã X�Q,VK	��,È9@>VY]WV']¤Å±Z/T 	��DÈ9@>V^]}V9QDh%SU]}ÄYÄ Ë f]�� � Ë 	¤X�h,h Ë ÈÌÄFc

Ä Ë h+	¤]1Z/]6	¤]WÅFÅ^]6	¤ÇÌ]:�D]©Ä2ÅK	¤VYQ�	¤È Ë ÇÌ] Ã XfQ,V9Ç Ë 	¤X�h�8¼Z/]}h�ÅYÈ Ë Ç�È�Å^T@Z/]}Ä9È�h���XfVYS Ë Å^ÈÌXfhDÄ¡T 	�� Ë h�fT}]}Ä � � ]©Ä Ë Ç4�XfVYÈ Å(�,SU]}ÄCZ,]
	��DÈ9@>V^]}SU]Wh¿Å@Ä7�¿SUTWÅ^VYÈÌÉ¿Q,]RÄ^Xfh¿Å@Ä^XfQ��f]Wh¿Å+Æ Ë ÄFT©Ä1Ä^Q,V@Z,]}Ä±ÅY] 	��,hDÈÌÉ¿Q,]©Ä1Z/]=ÄFQ,Æ¼Ä2ÅYÈ ÅYQ/Å^ÈÌXfhDÄ1]¤Å�Z/]�ÅYV Ë hDÄ Ã X�Ä^È�Å^ÈÌXfhDÄ �b@]}Ç Ë X*@>VY]ÎQDh�SUX��f]}h�V ËiÃ ÈÊZ/]Î]¤Å�]�GB	 Ë 	W] Ã XfQ,Vi	��DÈ9@>V^]}VEQ,h�SU]©Ä^Ä Ë �]/�:P�X�QDÄ Ã VYT}Ä^]Wh¿Å^X�hDÄ�ÅYV^X�ÈÌÄ=SUT¤Å(�,X/Z/]}Ä
Z,]�	��DÈ9@>V^]}SU]Wh¿Å�_ � ]>	��,È4@>V^]}SÎ]}h¿Å°Z,] S ]WVYh Ë SoF/ÇÌ] � `@a�]WÅ°Ç�\ ]�`@aP�

� ½ 5 ½ � ½ � � |�¨23.�	�+x�|��|�~>{%t'�/x�«¬�,��{�
F¨ 3.�	�1xä|��|�~>{U�9| -)|¿x�~9�D� ½
�<ÇDÄ}\ Ë fÈ�Å±Z/Q � 	��,È4@>V^]}SÎ]}h¿Å 0 S Ë ÄYÉ¿Q,]n^2]¤Å Ë Æ,ÇÌ] � � d h,]¤cìÅ^ÈÌSU]!� Ë Z��9È�h"�f]}h¿Å^T ÃDË V±ÇÌ] � Ë ^2X�V +�.� Ë Q,Æ¼X�V7�h,]

]WÅ /�� S ]WVYh Ë S#]}h ��� �2� ��3�h�S Ë Ä^É¿Q,]h^2]¤Å Ë Æ,ÇÌ]1]©Ä2Å.Q,h,]�ÄFQ,È�Å^]6Z/]6Æ,È Å Ä Ë Ç�T Ë ÅYXfÈÌV^]©Ä Ë QDÄYÄ^È�ÇÌXfh��Q,]@É¿Q,]@Ç�]@SU]}ÄYÄ Ë f]
0&	��,È9@>VY]WV
�¿b@]¤Å^Å^] Ä^Q,È�Å^]�]©Ä2Å6Q,hyÄ^] 	¤VY]¤Å6	¤XfhDh¿Q[QDh,ÈÌÉ¿Q,]}SU]Wh¿Å@Z/]©Ä@Z/]}Q�% ÃDË V^Å^È�	¤È ÃDË h¿Å Ä±]¤Å6h,] Ã ]WQ/Å65¤Å^VY]�Q/ÅYÈ�ÇÌÈÊÄFT}]
É¿QC\ Q,h,]=ÄF]}Q,ÇÌ]���X�ÈÌÄ � � ]RSU]}ÄYÄ Ë f]RXfVYÈ4�È�h Ë ÇD]©Ä2ÅH	¤X/Z/T Ä^XfQ¼Ä[��X�V^SU] Z,]RÆ,È�ÅYÄ F Ã X�Q,V@ÇÌ]�	��,È9@>VY]WV
Ffh,X�QDÄ 	WXfS ÃDË V^X�hDÄ
	�� Ë É¿Q,][Æ,È�ÅÎZ/QµS Ë Ä^É¿Q,][]WÅÎZ/QµSU]}ÄYÄ Ë f]��9a>\ È�ÇÊÄ%Ä^Xfh¿Å�T  Ë Q�%�F¡h,XfQDÄ%T 	WV^È-�fX�hDÄ 1

Ä^È�h,X�h
0
Z Ë hDÄ%Ç�]�SÎ]©Ä^Ä Ë �]

	��DÈ9@>V^T�F�	¤] 	WÈ>V^] �¿ÈÌ]Wh¿Å$0%]�@w]
	öÅYQ,]WV�Q,h,] Ë Z,Z/È�Å^ÈÌXfh�ÆDÈ Å!0�Æ,È Å°SUX/Z/Q,ÇÌX
2
�Db@Xfh,h Ë ÈÊÄ^Ä Ë h¿Å@ÇÌ]=S Ë Ä^É¿Q,]�F�È�Ç:]©Ä2Å Ë ÇÌXfV Ä

� Ë 	¤ÈÌÇ�])Z/])VY] 	WXfhDÄFÅ^È�Å^QD]WV�Ç�])SU]©Ä^Ä Ë �] X�V^È-fÈÌh Ë Ç �
�<ÇÌÇ�Q¼Ä2ÅYV^X�hDÄ$	¤]WÅFÅ^]�Å^] 	��Dh,ÈÌÉ¿Q,]E]}h Ë Z,Z/È�Å^ÈÌXfh,h Ë h¿Å�SUX�Z,Q,Ç�X 26

ÇÌ]}Ä�ÇÌ]¤Å^Å^VY]}Ä�Z,])Ç�\ Ë Ç Ã � Ë Æ¼]WÅ Ë Q�Ç�ÈÌ]WQ�Z:\ Q/ÅYÈ�ÇÌÈÌÄ^]WV
Çì\ Ë Z,Z/È�Å^ÈÌXfh�Æ,È�Å>0�Æ,È�ÅESUX/Z/Q,ÇÌX

2
���<S Ë fÈÌh,X�hDÄ É¿Q,]Îh,X�QDÄEÄFX�Q�� Ë È�Å^X�hDÄI	��,È9@>VY]WV=Q,h,] Ë Q/ÅYV^]#� Ë SU]WQ¼ÄF]�	¤È�Å Ë Å^ÈÌXfh

Z,] �Q,ÇÌ]}Ä�b@T}Ä Ë V
F Ã V^X�h,Xfh+	¤TW]�Ç�X�VYÄYÉ¿QC\ È�Ça��V Ë h�	��,È�Å=ÇÌ]��°Q,Æ,È�	¤X�h�_ � ] � `U] �]Rb6�n] `@a�� ���CPRXfQDÄ=Q/ÅYÈ�ÇÌÈÌÄ^Xfh¼Ä
	WXfSUSU]ES Ë Ä^É¿Q,] ^2]¤Å Ë Æ,ÇÌ]/FDQ,h,] Ã �,V Ë Ä^]I	WXfh,h�Q,]>0ÎÇì\ Ë � Ë h+	¤] ÃDË V�ÇÌ]}Ä�Z/]}Q�% ÃDË VFÅYÈ-	WÈ Ã¼Ë h¿ÅYÄ �1�+V^]}h,Xfh¼Ä�Ç ËÎÃ �,V Ë Ä^]
Z,](fQDÇ�]©Ä6b@T}Ä Ë V@Z/T 	��,È4@>V^T}] Ã VYT 	¤T©Z/]WSUSU]Wh¿Å � S `1P!� S � � � S �^b � ��� � Ë 8�fQ,VY] � � � SUXfh¿ÅYV^]!	WXfSUSU]Wh¿Å 	¤]WÅFÅY]
Ã �,V Ë ÄF]=]}ÄFÅ�	��,È4@wVYTW]E]}h � b �Ea� t 0/�b b P S b ���

A L E A J A C T A E S T

1 12 5 1 10 1 3 20 1 5 19 20

+ V E N I V I D I V I C I

22 5 14 9 22 9 4 9 22 9 3 9

= W Q S J F J G C W N V C

23 17 19 10 6 10 7 3 23 14 22 3

���	��� � � ��� ` %/]}S Ã Ç�]�Z/]i	��DÈ9@>V^]}SU]Wh¿Å!0�S Ë Ä^É¿Q,]6^2]¤Å Ë Æ,ÇÌ]/�
� Ë Ç4�D]WQ,VY]WQDÄ^]WSU]}h�Å
FCÇÌ]1	��,È9@>VY]WSU]Wh¿Å&0�S Ë ÄYÉ¿Q,]�^2]¤Å Ë Æ,ÇÌ] Ã VYT}Ä^]Wh¿Å^]yÉ¿Q,]}ÇÌÉ¿Q,]©Ä)È�h+	¤Xfh"��TWh,ÈÌ]Wh¿ÅYÄEÇÌXfV Ä)Z/]yÄ Ë

SUÈÊÄF]E]}h Ã V Ë Å^ÈÊÉ�QD]�	 Ë V�ÇÌ])S Ë Ä^É¿Q,])Z/X�È Å!5WÅ^VY]U_
� Ë QDÄYÄ^È:Ç�X�h�[É�QD]=ÇÌ])SU]}ÄYÄ Ë f]�0�	��,È9@>VY]WV
�
� Q/Å^ÈÌÇÌÈÌÄ^T)Q,h,]�Ä^]WQ,ÇÌ]I��XfÈÊÄ��
� fT}h,TWVYT)Z/]ES Ë h,È-=WVY] Ë Ç�T Ë ÅYXfÈÌV^] Ã X�Q,V°T���È�Å^]}V�É�Q¡\ ÈÌÇCh,]�Ä^XfÈ�Å�Z/]���ÈÌh,T/�
� T 	�� Ë h�fT)Z/]ES Ë hDÈ4=}V^])Ä7D,V^]E]}h�ÅYV^]EÇÌ]}Ä ÃDË VFÅYÈ-	WÈ Ã¼Ë h¿ÅYÄ �
a Ë hDÄB	¤X�h,h Ë�C ÅYV^]�Ç�]�S Ë ÄYÉ¿Q,]�ÈÌÇ°]}ÄFÅ Ã VYXfQ���T�Ä^XfQDÄ�	¤]©Ä�	¤Xfh¼Z/È ÅYÈ�X�hDÄ[É¿QC\ È�Ç°]©Ä2ÅUÈ�S Ã X�ÄYÄFÈÌÆ,ÇÌ]�Z/]�V^]WÅ^VYXfQ���]WV

ÇÌ]ÎSÎ]©Ä^Ä Ë �]%X�V^È-fÈÌh Ë Ç � � ]�	��DÈ9@>V^]}SU]Wh¿Å�0�S Ë ÄYÉ¿Q,]!^2]WÅ Ë ÆDÇ�]Î]}ÄFÅ)Q,hJ	��,È4@>V^]}SÎ]}h¿Å ÃDË VE� Ë È Å � & �N& Ä Ë h¼ÄRÇ Ë 	WÇ�]��1ÇÌ]
SU]©Ä^Ä Ë �] ]©Ä2Å°ÈÌhDZ/T 	��DÈ9@>V Ë Æ,ÇÌ]/�
b@X�SÎSU]+Çì\ Ë ��XfV^ÅCÆ,ÈÌ]Wh%Ä^XfQ,ÇÌÈ-fh,T1a¿ÅY]���]  6]WÇÌÇ�X���ÈÌhÎ_ � ]RÄ Ë°Ã V Ë 	öÅYÈ-	 Ë Ç Ã ]WV ÄFX�h�F��ö\ �f]±X�ÆDÄ^]WV(�f]}Z Å(� Ë Å¡X�h,]¤cìÅ^ÈÌSU]

Ã¼Ë Z,Ä Ë VY]@Å7�,]}XfVY]¤Å^È�	 Ë Ç�Ç-�)Q,h�Æ,VY] Ë Z Ë Æ,ÇÌ]/FäÆ,Q/Å Ã V Ë 	¤Å^È�	 Ë Ç�Ç-�>�f]}V7�>Y6] Ë Zk�+ 6�i	¤X�h¿Å^V Ë ÄFÅ F�	¤X�h ��]Wh¿Å^ÈÌXfh Ë Ç"	¤È Ã �,]WV Ä Ë VY]
Å(�,]WX�V^]WÅ^È�	 Ë Ç�Ç-��ÆDV^] Ë Z Ë Æ,ÇÌ]/F¿Æ,Q/Å Ã V Ë 	¤Å^È�	 Ë ÇÌÇ-�ÎÄFÅ^VYXfh�+�1��_�ÇÌ]�	��,È9@>VY]WSU]Wh¿Å60�S Ë ÄYÉ¿Q,] ^2]¤Å Ë Æ,ÇÌ]=]}ÄFÅ6ÈÌh"�¿ÈÌXfÇ Ë ÆDÇ�]�]}h
Å(�,TWX�V^ÈÌ]°S Ë ÈÊÄ±ÈÌh¿Q,Å^ÈÌÇ�ÈÊÄ Ë Æ,ÇÌ]�]Wh Ã V Ë ÅYÈÌÉ¿Q,]��*�<Ç�� Ë Q/Å@Z/X�h�	�Ä^]�Å^X�Q,V^hD]WV[��]WV Ä+Z:\ Ë Q/ÅYV^]©Ä±SUT¤Å7�DX�Z,]}Ä1Z,]�	��,È4@wVY]WSU]Wh¿Å
�

Í



� � ���������
	����������� �

� ½ 5 ½ � ½ À ���E  
 � �,{}� � ~.¨ix21:t.{}��u¼~   {}�,~.�.�/x�� � ½
� ]�d ��P�X���]WS�Æ,V^] ����� g�F.ÇÌ]�P��Fa�� ��P Ë Å^ÈÌXfh Ë Ç6�<h¼Ä2ÅYÈ ÅYQ/Å^]�X*�)a¿Å Ë hDZ Ë VYZ,Ä Ë hDZu�9] 	��,hDXfÇÌX//�
� Ë Z/X Ã Å^]�Ç�]

ÄFÅ Ë hDZ Ë V Z�Z/]i	��,È4@wVY]WSU]Wh¿Å � `@a � � � � � FwP Ë Å � e�FDP Ë Å � � F¼P Ë Å � � F¼a� � ��� �:b@]i	��,È9@>VY]WSU]Wh¿Å�	¤X�h��¤Q ÃDË V$�� �
Ä^XfQDÄRÇ�]Îh,X�S Z,] � 3Eb � t ` � Ë T¤ÅYT#	��,X�ÈÌÄ^È Ã¼Ë VRÇ Ë P��Fa�� ËfÃ V7=©ÄRÉ¿Q,]}ÇÌÉ¿Q,]©Ä Ã ]¤ÅYÈ ÅY]}Ä=SUX�Z,È98+	 Ë ÅYÈ�X�hDÄ��Cb@]#	��DÈ9� c
��VY]WSU]Wh¿Å�Ä7��SUT¤Å^VYÈÊÉ�QD] Ã ]}V^SU]WÅÎZ/]�	��,È9@>VY]WV�Z,]}Ä�SÎ]©Ä^Ä Ë �]}Ä�Z,]�gik�ÆDÈ Å Ä Ë ��] 	[Q,hD]�	¤ÇÌ]:�

k
Z/]�Íig�ÆDÈ Å Ä�� �'XfQ,V

	��,È4@>V^]}VRQ,h�ÅY]:%�Å^]�F>È�Ça� Ë Q/ÅEZ:\ Ë ÆwXfV Z�Ç�]ÎZ/T 	WXfQ Ã ]WV ]Wh�Æ,Ç�X�	}ÄRZ/]UgikyÆDÈ Å Ä Ã QDÈÌÄ ËiÃ,Ã Ç�ÈÊÉ¿Q,]WV=Ç�]�	��,È4@wVY]WSU]Wh¿ÅEÄFQ,V
	�� Ë 	¤Q,h�Z/]}Ä=Æ,ÇÌX�	WÄ �Cb@] Ã VYX�	¤T}Z,T%]}ÄFÅ ËiÃ,Ã ]WÇÌT��l� ��� ���A� � � � � � � �%� 
�� � �<�%$ � �%� �CP�XfQ¼Ä Z/X�h,h,X�hDÄ�	¤È�c¬Z/]©Ä^Ä^XfQ¼Ä
Q,hD]�ÈÌZ,TW]%Ä^È�S Ã ÇÌ]�]WÅ ÈÌh�ÅYQ,È�Å^È-�f]%Z/Qf��Xfh�	¤Å^ÈÌXfh,h,]}SU]Wh¿Å Z/Q � `@a � Ã X�Q,V Ã Ç�QDÄ Z/]%Z/TWÅ Ë È�ÇÊÄ�	WXfhDÄ^Q,Ç�Å^]WVRÇ�]�Ç�È-��V^]�Z/]
 I�,a�	��,h,]}È�]}V � ] Ã,Ã ÇÌÈ�]©Z�b@V(� Ã Å^X�fV ËiÃ �"��� � a�	�� � g � �2�¼b@]>	��,È4@wVY]WSU]Wh¿Å°]}ÄFÅ$	¤Xfh¼Ä2ÅYÈ ÅYQ,T)Z/] � g�]Wh�	�� Ë�C hD]WSU]Wh¿ÅYÄ
Ä^Q�	�	W]}ÄYÄFÈ4�§Ä�Z:\ X Ã TWV Ë ÅYÈ�X�hDÄ�Z/]yÅ^V Ë hDÄ Ã X¿ÄFÈ�Å^ÈÌXfhhF¡Z/]�Ä^Q,ÆDÄFÅ^È�Å^Q/ÅYÈ�X�h�]¤ÅÎZ/],	��,È4@>V^]}SÎ]}h¿Å�Z/] S ]}V^h Ë So� � ]©Ä Ë � Ë h,c
	WTW]}Ä�S Ë Å^T}V^ÈÌ]WÇÌÇ�]©Ä)]WhµÈÌh���X�V^S Ë ÅYÈÌÉ¿Q,] Ã ]WVYSU]¤Å^Å^]Wh¿Å Ë Q�^2XfQDVYZ:\ ��Q,È F¡]WhµQDh Å^]WS Ã Ä%V Ë ÈÌÄ^XfhDh Ë Æ,ÇÌ][Z/] � 	 Ë ÄYÄF]}V��
Q,h�SU]}ÄYÄ Ë f]&	��,È4@>V^T Ë �f]
	 � `6a ÃDË V � ��XfV�	¤]�Æ,VYQ/Å^]���F � & �5& ]Wh�Å^]©Ä2Å Ë h¿ÅRÅYXfQ/ÅY]}Ä=Ç�]©Ä�	¤ÇÌ]:�§Ä Ã X¿Ä^Ä^ÈÌÆ,Ç�]©Ä��V(.�	¤]�0
Q,hD][TWh�Q,SUTWV Ë ÅYÈ�X�h�]:%�� Ë QDÄFÅ^È-�f]/�:`1h ��� � � F>Ç Ë P!�Fa�� Ç Ë h�� Ë Q,h ËfÃ,Ã ]}Ç1Z:\ X*@>V^]©Ä Ã X�Q,V&	��,X�ÈÌÄ^ÈÌV F>Çì\ � ]°Z�� Ë h/c
	W]}Z�`1h�	¤V(� Ã Å^ÈÌXfh a¿Å Ë hDZ Ë V Z � � ]R`@a
�:FCÇ�]UÄ^Q�	�	W]}ÄYÄF]}Q,V=Z,Q � `@a�F¡Z,]��f]}h�Q�Å^VYX Ã ÄF]}hDÄFÈÌÆ,ÇÌ] Ë Q�% Ë Å^Å Ë É�QD]}Ä ÃDË V
VY] 	��,]}V(	��D]}Ä@]:%�� Ë Q¼Ä2ÅYÈ4��]}Ä �

� ½ 5 ½ � ½ 5 ���E  
 � ��#,�,~.¨f|�� � ~9¨fx21:t9{©�§uw~   {©�,~9�.�/x�� � ½
� ]�Ä2Å Ë hDZ Ë V Z"Z,],	��,È4@wVY]WSU]}h�Å�]�`@a?��Q/Å Ë Z/X Ã ÅYTy]Wh�diefe�e ÃDË V�Ç�]�P!�Fa���]}hµV^]}S Ã Ç Ë 	¤]WSU]}h�ÅÎZ/Q � `@a��� ]%P!�Fa��³hDXfSUS Ë ]�`6aj	¤]WÅ Ë Ç-fX�V^È�Å7�DSÎ]�ÄE��SUT¤ÅYV^ÈÊÉ¿Q,]%Z/]���È ^2hDZ Ë ]WÇ F�	¤Xfh*�¤Q ÃDË V S È�h�	W]Wh¿Å ��È ^2SU]Wh�]¤Å �X Ë h

� Ë ]}SÎ]}h � � �Re � F � ��e�d � �¼b@]�	��,È4@wVY]WSU]Wh¿Å�]}ÄFÅ!	¤Xfh¼Ä2ÅYÈ ÅYQ,T=Z,]=Ä^Q,ÆDÄFÅ^È�Å^Q/ÅYÈ�X�hDÄ F,Z/]=Z,T 	 Ë Ç Ë f]©Ä�F�Z/] � X�Q�]:%�	WÇ�Q/c
Ä^È9�%�y]WÅ�Z/] S�Q,Ç�Å^È Ã Ç�È�	 Ë Å^ÈÌXfhDÄ°Z Ë hDÄ6Q,ho	¤X�V Ã Ä 8DhDÈCZ/] Ã X�Ç4��h�'�SÎ]©Ä 8�%/T}Ä ��	W]}Ä�X Ã TWV Ë ÅYÈ�X�hDÄ6ÄFX�h�Å�TWÇÌTWSU]}h�Å Ë ÈÌV^]©Ä�F
Ä^È�S Ã ÇÌ]}Ä1]¤Å6V ËfÃ ÈÌZ,]}Ä[0i	 Ë Ç�	¤Q,ÇÌ]WV
�*�<Ç Ã ]}V^SU]WÅ6Z/]�	WV7� Ã ÅY]WV6Z/]}Ä1Æ,Ç�X�	}Ä1Z/] � d � F ��� d=XfQ�d�ÍigEÆ,È�ÅYÄ@]Wh[Q/ÅYÈ�ÇÌÈÊÄ Ë h�Å6Z/]}Ä
	WÇ�]��§Ä+ÄE��SUT¤ÅYV^ÈÊÉ¿Q,]}Ä1Z/] � d � F ��� d=XfQydfÍfg=Æ,È Å Ä�� � ]!	��,X�È9%UZ/]°Ç Ë Å Ë ÈÌÇÌÇ�]RZ,]°Ç Ë 	WÇ�]��w]WÅ@Z/]�Ç Ë Å Ë È�ÇÌÇÌ]�Z/]}Ä1Æ,Ç�X�	}Ä+ÄFX�h¿Å
ÈÌhDZ/T Ã ]}hDZ Ë h¿Å Ä�F,ÈÌÇ�� Ë Z/Xfh�	 Ë Q�ÅYXiÅ Ë Ç � 	WXfS%ÆDÈ�h Ë ÈÌÄ^Xfh¼Ä Ã X�ÄYÄ^È�Æ,ÇÌ]}Ä �wb@]
	¤È:Ç Ë ÈÊÄ^Ä^])Q,h,] Ã ÇÌQDÄ$�V Ë hDZ/]��D]�%�ÈÌÆ,ÈÌÇ�È�Å^T
0ÎÇì\ Q/ÅYÈ�ÇÌÈÊÄ Ë Å^]WQDV�Z:\ ]R`@a�]Wh,��Xfh+	öÅ^ÈÌXfh�Z/Q�h,È-�f] Ë Q�Z/])ÄFT
	¤Q,VYÈ�Å^TE]¤ÅRZ/])Ç Ë ��È ÅY]}ÄYÄF])Z/]i	 Ë Ç�	¤Q,ÇCZ/T©ÄFÈÌVYT}Ä �

+ )ìO )�� �"»R0���*,3 � 3¡?@-,´ $'´ %�� 7:-/*D0F¶�·R3¡´*)
3�h#	��,È9@>VY]WSU]Wh¿Å Ë ÄE��SUT¤ÅYV^ÈÊÉ¿Q,]+Q/ÅYÈ�ÇÌÈÌÄ^]1QDh,]U	¤ÇÌ]:�DZ,] 	��,È4@wVY]WSU]}h�Å.Z/È9@>TWVY]Wh¿ÅY]@Z/]U	W]WÇÌÇ�]6Z/]1Z/T
	��,È4@wVY]WSU]Wh¿Å
� � Ë

	WÇ�]��:Z,]�	��,È4@wVY]WSU]Wh¿Å1]©Ä2Å�ÄFX�Q��f]}h¿ÅU	¤XfhDh¿QD]RZ/]°ÅYXfQDÄ1Ç�]©Ä Ë �]Wh¿ÅYÄ Fi]}Ç�ÇÌ]�]}ÄFÅ ËfÃ,Ã ]}Ç�T}] ��$ � � ��� ��$O� � � � ]WÅ Ã ]WVYSU]¤Å@Z/]	WXfhDÄFÅ^VYQ,ÈÌV^]6Q,hUSU]}ÄYÄ Ë f]H	��,È9@>VYT/�¿b@] Ã ]}hDZ Ë h¿Å1Ä^]WQ,ÇÊÄ'ÇÌ]}Ä ÃDË VFÅYÈ-	WÈ ÃDË h¿ÅYÄ 	¤X�h,h Ë ÈÌÄYÄ Ë h¿Å.Ç Ë 	¤ÇÌ]:�:Z/]°Z/T 	��DÈ9@>V^]}SU]Wh¿Å F
ËfÃ,Ã ]}Ç�T}] �%$ � � � �E�� !�� F Ã ]WQ��f]Wh¿Å Z,T 	��,È4@wVY]WV°ÇÌ]}ÄRSU]}ÄYÄ Ë f]}Ä � � ]©Ä!	��,È4@wVY]WSU]Wh¿Å Ä Ë Ä7��SÎTWÅ^VYÈÌÉ¿Q,]©Ä°ÄFX�h¿Å�Ç ËUÃ ÇÌQ ÃDË VFÅ
Z/QUÅY]WS Ã Ä@Æ Ë Ä^T}Ä1ÄFQ,V@Ç�\ ]:%/ÈÊÄ2ÅY]Wh�	W]RZ/]$��X�h�	öÅYÈ�X�hDÄ+S Ë Å7�,T}S Ë Å^ÈÊÉ¿Q,]}Ä@Z/È ÅY]}Ä60 ���%�4� � �4� � � � X�Q �����>� � �t� � � � �  ���
 � � �"� � ��3�h,]I��X�h�	öÅYÈ�X�h�0�Ä^]Wh¼Ä@QDh,ÈÌÉ¿Q,]=]}ÄFÅ�Q,h,];��Xfh�	¤Å^ÈÌXfh�S Ë Å7�,T}S Ë Å^ÈÊÉ¿Q,]�� Ë 	¤ÈÌÇ�]}SU]Wh¿ÅH	 Ë Ç�	¤Q,Ç Ë ÆDÇ�] S Ë ÈÌÄ6Z/X�h�Å
Ç Ë VYT 	WÈ Ã VYX/É¿Q,]�]©Ä2Å
F.]}h Ã V Ë Å^ÈÊÉ�QD]/F.È�S Ã X�ÄYÄFÈÌÆ,ÇÌ]�0\	 Ë Ç-	WQ,Ç�]}V�	 Ë V�Å^VYX Ã 	¤X/D,Å^]WQ¼ÄF]���� Ë VU]�%�]}S Ã Ç�]�F'Ç�] Ã VYX�Z,Q,È Å
Z/]UZ/]}Q�%<fV Ë h¼Z,ÄRhDXfS%ÆDV^]©Ä Ã V^]}SÎÈÌ]WV Ä ]}ÄFÅEQDh,]UX Ã TWV Ë Å^ÈÌXfh�S Ë Å7�,T}S Ë Å^ÈÊÉ¿Q,][ÄFÈÌS Ã ÇÌ]/F:S Ë ÈÊÄ Å^VYXfQ���]WV�0 ÃDË VFÅYÈ�VZ/]�	¤] Ã V^X/Z/QDÈ ÅEÇ�]©Ä Z,]WQ�%�h,X�S%Æ,VY]}Ä Ã VY]WSUÈ�]}VYÄR]}ÄFÅ=QDh Ã VYXfÆ,Ç-=WSU]#	WXfh,h�Q�Z,È9G1	¤ÈÌÇÌ]/�¡b@] Ã VYXfÆDÇ4=}SÎ]�]}ÄFÅ ËfÃ,Ã ]}Ç�T
Ã VYXfÆDÇ4=}SÎ]�Z/]o� Ë 	öÅYXfVYÈÌÄ Ë ÅYÈ�X�h�� � ]}ÄB��Xfh�	¤Å^ÈÌXfhDÄB0µÄ^]WhDÄyQ,h,ÈÊÉ�QD] Ë �f] 	�Å^V ËiÃDÃ ]�Ä^Xfh¿Å F±]}Ç�ÇÌ]}Ä Ë QDÄYÄFÈ FK� Ë 	WÈ�ÇÌ]WSU]}h�Å
	 Ë Ç�	¤Q,Ç Ë Æ,ÇÌ]}Ä1S Ë ÈÊÄ+ÇÌ]WQ,V6V^T
	¤È Ã VYX�É¿Q,]R]}ÄFÅ6Z/È4G1	¤ÈÌÇ�]I0�]:@>] 	¤Å^Q,]}V6Ä Ë Q�� Ã X�Q,V1ÇÌ]}Ä Ã ]}VYÄ^XfhDh,]}Ä@É�QDÈk	WXfh,h Ë ÈÌÄYÄ^]Wh¿Å1Q,h,]
ÈÌh���XfVYS Ë ÅYÈ�X�h Ä^] 	WV7=WÅ^]�_.Ç Ë Å^V ËiÃ,Ã ]/�n]�ÈÌhDÄ^È F.Ç Ë � Ë 	öÅYXfVYÈÌÄ Ë ÅYÈ�X�h ]Wh Ã VYX/Z/Q,È�Å�Z/]�Z/]WQ�% h,X�S%Æ,VY]}Ä Ã V^]}SUÈ�]}VYÄ)]©Ä2Å
Q,hD]���X�h�	öÅYÈ�X�hu0�Ä^]WhDÄÎQ,hDÈÌÉ¿Q,] Ë �f]
	UÅ^V ËiÃ,Ã ]"_'Ä^È6h,XfQDÄ�	¤X�h,h Ë ÈÌÄYÄFX�hDÄ�QDhsZ/]©ÄÎZ,]WQ�%�h,X�S%Æ,VY]}Ä Ã VY]WSUÈ�]}VYÄ F.È�Ç
Z/] ��È�]}h�Å Ë ÇÌXfV Ä Ë ÈÊÄ^T ÃDË V Q,h,]ÎÄFÈÌS Ã Ç�]ÎZ/È-�¿ÈÊÄ^È�X�h�Z/]%VY]¤ÅYV^X�Q��f]}V°Ç�]ÎÄF]
	¤Xfh¼Z�h,XfS�Æ,V^] Ã V^]}SUÈ�]}V �wP�XfQ¼ÄRÈÌÇ�ÇÌQDÄFÅ^VYXfhDÄ
	WÈ c<Z/]}ÄYÄ^XfQDÄH	¤]©Ä�SUT¤Å7�DX�Z,]}Ä�Z/]i	��DÈ9@>V^]}SU]Wh¿Å � � \ Ë ÆwXfV Z�h,X�QDÄ�Z/T
	¤VYÈ4��XfhDÄ6ÇÌ]i	��,È4@wVY]WSU]Wh¿Å��Ra�]&F+	W]WV^Å Ë ÈÌh,]}SÎ]}h¿Å
ÇÌ] Ã Ç�Q¼Ä[	¤X�h,h�Q�]WÅ+Ç�] Ã ÇÌQDÄ±Q,Å^ÈÌÇ�ÈÊÄFT�Z,]}Ä[	��,È4@>V^]}SÎ]}h¿ÅYÄ Ë Ä7��SUT¤Å^VYÈÊÉ�QD]}Ä F©]}hDÄ^Q,È ÅY]°h,XfQ¼Ä Ã V^T©ÄF]}h¿Å^Xfh¼Ä'Ç�]$	��,È4@wVY]WSU]}h�Å
Ë ÄE��SUT¤ÅYV^ÈÊÉ¿Q,] Ã V^X�Æ Ë Æ,ÈÌÇÌÈÌÄFÅ^])Z:\ `+Ç / Ë S Ë Ç �

g



� � � � ��� ��� ��	 �� ��� � ����� ��� � �
� � �

� ½ 5 ½ À ½ � � 3.�	�1xä|��|�~>{ �� C� 
 � � � Á � ½
� ]i	��,È9@>VY]WSU]Wh¿Å(�Ra�]&FDÈÌh"�f]Wh¿ÅYT ÃDË V��°È-�f]©Ä2Å
F¼a"� Ë SUÈ�V�]WÅ;]°Z/ÇÌ]WS Ë h�]}h � � � � F�]}ÄFÅRÆ Ë ÄFT)Ä^Q,V�ÇÌ] Ã V^X�Æ,Ç-=WSU]

Z,È9G1	¤ÈÌÇÌ]6Z/]6Ç Ë � Ë 	¤Å^X�V^ÈÊÄ Ë Å^ÈÌXfh%ZC\ Q,h�]Wh¿Å^ÈÌ]WV.]Wh Ã VYX�Z,Q,È Å±Z/]�Z/]WQ�%ifV Ë hDZ,Ä¡h,XfS�Æ,VY]}Ä Ã V^]}SUÈ�]}VYÄ � � Ë 	WÇ�]�� Ã Q,Æ,ÇÌÈÊÉ�QD]]©Ä2Ån	¤Xfh¼Ä2ÅYÈ ÅYQ,TW]1Z,](�
n, e

�>]WÅ¡Ç Ë 	¤ÇÌ]:� Ã VYÈ4��TW]±]©Ä2Å#� d, n �wÅ^]}Ç�É¿Q,] n = pq
X�

p
]¤Å
q
Ä^Xfh¿Å9Z/]}Q�%Eh,XfS�Æ,V^]©Ä Ã VY]WSUÈ�]}VYÄ F

e ∈ {2, . . . , (p − 1)(q − 1)}
]WÅ
d
]©Ä2Å&	 Ë Ç�	¤Q,ÇÌTUÅ^]}Ç@É¿Q,] ed = 1

SUX/Z
(p − 1)(q − 1)

���'XfQ,V&	��DÈ9@>V^]}V ÃDË V
Çì\ Ë Ç-fXfVYÈ�Å7�,SU](�Ra�]GQ,h�SU]}ÄYÄ Ë f] m Z/]RÅ Ë ÈÌÇÌÇ�]=È�h���TWVYÈ�]}Q,V^]I0

n Ë ��] 	°Ç Ë 	WÇ�]�� Ã Q,Æ,ÇÌÈÊÉ�QD] � n, e �+h,X�QDÄ6	 Ë Ç�	¤QDÇ�X�hDÄ�_

{m}(n,e) = me SÎX/Z n
�'XfQDV¡VY]¤Å^VYXfQ��f]WV:ÇÌ]+SU]}ÄYÄ Ë f]'X�V^È-fÈÌh Ë Ç m 0 ÃDË VFÅYÈ�V.Z:\ QDh)SÎ]©Ä^Ä Ë �][	��,È4@wVYT m′ = {m}(n,e)

h,X�QDÄ�	 Ë Ç-	WQ,ÇÌXfhDÄ±_

m = (m′)d SÎX/Z n
� ½ 5 ½ À ½ À � 3.�	�1xä|��|�~>{%� ��� � � �D��,� 
 � � Á>Â � ½
`+h ��� � Í�Fi`+Ç / Ë S Ë Ç>ÈÌh ��]Wh¿Å^] Q,h,]RÅ^] 	��Dh,ÈÌÉ¿Q,]EZ/]�	��,È4@wVY]WSU]Wh¿Å Ë Ä7�¿SUTWÅ^VYÈÌÉ¿Q,] Ã V^X�Æ Ë Æ,ÈÌÇÌÈÌÄFÅ^] � & �N& Q,h�S�5}SU]

SU]©Ä^Ä Ë �] m Ã ]WQ,Å Ë �fX�È�V Ã Ç�Q¼ÄFÈÌ]WQ,V Ä�	��,È9@>VYT}Ä�Z,È9@>TWVY]Wh¿ÅYÄ �Rb@]¤Å^Å^]f��X�ÈÌÄ�ÇÌ] Ã VYXfÆ,Ç-=WSU]�Z,È9G1	¤ÈÌÇÌ]�Q/ÅYÈ�ÇÌÈÊÄFT�]}ÄFÅ�ÇÌ]
ÇÌX/ Ë VYÈ Å(�,SU] Z/ÈÊÄ(	¤VY]¤Å F Ã VYX��f]}h Ë h¿Å@Z,] Ç Ë Å(�,TWX�V^ÈÌ]EZ/]}Ä6h,X�S%Æ,VY]}Ä F � & �5& 0 ÃDË V^Å^ÈÌV6Z,] ga SUX/Z p ÈÌÇ:]}ÄFÅ°Z/È9G1	WÈ�ÇÌ]=Z,]
VY]¤ÅYV^X�Q��f]}V

a
F}X�


ga SÎX/Z p Z/T}h,XiÅY] g 0�Ç Ë°Ã Q,ÈÌÄYÄ Ë h�	W] a SUX/Z/Q,ÇÌX p ���'XfQ,V9Q/Å^ÈÌÇÌÈÌÄ^]WV9Ç�]6	��,È9@>VY]WSU]Wh¿Å9Z:\ `+Ç / Ë S Ë Ç F
ÈÌÇk� Ë Q/Å�Z:\ Ë ÆwXfV Z1	��,X�ÈÌÄ^ÈÌV@Q,h,fV Ë hDZyh,XfS�Æ,V^] Ã VY]WSUÈÌ]WV p ]WÅ�QDh�fT}h,TWV Ë ÅY]WQ,V g Z,Q,�V^X�Q Ã ] S%Q,Ç�Å^È Ã ÇÌÈ-	 Ë ÅYÈ9�'Z Ë hDÄ
Z/pZ

� � Ë 	WÇ�]�� Ã V^È-�fT}]�]}ÄFÅ QDh�h,XfS�Æ,VY]�]Wh¿Å^ÈÌ]WV Ë ÇÌT Ë Å^X�È�VY] χ Å^]}Ç.É¿Q,] 1 ≤ χ ≤ p − 2
� � Ë 	WÇ�]�� Ã Q,Æ,ÇÌÈÌÉ¿Q,]�]}ÄFÅ

	WXfhDÄFÅ^È�Å^QDTW]�Z/]
p, g
]¤Å
h = gχ SUX/Z p �
� Ë V�	W]i	��,È4@wVY]WSU]Wh¿Å
F,Q,h�SU]}ÄYÄ Ë f] m 	��,È4@wVYTE]}ÄFÅ�V^] Ã V^T©ÄF]}h¿Å^T ÃDË V°QDh

	WXfQ Ã Ç�][Z/]Uh,X�S%Æ,VY]}Ä (a, b)
���'XfQ,Vi	WX/Z/]WVEQ,h SU]}ÄYÄ Ë f]�F�	��DXfÈÊÄFÈÊÄ^Ä^Xfh¼Ä Ë Ç�T Ë Å^X�È�VY]WSU]}h�Å=Q,h h,XfS�Æ,VY] r ÅY]WÇ1É¿Q,]

1 ≤ r ≤ p− 2
]¤Å�	 Ë Ç�	¤Q,ÇÌXfhDÄ6ÇÌ]i	¤X�Q Ã ÇÌ]EZ,])h,XfS�Æ,V^]©Ä (a, b)

ÅY]WÇ¡É¿Q,]U_

{m}(p,g,h) = (gr SUX�Z p,mhr SUX/Z p) = (a, b)

PRXfQDÄ¡V^]WÅ^VYXfQ���XfhDÄ>ÇÌ]1SU]}ÄYÄ Ë f] m 0 ÃDË VFÅYÈ�V¡Z,Q&	��,È4@wVYT
(a, b) = {m}(p,g,h)
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0�Q,h Ã VYXfÆDÇ4=}SÎ]�S Ë Å7�DTWS Ë ÅYÈÌÉ¿Q,]�Z/È9G1	WÈ�ÇÌ]/F 	¤X�SUSÎ]�Ç�]�	��,È4@wVY]WSU]Wh¿Å[Z/] � Ë Æ,ÈÌh�F.È�h"�f]}h¿Å^T�]}h � � ��� F¡É¿Q,È6]}ÄFÅ
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Z,]�	��,È4@>V^]}SÎ]}h¿ÅÎÉ¿Q,È�V^] Ã X¿ÄF]�ÄFQDV�Q,h Ã VYXfÆ,Ç-=WSU]�Z,È9G1	¤ÈÌÇÌ]�Æw] Ë Q�	¤X�Q Ã�Ã ÇÌQDÄ�	¤X�S Ã Ç�]�%/]/�n�<Ç�Ä}\ Ë fÈ�ÅÎZ,]�Çì\ Q¼Ä Ë f]Z,]}Äi	WXfQ,VYÆ¼]©ÄE]WÇÌÇ�È Ã ÅYÈÌÉ¿Q,]©Ä�]Wh?	WV7� Ã ÅYX/fV ËiÃ �,È�] Ã VYX Ã X�Ä^TU]Wh ��� � Í ÃDË V ��È�ÇÌÇÌ]WV�� ��ÈÌÇ � Í � � Ã X�Q,V�Q,h,] ËiÃ,Ã VYX�	��,]
�TWh,T}V Ë Ç�]EZ/]©Ä$	¤XfQDV^Æw]}Ä�]}Ç�ÇÌÈ Ã Å^ÈÊÉ�QD]}Ä F�	*� �c� ÃDË V°]:%/]WS Ã ÇÌ] � � XfÆ � Í � �:�
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PRXfQDÄ 	¤XfS ÃDË V^X�hDÄ 	¤]©Ä+Z/]}Q�%�Åc� Ã ]}Ä@Z/]�	��,È4@wVY]WSU]}h�Å Ä+É¿Q,È¼Ä^Xfh¿Å 	WXfS Ã ÇÌTWSU]Wh¿Å Ë ÈÌV^]©Ä']¤Å1X�SÎhDÈ Ã VYT}Ä^]Wh¿Å Ä+Z Ë h¼Ä

ÇÌ]}Ä Ã V^XfÅ^X�	¤X�Ç�]©Ä6	WV7� Ã ÅYX/�V ËfÃ �,ÈÊÉ�QD]}Ä@SÎX/Z/]}V^hD]}Ä �� ]1	��,È9@>VY]WSU]Wh¿Å%Ä7�¿SUTWÅ^VYÈÌÉ¿Q,]U]}ÄFÅ Ã ÇÌQDÄ�V ËiÃ ÈÌZ/]B0o	 Ë Ç-	WQ,ÇÌ]WV)]¤Å�Q/Å^ÈÌÇ�ÈÊÄ^]yZ/]}Äi	WÇ�]��§Ä�Z/]UÅ Ë ÈÌÇ�ÇÌ]}Ä Ã Ç�QDÄ Ã ]WÅ^È�Å^]}Ä
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� Ë 	¤ÈÌÇ�]}SU]Wh¿Å.ÈÌS Ã ÇÌ]WSU]Wh¿Å Ë Æ,ÇÌ]}Ä Ë Q%hDÈ4��] Ë Q%S Ë Å^T}V^ÈÌ]WÇ ��� Ë VK	WXfh¿Å^VY]/F Ã X�Q,V 	�� Ë É¿Q,]6	¤X�SÎS�Q,h,È�	 Ë Å^ÈÌXfh Ë ��] 	[	�� Ë É¿Q,]
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	¤]}ÄYÄ^È ÅY]
Q,h�Å^]WS Ã ÄUZ/]o	 Ë Ç-	WQ,Ç Ã Ç�Q¼Ä%ÇÌXfh��]¤Å Ã ÇÌQDÄUZ/]�VY]}ÄYÄFX�Q,V�	¤]}Ä%É�QD]�ÇÌXfV Ä%Z:\ Q,h 	��,È9@>VY]WSU]Wh¿ÅÎÄ7��SUT¤Å^VYÈÊÉ�QD]/FK	¤] 	WÈ$0
	 Ë QDÄ^]=Z,])Ç Ë 	¤X�S Ã Ç�]�%/È ÅYT�Z/]}Ä�X Ã T}V Ë Å^ÈÌXfhDÄH0Î]:@>] 	¤Å^Q,]}V �
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�'XfQ,V Ë Å^Å Ë É�QD]WV=Q,h Ã VYXiÅYX�	¤XfÇÌ]&	WV7� Ã ÅYX/fV ËiÃ �,ÈÌÉ¿Q,]�FDÈÌÇ']:%/ÈÌÄFÅ^]ÎZ/]WQ�% ËiÃ,Ã VYX�	��,]}Ä Ã X¿Ä^Ä^ÈÌÆ,Ç�]©Ä%_ � ËyÃ VY]WSUÈ-=WVY]
	WXfhDÄ^ÈÌÄFÅ^]>0Î]}ÄYÄ Ë �f]WV�Z/]�Z/T
	��,È4@wVY]WV°ÇÌ]}Ä°SU]©Ä^Ä Ë �]}ÄH	��,È4@wVYT}Ä�T
	�� Ë h��T}Ä �Db@]EÅc� Ã ]�Z:\ Ë Å^Å Ë É¿Q,]©Ä°Z/T���]WÇÌX Ã,Ã TW]©Ä ÃDË V
ÇÌ]}Ä�	¤V(� Ã Å^X�fV ËiÃ �D]}Ä Ã X�VFÅY]ÎÄ^Q,VEÇ�\ Ë Ç-fX�V^È�Å7�DSÎ]�	¤V(� Ã Å^X�fV ËiÃ �DÈÌÉ¿Q,]�]WS Ã ÇÌX��fT/� � Ë Ä^] 	WXfhDZ/] ËiÃDÃ V^X�	��,]UÄ^Q Ã,Ã X�Ä^]
É¿Q,]ÎÇ Ë SUT¤Å7�DX�Z,]UZ,]�	��,È4@>V^]}SÎ]}h¿Å=]©Ä2ÅEÈ�h"��ÈÌXfÇ Ë Æ,ÇÌ]/FkfV�./	W]&0�QDh�V Ë ÈÊÄFX�h,h,]WSU]}h�Å=Ç�X�fÈÊÉ¿Q,]/F�	��,]WV�	��,]�0�X�Æ/Å^]}h,È�V
Z/]ÎÇì\ ÈÌh���XfVYS Ë ÅYÈ�X�h��¡b@]#�]Wh,VY]�Z:\ Ë Å^Å Ë É�QD]�]©Ä2Å ËiÃ,Ã ]WÇÌTW] Ë Å^Å Ë É�QD]�ÇÌX/�ÈÌÉ¿Q,]��wPRXfQDÄ Ã VYT}Ä^]Wh¿Å^X�hDÄ S Ë È�h¿ÅY]Wh Ë h�ÅEÇ Ë
Ã ÇÌQDÄ$	WTWÇ-=WÆ,VY])Z/]i	¤]©Ä Ë ÅFÅ Ë É¿Q,]©Ä�Ç�X�fÈÊÉ�QD]}Ä �
`+h ��� � � F��i�wPR]W]}Z�� Ë S ]¤Å��?�:a�	��,VYX¿]©Z/]WV � P=a ��� Æ � 8¼V^]}h�Å Ã VY]WhDZ/VY]&	WXfhDÄ(	¤ÈÌ]Wh�	W]%É¿QC\ Q,h Ã VYXiÅYX"	WXfÇÌ]�Q/ÅYÈ c

ÇÌÈÌÄ Ë h¿ÅÎQ,h 	 Ë h Ë Ç6Z/]o	¤X�SUS%Q,h,È�	 Ë Å^ÈÌXfh Ã Q,Æ,ÇÌÈ-	�hC\ ]}ÄFÅ Ã¼Ë Ä�h,T 	W]}ÄYÄ Ë È�VY]WSU]Wh¿ÅÎQ,h�T
	�� Ë h��]�Z/]�SU]}ÄYÄ Ë f]©Ä%Ä7D,V F
S�5WSU])Ä^È>Å^XfQ,Å^]}Ä�ÇÌ]}Ä�ÈÌh���X�V^S Ë ÅYÈ�X�hDÄ@Å^V Ë hDÄ^SUÈÌÄ^]}Ä�Ä^Xfh¿Å$	¤V(� Ã Å^TW]©Ä ÃDË V�Q,ho	��,È4@wVY]WSU]}h�Å°ÈÌh"�¿ÈÌXfÇ Ë ÆDÇ�]�� � ] ÃDË VFÅ°Ç Ë
	WXfh�	W] Ã ÅYÈ�X�h�S�5WSU]�Z,Q Ã V^XfÅ^X�	¤X�Ç�]�FCZ/]}Ä)ÈÌh���X�V^S Ë ÅYÈ�X�hDÄ>	¤X�h�8¼Z/]}h¿Å^ÈÌ]WÇÌÇ�]©Ä Ã ]}Q��f]}h¿Åi5¤Å^VY]yZ/T
	¤XfQ��f]WV^Å^]©Ä ÃDË V)QDh
ÈÌh¿Å^VYQDÄ��
+ )§N ) + ��3³5R*,(+-�(°8>(1¯F3,)
b@] Ã V^XfÅ^X�	¤X�Ç�]ÎZ/T 	WV^È�Å Çì\ T 	�� Ë h�f]ÎZ/]�SU]©Ä^Ä Ë �]}Ä ]Wh¿Å^VY]�Z/]}Q�% ÃDË VFÅYÈ-	WÈ ÃDË h¿ÅYÄ F ÃDË V ]�%/]WS Ã ÇÌ]�]RÇ�È�	¤]Î]¤Å  6XfÆ�F

É¿Q,])h,X�QDÄRZ,TWh,XfÅ^]WVYXfh¼Ä�V^]©Ä Ã ] 	¤Å^È-�f]WSU]}h�Å ÃDË V A ]¤Å B � � ]©ÄRZ/]}Q�% Ã¼Ë V^Å^È�	¤È ÃDË h¿ÅYÄ!�f]WQDÇ�]}h�Å�T
	�� Ë h�f]WV°]}h�Å^X�Q/Å^]
Ä^T 	WQ,V^È�Å^TUQ,hD]1	¤ÇÌ]:� Ã V^È-�fT}] Nb

� � ] Ã VYXiÅYX�	¤XfÇÌ]ÎQ/Å^ÈÌÇ�ÈÊÄ^][Q,h Ë Ç-fX�V^È�Å7�,SU]UZ/]1	��,È4@wVY]WSU]}h�Å Ë ÄE��SUT¤ÅYV^ÈÊÉ¿Q,]/�CPRXfQDÄ
Z/T}h,XiÅYXfhDÄ ÃDË V {m}pub(A)

Q,hÎSÎ]©Ä^Ä Ë �] m 	��DÈ9@>V^T ÃDË V.Ç Ë 	¤ÇÌ]:� Ã Q,Æ,ÇÌÈÌÉ¿Q,]°Z:\ ]�ÇÌÈ�	¤] pub(A)
]WÅ 	WXfhDÄ^ÈÊZ/TWVYXfhDÄ.É¿Q,]

ÅYXfQDÄ�ÇÌ]}Ä ÃDË VFÅYÈ-	WÈ Ã¼Ë h¿ÅYÄ$	WXfh,h Ë ÈÌÄYÄ^]Wh¿Å@ÅYXfQ/ÅY]}Ä�ÇÌ]}Ä!	WÇ�]��§Ä Ã Q,Æ,ÇÌÈÊÉ�QD]}Ä � � ] Ã VYXiÅYX�	¤XfÇÌ]=]}ÄFÅ°Z,T 	¤VYÈ�Å�	¤XfSUSU])ÄFQDÈ Å�_C_
� �$]�ÇÌÈ-	W][]Wh"�fX�È�]B0  6XfÆ Q,h SU]}ÄYÄ Ë f]�	��,È9@>VYT ÃDË V)Ç Ë 	¤ÇÌ]:� Ã Q,Æ,ÇÌÈÊÉ�QD]yZ/]  6XfÆ�F pub(B)

�P�<Ç 	¤Xfh¿ÅYÈ�]}h�Å%Ä^Xfh
ÈÌZ/]}h¿Å^È�Å^T

A
]¤Å�QDh�hDXfS%ÆDV^] Ë ÇÌT Ë Å^XfÈÌVY] Na

� ��V ËAC 	��,]WSU]Wh¿Å���	��,XfÈÊÄFÈ Ã¼Ë V!]�ÇÌÈ�	¤]/F Ë QDÄYÄFÈ ËfÃ,Ã ]}Ç�T � � �	� � �d��$3�h,]���X�ÈÌÄ>	W]ÎSU]©Ä^Ä Ë �]%VY]��¤QhF  @X�Æ\	��DXfÈÊÄFÈ�Å)Q,h�hDXfQ���] Ë Q�h,Xfh+	¤] Nb
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h,Xfh�	W]
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Ã V^T
	¤T}Z,]WSUSU]Wh¿Å°V^]-�¤Q�F Ë È�hDÄ^ÈCÉ¿Q,]EÇ�]Eh,X�Q��f] Ë Q�h,Xfh+	¤] Nb

Z Ë hDÄ�Q,h�SU]}ÄYÄ Ë f]�	��,È9@>VYT Ã¼Ë V°Ç Ë
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Ã V^XfÅ^X�	¤X�Ç�]�F¼Q,hD] Ë ÅFÅ Ë É¿Q,]U]Wh"Q/Å^ÈÌÇÌÈÌÄ Ë h¿ÅEQ,h XfQ/ÅYÈ�Ç Ë Q/Å^X�S Ë Å^ÈÊÉ¿Q,]ÎZ,]���TWVYÈ98k	 Ë ÅYÈ�X�h�Z/] Ã VYXiÅYX"	WXfÇÌ]}ÄI	¤V(� Ã Å^X�fV Ë c
Ã �,ÈÌÉ¿Q,]©Ä � � X�Y � g � �,b@]¤Å^Å^] Ë ÅFÅ Ë É¿Q,]�]©Ä2Å Ã ÇÌQDÄU	WXfh,h�Q,]=ÄFX�QDÄ+ÇÌ]�h,X�S�Z,] � S Ë h[ÈÌh[Å(�,] SUÈÊZ,Z/ÇÌ] ���¿`+ÇÌÇ�] Ã ]}V^SU]WÅ
0%Q,h�È�h¿Å^VYQDÄ�b � Ë V^ÇÌÈ�]�F�ÈÊZ/]}h�ÅYÈ98¼T ÃDË V C F�ZC\ X�Æ/Å^]}h,È�V�ÇÌ] hDXfh�	W]

Nb
T
	�� Ë h�fT Ã¼Ë VH]�ÇÌÈ-	W]=]WÅ  6X�Æ��1�.X�Q,VH	¤];� Ë ÈÌV^]�F

b � Ë VYÇ�ÈÌ]6^2XfQ,])Z/]}Q�%�Ä^]}ÄYÄFÈÌXfh¼Ä@]}h Ã¼Ë V Ë ÇÌÇ4=}Ç�])Z/Q Ã VYXiÅYX"	WXfÇÌ]I	WXfSUSU]EÈ�hDZ,ÈÌÉ¿Q,Ti	WÈ c<Z/]}ÄYÄ^XfQDÄ=_
]RÇ�È�	¤]i	WXfSUSU]Wh�	W])Q,h,]�Ä^]}ÄYÄFÈÌXfh�Z/Q Ã VYXiÅ^X�	WXfÇÌ] Ë ��] 	)b � Ë VYÇÌÈ�]>�V(.�	¤]�0�Çì\ ]Wh"�fX�È � � � � � \ ÈÌh¿Å^VYQDÄ°Z/T 	��DÈ9@>V^]i	W]

SU]©Ä^Ä Ë �]@]WÅ+V^T
	¤Q Ã =WVY]�Ç�\ ÈÌZ,]Wh¿Å^È�Å^T�Z:\ ]�ÇÌÈ�	¤]°]¤Å1Ä^XfhÎh,X�h�	¤] Na
�/�<Ç Ã ]}Q/Å+]Wh¼ÄFQ,È�Å^]!	WXfSUSU]Wh�	W]WV±Q,hD] Ë Q/ÅYV^]°Ä^]}ÄYÄFÈÌXfh

Ë ��] 	  6XfÆ"]¤Å�Ä^]�� Ë ÈÌVY] Ã¼Ë ÄYÄF]}V Ã X�Q,V&]�ÇÌÈ�	¤] Ë Q Ã V7=©Ä)Z/]  6XfÆ ]Wh ÇÌQ,È1]}h"�fX�� Ë h¿Å=ÇÌ][SU]}ÄYÄ Ë f]yd�� � � � \ ËfÃ V(=}ÄEÇÌ]
SU]©Ä^Ä Ë �]=É¿QC\ È�Ç Ë V^]-�¤Q�F� 6X�Æ Ã ]WhDÄ^]i	¤X�SUS%Q,h,ÈÊÉ¿Q,]WV Ë ��] 	�]�ÇÌÈ�	¤]/���<ÇCV^T Ã X�hDZ�Z/Xfh+	>0�]RÇ�È�	¤]i	WXfSUSU])Ç�\ ÈÌhDZ/ÈÊÉ�QD]
ÇÌ] Ã VYXiÅYX�	¤XfÇÌ]/���<Ç ÃDË V^Å^È�	¤È Ã ] ÃDË V�	W]¤ÅR]}h"�fXfÈ�0yÇ Ë Ä^] 	WXfhDZ/])TWÅ ËfÃ ]%Z,]�Ç ËUÃ V^]}SÎÈ-=WVY]�Ä^]}ÄYÄFÈÌXfh � � dÎ]Wh¿Å^VY]i]�ÇÌÈ�	¤]�]WÅ
b � Ë VYÇ�ÈÌ]1]WÅK0 Ç Ë Ä^] 	¤X�hDZ/]@T¤Å ËfÃ ]�Z/]6Ç Ë Ä^] 	¤X�hDZ/]6ÄF]©Ä^Ä^È�X�h�d�� d°]}h¿Å^VY]�b � Ë V^ÇÌÈ�]6]¤Å% 6XfÆ���� 	¤]�Ä2Å Ë Z/]6Z/Q Ã V^XfÅ^X�	¤X�Ç�]�F
]RÇ�È�	¤]6	¤X�SÎS�Q,h,ÈÊÉ¿Q,] Ë �f]
	1b � Ë VYÇÌÈ�]���� Ë V.ÄFQ,È�Å^]�F}]}h � � ��F ËiÃ V(=}Ä Ë �fX�È�VCZ/T
	��,È4@wVYT1ÇÌ]1SU]}ÄYÄ Ë f]±VY]��WQ�F ]RÇ�È�	¤]@V^]}h"�fXfÈÌ]
0�b � Ë V^ÇÌÈÌ]ÎÇÌ]}ÄEhDXfh�	W]}Ä Na

]¤Å
Nb

	¤V(� Ã Å^T©Ä ÃDË V)Ç Ë 	¤ÇÌ]:� Ã Q,Æ,ÇÌÈÊÉ�QD] pub(C)
F�	WXfSUSU]�	W]WÇ Ë ]}ÄFÅ�Ä Ã T 	WÈ98DTyZ Ë hDÄ

ÇÌ] Ã VYXiÅ^X�	WXfÇÌ]/�¼b � Ë V^ÇÌÈ�]�	¤X�h�	¤ÇÌQ/Å Ë Ç�X�VYÄ6Ç Ë Ä^] 	WXfhDZ,]EÄ^]}ÄYÄ^È�X�h Ë �f]
	) 6X�Æ ÃDË V°Ç�]ESU]}ÄYÄ Ë f]�d�� ���,b � Ë VYÇ�ÈÌ]>	¤XfhDh ËAC Å
Ë È�h¼ÄFÈwÇ�]=h,X�h�	¤] Nb

]¤Å  6XfÆ Ã ]Wh¼ÄF] ÃDË VYÇÌ]WV1]}hyÅYXfQ/ÅY]=Ä^T 	WQ,V^È�Å^TI0&]RÇ�È�	¤] Ë ÇÌXfV Ä@É¿QC\ ÈÌÇ�	WXfSUS%QDh,ÈÌÉ¿Q,] ]Wh�� Ë È�Å Ë ��] 	
b � Ë VYÇ�ÈÌ]/�

1.1 A → C : {A,Na} 	�
� (C)

2.1 C → B : {A,Na} 	�
� (B)

2.2
]WÅ

1.2 B → A : {Na, Nb} 	
�� (A)

1.3 A → C : {Nb} 	�
� (C)

2.3 C → B : {Nb} 	�
� (B)

b@] Ã VYXiÅ^X�	WXfÇÌ]RÄF]}VFÅ$0�T
	�� Ë h�f]WV@Q,h,]�	¤ÇÌ]:�9Ä7��SUT¤Å^VYÈÊÉ�QD]
Nb
]}h�ÅYV^]�]�ÇÌÈ�	¤]=]¤Å  @X�Æ�� � \ È�h¿Å^VYQDÄH	¤X�h,h Ë�C Å6S Ë È�h,c

ÅY]Wh Ë h¿ÅI	¤]WÅFÅY]�	WÇ�]��cFwÈÌÇ Ã ]}Q/Å Ë ÇÌXfV Ä�	WXfh¿Å^ÈÌh�Q,]WV=Ä Ë hDÄ Ë Q�	¤QDh Ã VYXfÆ,Ç-=WSU]�0yT 	WXfQ/ÅY]WV=Ç�]©ÄRSU]©Ä^Ä Ë �]}Ä�]}h"�fX��fT©Ä ÃDË V
 6X�Æ,0�]�ÇÌÈ-	W]/F/ÇÌ]}Ä°Z/T
	��,È4@wVY]WV�]¤Å°S�5WSU]�FDÄF];� Ë ÈÌVY] Ã¼Ë ÄYÄF]}V Ã XfQ,V!]RÇ�È�	¤]��/`+h�]:@>]¤Å
F/È�Ç Ã ]WQ,Å�VYT Ã Xfh¼Z/V^]�0  6XfÆ�]}h
	��DÈ9@>V Ë h¿Å°Ä^]}Ä�VYT Ã Xfh¼ÄF]©Ä �V(.�	¤]�0ÎÇ Ë 	WÇ�]��.Ä7�¿SUTWÅ^VYÈÌÉ¿Q,]

Nb
�

���
	 � a��� � � 7� M����5��� �

� Ë hDÄ�Ç ËµÃ VY]WSUÈ4=}V^] ÃDË V^Å^ÈÌ]/F@h,XfQDÄ�Z/T¤Å Ë ÈÌÇ�ÇÌXfh¼ÄyÇÌ]}Ä�Z/È9@>TWVY]Wh¿ÅY]}Ä�	WXfS Ã X�Ä Ë h¿Å^]©ÄyÉ¿Q,È ÈÌh¿Å^]}V7��ÈÌ]Wh,h,]}h¿Å�Z Ë h¼Ä
Ç Ë �fTWVYÈ48+	 Ë Å^ÈÌXfhsZ,] Ã V^XfÅ^X�	¤X�Ç�]©Ä#	WV7� Ã ÅYX/fV ËiÃ �,ÈÌÉ¿Q,]©Ä��'P�X�QDÄ Ã VYT 	¤ÈÊÄ^XfhDÄÎÇÌ]}Ä[Z/]}Q�%�Åc� Ã ]©ÄUZ:\ ÈÌh¿Å^VYQDÄ[É¿Q,]�h,XfQ¼Ä
TWÅ^QDZ,È�X�hDÄ ÃDË V�Ç Ë Ä^Q,È�Å^]�_6Ç�\ ÈÌh�ÅYV^Q¼Ä ÃDË Ä^Ä^È4�E]WÅ�Çì\ ÈÌh¿Å^VYQDÄ Ë 	öÅYÈ9�c� � Ë hDXiÅ^ÈÌXfhHZ/]�Çì\ �"� Ã XiÅ7��=}Ä^]�Z/]J	��DÈ9@>V^]}SU]Wh¿Å
Ã¼Ë V7� Ë È�Å)Ä^]WV Ë T� Ë Ç�]}SU]Wh¿Å)È�h¿Å^VYX/Z/Q,È�Å^]��C`+ÇÌÇ�]yÄFÅ^È Ã Q,ÇÌ]yÉ¿Q,]UÇ�]yÄ^]WQ,Ç1SÎX���]Wh"Z/]yZ/T 	��DÈ9@>V^]}V)Q,h SU]}ÄYÄ Ë f]Î]}ÄFÅ)Z,]
	WXfh,h ËAC Å^VY]yÄ Ë 	WÇ�]��RZ/]�Z,T 	��,È4@wVY]WSU]}h�Å
���1Q,ÈÌÄ F.h,XfQDÄ Ë �fX�hDÄ)V Ë ÄYÄF]}S%Æ,ÇÌT[Ç�]©Ä Ã VYÈÌh�	¤È ÃDË Q�%"VYT}Ä^Q,Ç�Å Ë Å Ä�]�%�ÈÊÄFÅ Ë h¿Å Ä
]}hg�fTWVYÈ48+	 Ë Å^ÈÌXfh Z/] Ã VYXiÅ^X�	WXfÇÌ]}Ä�	¤V(� Ã Å^X�fV ËiÃ �,ÈÊÉ¿Q,]}ÄÎ_¡ZC\ Ë Æ¼X�VYZ Ä^XfQDÄEÇì\ �"� Ã XiÅ7��=}Ä^]yZ/Q?	��,È9@>VY]WSU]Wh¿Å ÃDË VE� Ë È Å
F
]}hDÄ^Q,È ÅY]EÇ�]©Ä°Z/È9@>TWVY]Wh¿Å Ä�V^T©ÄFQ,Ç�Å Ë ÅYÄ°É¿Q,È>ÅY]Wh¿Å^]}h�Å�Z:\ Ë @ Ë ÈÌÆ,ÇÌÈ�V!	W]¤Å^Å^]>�"� Ã XfÅ7��=©ÄF]=]Wh�ÈÌÇ�ÇÌQDÄFÅ^V Ë h¿Å�Z Ë hDÄ$	�� Ë 	¤Q,h�Z/]©Ä
	 Ë ÄEÇ Ë Å7�,T}XfVYÈ�] ÃDË V)Q,hµ]:%/]}S Ã Ç�]yZ/] Ã V^XfÅ^X�	¤X�Ç�]��:`+h�8Dh�F9h,XfQ¼Ä)Z/T� Ë f]}XfhDÄEZ/È4@>TWVY]Wh¿ÅYÄ Ã V^XfÅ^X�	¤X�Ç�]©ÄEQ/Å^ÈÌÇ�ÈÊÄ Ë h¿Å
Ç Ë[Ã VYX Ã V^ÈÌT¤ÅYT�Z:\ �DXfSUXfSUXfV Ã �,ÈÊÄ^SÎ]�Ä^XfÈ�Å ÃDË V�ÇÌ]WQ,VI	¤Xfh+	¤] Ã Å^ÈÌXfh�S�5WSU]/FwÄFX�È Å ÃDË V Ç�]&	��DXfÈ4%�Z/]%Ç Ë SUTWÅ7�,X/Z/]%Z,]
	��DÈ9@>V^]}SU]Wh¿Å¡Q/ÅYÈ�ÇÌÈÌÄ^TW]�� � Ë ÄFQDÈ ÅY]1Z/]U	W]¤ÅFÅY]+Å(��=}Ä^]/F���]WV Ë Ç�\ XfÆ�^2]WÅ9Z/]@Ç�\ T¤ÅYQDZ/]U	W]¤ÅFÅY] Ã VYX Ã V^ÈÌT¤ÅYT+Z:\ �DXfSUXfSUXfV Ã �,ÈÊÄ^SÎ]�F
Ã ]WQ�TWÅ^QDZ/ÈÌTW]H^2Q¼Ä^É¿QC\ 0 Ã V^T©ÄF]}h¿Å �

�



� � ���������
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P�X�QDÄ Ã VYX Ã X�Ä^Xfh¼Ä.ZC\ Ë Æ¼X�VYZUZ Ë hDÄ'Ç Ë Z,]WQ�%/È-=WSU] ÃDË V^Å^ÈÌ]�Z/]°Ç Ë Å7��=©ÄF]°QDh,]°]:%�Å^]}hDÄ^È�X�hUZ,QÎSUX/Z�=}Ç�]RZ,] � X�Ç�] ��c
� Ë X�É�QDÈ Ã ]WVYSÎ]WÅÎZ/] Ã V^]}hDZ/VY][]Whu	WXfS Ã ÅY]yÇ�\ Ë @ Ë ÈÌÆ,ÇÌÈÌÄYÄ^]WSU]Wh¿Å%Z/]yÇì\ � � Ã XiÅ(��=}Ä^]�Z/Qu	��DÈ9@>V^]}SU]Wh¿Å ÃDË VE� Ë È Å�]}h
ÈÌh¿Å^T��V Ë h¿ÅI0�	¤]ÎSÎX/Z�=}Ç�]UQ,hD]�Å(�,TWX�V^ÈÌ]ÎT}É¿Q Ë ÅYÈ�X�h,h,]}Ç�ÇÌ]&��TWVYÈ98 Ë h¿Å�	W]WV^Å Ë ÈÌhDÄI	¤VYÈ Å(=WVY]}Ä � � ]ÎV^]©Ä2ÅY]ÎZ/]UÇ Ë Ä^] 	WXfhDZ,]
ÃDË VFÅYÈ�]°Z/]!	W]°Z/X�	¤Q,SU]Wh¿ÅU	WXfh�	W]WVYh,]�Ç�\ È�h¿ÅYV^QDÄ ÃDË ÄYÄFÈ4�c�iP�X�QDÄ±TWÅ Ë ÆDÇ�ÈÊÄ^Ä^Xfh¼Ä9QDh,] ËiÃ,Ã V^X�	��,]°É¿Q,È/ÅYV Ë È ÅY]�Z,]°S Ë h,È-=WVY]
�,X�SUX//=}h,]ÎÇ�]©Ä�Z/È4@wT}V^]}h�ÅY]}Ä=Å(�,TWX�V^ÈÌ]}ÄET©É�Q Ë Å^ÈÌXfhDh,]WÇÌÇ�]©ÄEV^]}Ç Ë Å^È-�f]©Ä>0�Ç Ë�Ã VYX Ã VYÈÌT¤Å^T[Z:\ �,X�SÎX�SUXfV Ã �,ÈÊÄFSU]/�CPRXfQDÄ
VY]}Z/T}SUXfh¿Å^VYXfhDÄ9Z:\ Ë ÆwXfV Z)Ç�]6VYT}Ä^Q,Ç Å Ë Å Ã X�Q,V9ÇÌ] Ã V^X�Æ,Ç-=WSU]@Z/]�Z/T©Z/Q�	öÅYÈ�X�h�Z Ë hDÄ.Ç�]6SUX/Z�=WÇÌ]@Q¼ÄFQ,]}Ç/Z/] � XfÇÌ]��¿c � Ë X�F
Ã QDÈÌÄ F�hDXfQDÄ1Ç�] Ã V^X�Q��fX�hDÄ+Z Ë hDÄ@Ç�]I	 Ë Z,V^]RZC\ Q,h�ÄF]}Q,ÇwÄ7��S%ÆwXfÇÌ]!�,X�SÎX�SUXfV Ã �,ÈÊÉ�QD]RÄFQDV1Q,h�X Ã TWV Ë Å^]}Q,V+S�Q,h,È>Z/]}Ä
Ë %�ÈÌXfSU]©Ä@Z/Q � XfQ�]:%�	¤ÇÌQDÄ^È9�%�y]WÅ�Z/]}ÄH�V^X�Q Ã ]©Ä Ë ÆwTWÇÌÈ�]}hDÄ��/`1hDÄFQDÈ ÅY])h,XfQDÄH	WXfhDÄ^ÈÌZ,TWVYXfhDÄ6ÇÌ]�	 Ë Ä6X�
o	¤])Ä7��S%ÆwXfÇÌ]
�,X�SUXfSUXfV Ã �,ÈÊÉ¿Q,]R]©Ä2Å�Q,h,];��Xfh�	¤Å^ÈÌXfh�Z/]�	��,È9@>VY]WSU]Wh¿Å F�]WÅ�QDh,]���X�h�	öÅYÈ�X�h�Z,]I	��,È4@>V^]}SÎ]}h¿ÅH	WXfSUS%Q/Å Ë ÅYÈ4��] Ã XfQ,V
ÇÌ]}Ä.Å(�,TWX�V^ÈÌ]}Ä.T}É¿Q Ë Å^ÈÌXfh,hD]WÇÌÇ�]©Ä±Z/Q � X�Q�]�%�	WÇ�Q¼ÄFÈ4���%]¤Å1Z,]}ÄKfVYXfQ Ã ]©Ä Ë Æ¼T}Ç�ÈÌ]Wh¼Ä']¤Å1Z/T}SÎX�h¿Å^VYXfhDÄ'É¿Q,]�Ç�] Ã V^X�Æ,Ç4=}SU]
Z/]�Z/T}Z/Q+	öÅ^ÈÌXfh�Z,]yÇ�\ ÈÌh�ÅYV^Q¼Ä�]}ÄFÅ�Z/T
	¤ÈÊZ Ë ÆDÇ�]�� t È�h Ë ÇÌ]WSU]Wh¿Å%h,X�QDÄ�SUX�h�ÅYV^X�hDÄi0�ÅYV Ë ��]WV ÄEZ/]}Ä%]:%/]WS Ã ÇÌ]}Ä�É�QD]yÇ�]
Ã VYXfÆDÇ4=}SÎ][Z:\ Q,h,È48+	 Ë Å^ÈÌXfh ]WÅ%Ç�] Ã V^X�Æ,Ç4=}SU]yZ/]yZ/T}Z,Q�	öÅYÈ�X�h Z,]yÇ�\ ÈÌh�ÅYV^Q¼Ä)SUX�Z,Q,Ç�X�QDh,]UÅ7�,T}XfVYÈ�][T©É¿Q Ë ÅYÈ�X�h,h,]WÇÌÇÌ]
Ä^Xfh¿Å�Z/]WQ�% Ã VYXfÆ,Ç-=WSU]}Ä�ÈÌhDZ/T Ã ]}hDZ Ë h�Å Ä��

� Ë hDÄ Ç Ë Z/]WVYh,È-=WVY] ÃDË V^Å^ÈÌ]/F¼h,XfQ¼Ä�h,X�QDÄ�ÈÌh¿Å^TWVY]}ÄYÄ^XfhDÄ!0yÇ�\ È�h¿ÅYV^QDÄ Ë 	¤Å^È4� Ã X�Q,V Ç Ë Å(�,TWX�V^ÈÌ]�T}É¿Q Ë Å^ÈÌXfh,hD]WÇÌÇ�]%Z,Q
� XfQU]�%�	WÇ�Q¼ÄFÈ4�2� Ë ��] 	6Q,hyÄ7��S%ÆwXfÇÌ]6�DXfSUXfSUXfV Ã �,ÈÊÉ¿Q,]/��P�XfQ¼Ä±XfÆ/ÅY]Wh,X�hDÄ'Q,h,] Ã V^X�	WT}Z/Q,VY]°Z/]RZ/T
	¤ÈÊÄFÈÌXfhUZ Ë hDÄ[	¤]
	 Ë Z/VY]/F�]Wh,	 Ë V Ë 	¤Å^TWVYÈÊÄ Ë h�Å1ZC\ Ë Æ¼X�VYZ[ÇÌ]}Ä Ã VYXiÅYX�	¤XfÇÌ]}Ä@Z/È�ÅYÄ � Z/TWÅ^]}V^SUÈÌh,ÈÌÄFÅ^]©Ä!� ÃDË V6Q,h�ÄE�/ÄFÅ7=WSU]=Z/]I	WXfh¿Å^V Ë ÈÌh¿Å^]©Ä
ÃDË VFÅYÈ-	WQ,ÇÌÈ�]}V �,`1hDÄFQDÈ ÅY]/Fwh,XfQDÄRT¤ÅYQDZ/ÈÌXfhDÄR]Wh�Z/TWÅ Ë ÈÌÇ.Ç�\ Q,h,È48+	 Ë Å^ÈÌXfh�SUX/Z/Q,ÇÌX �	��� 
� F Ã Q,ÈÌÄ h,X�QDÄ�VYT}Ä^XfÇ-�fX�hDÄ�Z/]}Ä
Ä7�/Ä2Å(=WSU]}Ä±Z:\ T}É¿Q Ë Å^ÈÌXfhDÄ1É�Q Ë Z/V Ë ÅYÈÌÉ¿Q,]©Ä±Z/È�X Ã � Ë h�ÅYÈ�]}h,h,]©Ä ÃDË V^Å^È�	¤QDÇ�ÈÌ]WV Ä�� t ÈÌh Ë ÇÌ]WSU]}h�Å
FiÅYXfQDÄ[	W]}Ä±T}Ç�T}SU]Wh¿ÅYÄ1h,XfQDÄ
Ã ]WVYSU]¤ÅFÅY]Wh¿Å@Z/]RSÎ]WÅFÅYV^] ]Wh Ã Ç Ë 	W]�Q,h Ë Ç-fX�V^È�Å7�DSÎ]�Z,]RZ/T 	WÈÌÄ^ÈÌXfhyÉ¿Q,ÈDVYT}Ä^XfQ¼Z�ÇÌ] Ã VYXfÆDÇ4=}SÎ] Z/]RÄ^T 	¤QDV^È�Å^T �§È�h¿Å^VYQDÄ
Ë 	öÅ^È4� �6]}h Ã V^T©ÄF]}h�	¤]EZ/])Ç Ë Å(�,TWX�V^ÈÌ]ET}É¿Q Ë Å^ÈÌXfh,h,]}Ç�ÇÌ] ���	��
�� Ã XfQDV°Ç�]©Ä Ã V^XfÅ^X�	¤X�Ç�]©Ä�Z/T¤ÅY]WVYSÎÈÌh,ÈÊÄ2ÅY]}Ä �

� e
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Chapitre 2
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1 A → B : s⊕Ka

2 B → A : s⊕Ka ⊕Kb

3 A → B : s⊕Kb
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1 A → B : {A,Na} 465'7 (B)

2 B → A : {Na, Nb} 4#5'7 (A)

3 A → B : {Nb} 46587 (B)
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� 1 E HI3KA LM9<A =7C � Y�L�35=79N={HX=BSj1 T �ÀûM�k�Qq2� �fsan�	 ü ��qdn8ûIû�� RV��ü5ü�R]n8�B~8�QpI�Py��@rdÿup4û{ü8ü5s¿~8ûUy 	 û��fwdya�Ps2z 	 odr\pXqds��Mn8û��fû{r�~pI�����áoZ~X�7~8s 4G��YNy]ûuüG~:ü5wiÿup4s��2ÿÕzZûfyÐ� �\�Prds��{n5û\ü5odsaþ¢�Prh~5ûfwi��odn:zZû{o����B��ûIrh~8ü f�v yjsÐp4û\zZÿ{rd�B~8ÿ\w2�Bn
A
ûI~ám|� �zZÿ{rd�B~8ÿÔw2�Bn

B
�

1 A → B : {m}Ka

2 B → A : {{m}Ka
}Kb

3 A → B : {m}Kb

R]n8�B~8�QpI�Pyaû;*Z� S2� C f�R]n8�B~5�ZpI�PyaûÔzdûA�Zq2� �fsanMj
�:�Qq2���"san 	 ü1��qdn8ûIû�� RV��ü5üER]n8�B~8�QpI�Py � lK�
vxyasÐp4û\ûIrQþ��Psaû 2'mU����odr �fû{ü8ü5�P�PûfpXqds��Mn8ÿfw2�Bn:ü8�×p4yaû�4

Ka
��mU���epXqds ��n8ûU2�ü5�Pr�~5��odn¸yaû �"ûuü5ü8�B��û@n8û07Io�¢þ�û{p�ü5�\pIyjû+4

Kb
û4~xyaû¸n5ûI~5�Po2n5rdûA2\v yjsÐp4û��q�|�����fû¸yjû:pXq2s ��n5û��fûIrh~xû{ü�~ p4� � �@oZ~8�B~5s�4Gt2vxyasÐp4û¸wMûIoZ~[zdÿ{pXqds��Mn8ûInyaû �"ûuü5ü8�B��û[ûI~xûIrQþP�7}�ûIn�2fm|� �

{m}Kb

t��fû{ü8ü5�P�PûÔý�o2û:m|� ��ûuüG~ �Pyj��n8ü�p{�Bw2���dyjûÔzZû:zZÿupXqds��Mn8ûInu�
�û��f�Pn8ýhod��r2ü{t¢pI�����fû�rd�Po2ü�y 	 �¢þP�Priü*ü5sa�Pr2�Pyjÿ�zd�Briü�y 	 û �Zû��fwdyaû C w2�B��û C Tdt7ýhodûxp4û�wdn8�B~8�Zp4�PyaûUrdûzZ�Psj~]w2�Pü

VI~5n8ûáoZ~8sjyasaü5ÿ\�¢þPûup:yaû"pXqds���n5û��"û{rh~ÔzZûA�Vû{n5r2��� ýhods�wi�hü5ü��{zZû �dsaûIr�ya��wdn8�Pwdn8sjÿI~5ÿ"ü�odsaþ7�Brh~5û�f
{{m}Ka

}Kb
=

m⊕Ka ⊕Kb = {{m}Kb
}Ka

� YNy�ü5o 'f~[�Bya�PnXü�2fy 	 �7~5~8��ý�oi�Brh~w2�Pü8ü�s�4*zdûk4 �Bsan5û¸yaûW�@�Po�û �dp4yao2ü5s 4x��zZû{ü�~8n5��saü
�fû{ü8ü8�B�Pûuü>ÿupXq2�Br2�Pÿ{ü

m⊕Ka
t
m⊕Ka ⊕Kb

û4~
m⊕Kb

wM�Podnn8û4~8n5��odþPû{n|yaû �fû{ü8ü5�P�Pû
m
tdü8�BriüUpI�Prdri��hÐ~5n8ûwM�Podnx�PoZ~8�Prh~�yaû{üzdûIo��×p4yaû�4 ü�oZ~8sjyasaü5ÿIûuüw2�PnxvxyasapIû¸û4~xmU���À�

�[9<9W6(�4Y21 T �Àûuü\w2�Bn5~5sÐp4saw2�Pr�~Xü"rdû'þPÿ{n5s��2ûIrh~fw2�Püfy 	 �BoZ~8qdûIrh~5sÐp4sj~5ÿ zdû'y 	 sazdûIrh~5sj~5ÿ zZû'yaûIo2n8ü\pI�Pn8n5ûuü�wM�Pr2z2�Brh~8ü{�
���p4 � �fû{o2ü�û'�B~�~8��ýhodû � �\�Br�sjr ~5qdû �fsaz2zZyjû ��t]zdÿ{p4n8sj~5û×ü�odnfyaû�w2n5�P~5�Zp4��yjû�zZûp6xûIûuzZq2��� �&�ZpXqdn8�Qû{zZû{n"�Pow2�Pn8�P�PnX�Bwdq2û C � S×w2�B��û3Tdt�wMûIoZ~[VI~5n8û mG�Podÿ{û\sapIs]ûIr2pI�Pn8ûfwdyjoiü:ü�s�fwdyaû��fûIrh~{���QodwdwM��ü5�Pr2ü¸ýho 	 odr pXqds��Mn8û��fû{r�~��ü�} �fÿ4~8n5sÐýhodû[ûI~ p4� � �@oZ~8�B~5s�4*ü5�Psj~xoZ~5sayasaü5ÿP�

i.1 A → I(B) : {m}Ka

ii.1 I(A) → B : {m}Ka

ii.2 B → I(B) : {{m}Ka
}Kb

i.2 I(B) → A : {{m}Ka
}KI

i.3 A → I(B) : {m}KI

ii.3 A → I(B) : {m}Kbvxsar2ü5sxvxyasapIû�wMûIriü�û×w2�Pn5yaûInf�¢þPûupcmU���ãû4~\yjo2s|~8n8�Pr2ü��"ûI~�~8n5û�yjû �fû{ü8ü5�P�Pû�p4�Pr �izZûIrh~8sjû{y
m
û{rì~8�PoZ~8û×ü5ÿ �pIodn5sj~5ÿ��ez �Byaqdû{odn5û{o2ü5û��fûIrh~ÔûIyayjû\p4� ���áodrdsÐýhodû\�¢þPûupáy 	 sarh~5n8o2ü¸ýhods]wdn8ûIriz�zZ��r2pfp4��rdr2�BsÐü8ü5�Pr2p4û"zZo �"ûuü5ü8�B��ûpI�Pr��izdûIrh~5saûIy
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�
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F����������
��p� ���������]|
n]r C �/� Tdt � ��Z[s('fû�ûI~(z �F� ûIyay��\�Bráwdn5��wi�hü�û{rh~�odr@wdn5�P~5�Zp4��yjû|z 	 ÿupXq2�Br2�Pû|zdû|p4yaû�4F� Z�� � ���W� �|ûUwdn8�B~8�QpI�Pyaû

�2��ü�ÿ"ü�o2n[yÐ�cpI�����áoZ~X�7~8sjþQsj~5ÿfzZû@yÐ�34R��r2pK~8sj��r#û��QwM�Pr2ûIrh~5saûIyayjû@wi��n�~8ûáyaû@r2��� zZûfp4ûuü[�PoZ~5û{odn8ü f�yjû"wdn8�B~8�QpI�Pyaûz 	 ÿ{pXqi�Brd��û�zZû:pIyjû+4�zdûkZ[s('fû�� � ûIyay��\�PrÀ�
� 1 E HI3KA LM9<A =7C � Y�LM38=79N={HX=7Sa1 T vxyasÐp4ûxpXqd��saü5s¿~Vodrfrd� � �dn8ûUwdn5û��fsjû{n

P
û4~]o2r@��ÿIrdÿ{n8�B~5ûIo2n

G
zZof�Pn8�PodwMû

Z/PZ
�v yjsÐp4û"ûIrQþP��sjû 2cmU����p4ûuü�zd�Prdrdÿ{û{ü{�MmU� ��pXqd��saü5s¿~�odr#r2�Pr2pIû

Nb
û4~ÔûIrQþP��sjû

G
2cyÐ��wdodsÐü5ü8�Br2pIû

Nb
�"�ZzZo2yj�

P
2×v yjsÐp4û�t �"ûuü5ü8�B��û@ýhodûfrd��o2ü�rd�B~8�Pr2üÔw2�Pn

exp(G,Nb)
�f�Qz

P
��E*sjri�Byaû��fûIrh~:vxyasapIû\pXqd�PsÐü�sj~A2�ü5�Pr�~5��odnodr�rd�Prip4û

Na
û4~ûIrQþP��sjû

G
2@ya�@wdodsÐü5ü8�Brip4û

Na
�f�Qzdodyj�

P
2"m|� �À���ÀûuüUzdûIo��Õw2�Pn�~8sapIsjwi�Brh~8ü|wiû{odþPû{rh~zd�Pr2pp{�ByÐp4odyaûIn@ya�'r2�Podþ�ûIyayjûcpIyjû+4GtVý�o 	 sayaü@w2�Pn�~X�B�Pû{rh~{tÀû{rìÿIyaûIþ7�Brh~:2 yÐ�'wdodsÐü5ü8�Brip4û�zdûcyaûIodnXü:rd��r2p4ûuü:n8û{ü5wiûupK~8s 4 ü@yjû

�fû{ü8ü8�B�Pû�n8û074o �f�ZzZodya�
P
���|û{p4s�ûuüG~ z XP2"yÐ�"wdn5��wdn8sjÿI~5ÿ¸ü�o2sjþ7�Brh~8ûÔzdûÔpI�����áod~8�7~8sjþQsj~5ÿ:zZûÔy 	 û��Zwi��rdûIrh~5saûIyayaû3f

exp(exp(G, x), y)
�f�Qz

P = exp(exp(G, y), x)
�f�Zz

Pn]rep4��r2ü�sÐzZÿ{n8�Pr�~�yjû\pXqds���n5û��"û{rh~ÔpI�����fû@odr2û �M��hÐ~5ûfrd��sjn8ûfm[��mUyÐ�Br2pXqdûI~�w2n5��odþ7��ýhodû"ya��rd��odþPû{yjyaû"pIyjû+4ÿupXq2�Brd��ÿIû
exp(exp(G,Nb), Na)

�f�Zz
P
ûuüG~ �dsaûIr×odr2û:zZ�Prdr2ÿIû¸ü�ûup4n �4~8û � mUya�'� C �W�

* �



��� ����� ��"0. !r� ��� " ����	�"0� � ���r"*�

1 A → B : P,G

2 B → A : exp(G,Nb)
�"�Zz

P

3 A → B : exp(G,Na)
�f�Zz

P
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2fpI�Pr2zZsj~5sa�Pr×z 	 oZ~5sayasaü5ûInxyaû �:V��fû �f�Qzdodyj�i�
{e|��F|~{e|�# �#"�� � "�� '/� ' 
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�|ûI~�~5ûfwdn8�Pw2n5saÿ4~8ÿ@p4��r2p4û{n5r2ûáyaû �f�ZzZû\zZûfpXqds ��n8û��fûIrh~{��i r��Bya�P��n5sj~5q��"û"zZû\pXqds��Mn8û��fûIrh~ÔþPÿ{n5s��2ûáyÐ��wdn5���w2n5saÿ4~8ÿcwdn8ÿ � �Zû�ü�s�2 w2�Pn�~8sjn"z 	 odr �fû{ü8ü8�B�PûÕpXq2s ��n5ÿ�w2�Bn"yÐ�#p4yaû�4
k
zdû�yÐ�p4R��n��fûcü5odsaþ¢�Prh~5û f

{x, y}k
t�sayUû{ü�~wM��ü8ü5s��dyaû@zdû"zZÿuzZodsan5û@yjû �fû{ü8ü5�P�Pû

{x}k
�qRV�Pn[û��Qû��fwdyjû�tiyÐ� �"ÿI~5qd�ZzZû nE�Um j�n]yjûupK~8n5��rdsap:�|�ZzZû{mU�Q��� lwM�Po2npXq2s ��n5û{nÔodr �fûuü5ü8�B��û@�¢þPûup:odre�Bya�P��n5sj~5q��"û"zZû\pXqds��Mn8û��fûIrh~¸wM��ü8ü �uzZû"pIû4~5~5ûfwdn8�Pwdn8sjÿI~5ÿ�tMr2�Po2ü�nX�BwdwMûIya�Pr2ü[yaû

4R��r2pK~8sj��rdrdû��"û{rh~|zZûxp4ûI~�~8û �fÿ4~8qd�ZzZû^nE�Umãwi��odn]odrÕ�Pyj���Pn8s¿~8q �fûxzZû pXqds���n5û��"û{rh~>zZ�Prdr2ÿPt�pXq2s ��n8�Prh~]odr �fû{ü �ü8�B��ûzZûxya�Prd��odûIodn
n
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n
2¸zZÿup4�Po2wiû{nyaû �fû{ü8ü8�B�Pû^2@pXqds��Mn8ûIn]û{r �f�PnXp4ûu�Bo��fzZûx~X�Bsayjyaû

n
û4~�zZû yaû{ü|pXqds ��n8ûIn>o2rÕw2�Bn|odr\w2�Pn>y 	 �Pyj���Pn8s¿~8q �fû zZû pXqds���n5û��

�fû{r�~xwM�Po2n���Z~8ûIrdsanyjû:pXq2s ��n5ÿ:zdo �fûuü5ü8�B��û
m
��6x�P~5��r2üýhodû¸p4û4~5~5ûÔ~8û{pXqdrdsÐýhodûAnE�Um û{ü�~xn8�Pn5û��"û{rh~UoZ~8sjyasÐü�ÿ{ûû{r�w2n8�B~5sÐý�o2ûP�

i rdû �fÿ4~8qd�ZzZû\wdyao2üáü5�Pwdq2saü�~5sÐýhodÿIûfû{ü�~:yÐ� �"ÿI~5qd�ZzZûP�UmH� j pIsjwdq2ûIn�� �dya�Zp ��pXq2�Psjr2sjrd��lK�eZ��Br2üáp4û4~5~5û �fÿ��~8qd�ZzZûPt�yjûÕ~5û �Q~8û
m

2 pXq2s ��n5û{n:û{ü�~@zZÿup4��odwiÿcûIr
n

�dya�Qp{üázZû � V��fûÕyj��rd�Po2ûIodn
m = P1P2 · · ·Pn

j �\oìzZûuü
�2s¿~Xüx�Byaÿ{�B~5�Psan8û{ü|wiû{odþPû{r�~^VI~5n8û:��mG��oZ~5ÿuü|wM�Po2n p4� �"w2yjÿI~5ûInyÐ�fzZûIn8rds�In8û¸p4���fwM��ü8�Brh~5ûÔzZû

m
wM�Po2nxý�o 	 sayaü �BsaûIrh~~8�Po2ü�yÐ� �:V��fû�yj��rd�Po2ûIodn�lK� �Àû �fû{ü8ü5�P�Pû

m
pXqds���n5ÿ��¢þPû{p#ya�ãp4yaû�4

K
û{ü�~
{m}K = C0C1C2 · · ·Cn

�\o
C0 = I

j odr �dyj�Zp\z 	 sards¿~8sa�PyjsÐü8�7~5sa�Prql�û4~:yaû{ü
Ci = {Ci−1 ⊕ Pi}K

wM�Po2n
i = 1, . . . , n

� ��� �fÿI~5qd�ZzZûB�Um^�wM��ü8ü��{zZû'yÐ�ewdn8�Pwdn8sjÿI~5ÿ×wdn8ÿ � �Zû p{�Bnpf|ü5s
C0C1C2 · · ·CiCi+1 · · ·Cn = {P1P2 · · ·PiPi+1 · · ·Pn}K

�Bya�PnXü
C0C1C2 · · ·Ci = {P1P2 · · ·Pi}K

t2pIûáýhodsÀs�"w2yjsÐýhodûáýhodû:ü5sÀrd�Poiüxp4��rdr2�BsÐü8ü���r2ü
{x, y}z

rd��o2üwM�Podþ��Pr2ü�û{rzdÿ{zZodsan8û
{x}z

t�ü�s �dsjû{rfûIrh~5û{r2zZo\yÐ�Ôyj��rd�Podû{odn]zZû
x
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1 A → S : A,B,Na

2 S → A : {Na,B,Kab, {Kab,A}Kbs}Kas

3 A → B : {Kab,A}Kbs

4 B → A : {Nb}Kab

5 A → B : {succ(Nb)}Kab

R]n5�P~5�Zp4��yjû;*d� Si� S�f/R>n5�P~5�Zp4��yjûÔzZûM6xû{û{zZqi� � ���dpXqdn5�QûuzZûInH2fp4yaû�4Vü�} �fÿ4~8n5sÐýhodûP�
ü5�Psj~U~5ûIyÀýhodû�~8�Po2ü�ü5û{ü�p4� �"wM��ü8�Brh~XüUü5�PsaûIrh~zZûÔya�@ya�Prd��odûIodnz 	 odr �dya�Qp[oZ~8sjyasaü5ÿÔwi��odn#�Um^�[��R��Pnp4�Priü�ÿuý�o2ûIrh~o2rÕsjrh~8n5o2ü|wMûIoZ~û �Q~8n8�Psjn8ûxyaû �fû{ü8ü5�P�Pû ü5odsaþ7�Brh~

{Na,B}Kas
û4~�ü�û 4 �Bsan5û[w2�Pü8ü5ûIn>wM�Po2n

B
zd�Briü>odr2û rd��odþPû{yjyaûü5û{ü8ü5sj��r��¢þPûup

A
t2�Bsar2ü5s�sjy�wiû{oZ~ sar�~8ûInXp4û{wZ~5û{nUyÐ�\p4yaû�4�ü�ûup4n �4~8û

Na
ýhodû

A
p4n8�Psj~ü5û{pIn��I~5ûÔûIrh~8n5û

A
û4~
B
�

i.1 A → S : A,B,Na

i.2 S → A : {Na,B,Kab, {Kab,A}Kbs}Kas

ii.3 I(B) → A : {Na,B}Kas

ii.4 A → I(B) : {Na′}Na
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1 A → B : v, 〈M,C(M)〉 ⊕RC4(v,Kab)
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C1⊕ C2 = 〈P1, C(P1)〉 ⊕RC4(v, k))⊕ (〈P2, C(P2)〉 ⊕RC4(v, k))

= 〈P1, C(P1)〉 ⊕ 〈P2, C(P2)〉)⊕ (RC4(v, k)⊕RC4(v, k)) (E1)(E2)

= 〈P1, C(P1)〉 ⊕ 〈P2, C(P2)〉 (E3)(E4)
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	 ��oZ~5sayA�U��ü�wMûIn � �����^�/�7�*��wdn8ûIr2z�û{r-p4� �"wd~5û yaû ����o�û �dp4yao2ü5s 4 ��zd�Pr2üÕyaû�p{�PüÕzdo pXqds��Mn8û��fûIrh~�zdû
�Vû{n5ri� �×���x�PwdwMûIya�Pr2ü|ý�o2ûxyjû�pXqds��Mn8ÿ zZû&�VûIn8r2� ��zZo �fû{ü8ü8�B�Pû

m
w2�Bn|ya�áp4yaû�4

k
û{ü�~Uü5s��fwdyaû��fû{r�~|yjû �"ûuü5ü8�B��û

m ⊕ k
�FR*��odn �f�ZzZÿ{yjsÐü�û{n@pIûIyÐ�dt��"� �����|ûÕ� mG�PoZ~8ûÕodrdû�rd�Podþ�ûIyayjûcn��{�PyaûczZûczZÿuzZo2p4~5sa�Prg2'y 	 sjrh~5n8o2ü@wi��odnáyaodswMûIn �fû4~5~5n8û@zZû"pI�ByÐp4o2yjû{n

m ⊕m′ 2Õw2�Pn�~8sjn�zZû m ûI~
m′ t�û4~ÔzZÿ{zdodsjn8û m 2Õwi�Bn5~5san[zZû

k
û4~
m ⊕ k

����n 
�p4û[2
�U��ü�wMûInut��"� �����|û@û4~¸v:� � �����ü8p4�QûB� ���^�/�0�]��rh~[n8û4~5n8�Po2þPÿáo2rdû[4 �Psjyayaû"ü5odnÔyjû"wdn8�B~8�QpI�Pyaû �Hz 6 � �Hz 6 T'���<tzdÿ{p4n8sj~ wdyao2ü w2n5ÿup4sÐü�ÿ��"û{rh~[zd�Briü yÐ�Õü5û{pK~8sj��r *Z� �Z� *Z� S\w2�B��û � �2��YNyÐü w2n5��wi�hü�û{r�~ �Pyj��n8üxodrdû �f�ZzZs��ipI�B~5sa�Pr wM�Po2npIûÔwdn5�P~5�Zp4��yjûÔýho 	 sjyÐüwdn8�Podþ�ûIrh~ü5Xdn8ûÔ�Pn�
PpIû 2"yaûIodnx��oZ~5say<�
{e|��F|~{e|�� � "��q� �]�p� �M'&���r��� �/�3� � �]���������0�r� �����P��� 
�� ��� �%"��q|

R]n8ÿ{ü5ûIrh~8�Pr2ü�z 	 � �M�PnXz\yaû{ü�� �Zsa���fû{üUzZû{üU��n5��odwiûuü|���iÿ{yjsaûIriü#fZyaûÔü�} � �M�Pyaû
×
p4��n5n8û{ü5wi��r2z32áo2r���wiÿ{n8�B~5ûIo2n

�2sjr2�Psjn8û �áodyj~5sawdyasap{�7~8s 4VzZû{ü���n5��odwMû{ü� �MÿIyasaûIr2ü{� ixr×�Pn8�Po2wiû¸� �MÿIyasaûIr�wi�hü5ü��{zZûÔyaû{üw2n5��wdn5saÿ4~8ÿ{ü�ü5odsjþ7�Pr�~8û{ükf
� C



���������
	��������	������������������ ���!���"#$�&%'�(���*)'���+��, 	�-�./��"0�

x× (y × z) = (x× y)× z
j ��ü5ü5�Zp4sÐ�7~8sjþQsj~5ÿ*l j�n C l

x× y = y × x
jöp4�����@oZ~8�B~5saþhsj~5ÿ�lkj�nC*'l

x× 1 = x
jRÿ{yjÿ��fûIrh~xrdûIod~5n8û*lkj�n � l

x× x−1 = 1
j sjrQþPû{n8ü5û*l#j�n]S/l

6x��o2üÔrd�P~5�Priü[wi�Bn
exp(x, a)

t
x
2cyÐ��wdodsÐü5ü8�Br2pIû

a
�F�|ûI~�~5û"~8qdÿI��n5saûfÿ{ýho2�7~8sj��rdrdû{yjyaû@wM��ü8ü��{zZû"yjûuü¸ýho2�7~8n5û� �Qsa���fûuü|ÿ{rd�Prip4ÿ{ü�w2n5ÿup4ÿ{zdû����fûIrh~xzZû{ü���n5��odwiûuü� �MÿIyasjû{r2ü{tZwdyjoiüyjûuüzZûIo ��� �Zsa���fû{ü�ü5odsaþ¢�Prh~8ükf

exp(exp(x, y), z) = exp(x, y × z)
j�nC�'l

exp(x, 1) = x
j�nM�'l
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�\�BsÐü@wdn5ûuü5ýhodûÕ~5�Po mG�PodnXü@��ü5ü5�Zp4saÿIûc�¢þ�û{pÕz 	 �PoZ~5n8û{üáwdn5��wdn8sjÿI~5ÿ{ü{t�pI�����fû�y 	 û �Zwi��rdûIrh~8sjû{yjyaû �f�ZzZodyÐ�Bsan5û���6 �Po2ü
�fûIrh~8sj��rdrd�Priü[o2rdûfyjsÐüG~8ûfrd�Pr�û �Zq2�Po2üG~8sjþ�û@zZûuüÔwdn8�B~5�ZpI�Pyaû{ü[oZ~5sayjsÐü8�Brh~:p4û{üÔw2n5��wdn5saÿ4~8ÿ{ü f�yjûfwdn8�B~8�Zp4�PyaûfzZs¿~:zZû
� �ZpXqdrd��n5n 	 ü���� �EZ � � S��Wtdyaû�w2n5�P~5�Zp4��yjûAz v&�knxR>� �'R]��*��<tdyaûÔwdn8�B~5�ZpI�PyaûA�!�HR>� ��o��\T��<tdyaû¸wdn8�B~8�QpI�Pyaû�v#zpR �
� � � �U�'� � �<��z'ûIrh~8sj��rdrd�Priü:�Bo2ü8ü5s]y 	 �Bya�P��n5sj~5q��"ûÕz 	 ÿupXq2�Brd��û\zZûcp4yaû�4 zdû Ed��n�~8û����u� � 6[�7~$�'T���û4~áyaûÕwdn8�B~8�QpI�Pyaû
R�v�� � � � �#�|�/� � t zpRQ� �\����ýhods�ü5�Prh~xzZûIo �cwdn8�B~5�ZpI�Pyaû{üUý�o2s�ûIo��cod~5sayjsÐü�û{rh~�yaûU�:��o�û��dp4yao2ü�s�4���û4~y 	 û��Zwi��rdûIr��~8sjû{yjyaû �f�ZzZodyÐ�Bsan5û��F6x��o2ü@wdn5ÿuü�û{rh~5�Priü¸ûIr w2�Pn�~8sapIodyasjû{náyaûcwdn8�B~8�QpI�Pyaû3Y �¸v:� C t*p4�Pr2rhoì�Po2ü8ü�s>ü5�Poiü:yaûcrd� � zZû
�kZ��:� *Z�
��� � |�}q|
��û�YNrds¿~8sa�Py��Ôû{}[vx��n5û{û��fûIrh~Àwdn8�B~8�Zp4�PyaûPtIwi��odneY �¸v:� C t{�ÿ4~8ÿ]sjrh~8n5�ZzZodsj~Àw2�PnF�h~5û{sjr2ûIn 1I9À67S¦ADA ûIr C �\��� � � � �������<�
� 1 E HI3KA LM9<A =7C � Y�LM38=79N={HX=7Sa1 T �|û�wdn8�B~5�ZpI�Pyaû|wMûIn �fû4~>z 	 ÿ4~X� �dyasjn�odr2ûxp4yaû�4�ûIrh~5n8û|o2r"r2��� �2n5û � �Zÿ

n
zZû�w2�Pn�~8sapIs �w2�Prh~8ü

A1, . . . , An
�/�|qi�Pýhodûx�B��ûIrh~]p4��rdr2��hÐ~]ü���r@r2�Pr2pIûxü�ûup4n8û4~

Ni
ûI~>p4�Pr2r2��hÐ~Vya� �2��ü�û

g
zZûy 	 û �Zwi��rdûIrh~8sjû{yjyaûP�

����pIyjû+4Uw2�Pn�~X�B��ÿIûáwi�Bn¸yaû{üÔw2�Pn�~8sapIsjw2�Prh~8üÔzZo��Pn8�PodwMûfû{ü�~
g
ÿ{yjû{þPÿ:2�ya��wdodsÐü8ü5�Pr2p4ûfzZoewdn8�Qzdods¿~:zZûf~8�Po2ü�yaû{ürd��r2p4ûuüI��6x��o2üUzZsaü�~5sard��od�Pr2ü>~5n8�PsÐü>~G}hwMû{üUz 	 �B��ûIrh~8ü#f

A1
ý�o2s�zdÿ��doZ~8û[yaû w2n5�P~5�Zp4��yjû�t�yaû[zZû{n5r2sjû{nU�P�PûIrh~

An
ýhods~8ûIn �"sardûxyaûxwdn8�B~8�Zp4�Pyaûû4~�zZsÐüG~8n5s�dodû 2ápXq2�Pýhodû �P�Pû{r�~]yÐ�:pIyjû+4Àw2�Bn5~5saûIyayjûûI~|yaû{ü|�BoZ~8n5ûuü>�B��ûIrh~8ü>ý�o2sip4��r2ü�~5sj~5odû{r�~odr2û:pXq2��hDrdû¸zZû

A1
2
An
����û¸wdn5�P~5�Zp4��yjû 4R��r2pK~8sj��rdrdû¸p4� � �fû:ü5odsj~Mf2y 	 �P�PûIrh~

A1
pI�����fûIr2pIû¸w2�Bnû{rQþP�7}Pû{nH2y 	 �P�Pû{r�~

A2
yaû �fû{ü8ü5�P�Pû fdû �Zwcj �2t C l4t û��QwFjR�2t 6

1
lK� R>odsaüxy 	 �B��ûIrh~

Ai
wM�Podn

i = 2, . . . , n− 1
f

� n5û*74�Psj~odr �fû{ü8ü5�P�Pû
m = m1, . . . ,mi

�
� ûIrdn8ûI��saü�~5n8û[yÐ�fzZûIn8rds�In8û¸p4���fwM��ü8�Brh~5ûÔzZû

m
z2�Br2ü�yÐ�"þ¢�Pn5sÐ� �2yjû

x = mi
�

� ÿIy�IþPûA2"yÐ�@w2odsaü8ü8�Br2pIû
Ni

~5��o2üyaû{ü
mj

zZo �fû{ü8ü5�P�Pû
m
t2wi��odn���Z~8ûIrdsan

m′
j = mj

Ni
t
1 ≤ j ≤ i

�
� p4n8ÿIûÔodr×rd�Po2þPû{�Po �fû{ü8ü8�B�Pû

m′ ~5û{y�ýhodû m′ = m′
1, . . . ,m

′
i−1, x,m

′
i

�
� ûIrQþP��sjûÔp4û¸rd��odþPûu�Bo �"ûuü5ü8�B��û

m′ 2"y 	 �P�PûIrh~ Ai+1
�

�Àû@zZûIn8rdsaûIn �P�PûIrh~
An

n8û07I�Psj~xodr �fû{ü8ü5�P�Pû:pI���fwi�hü�ÿ:zdû
n
wi�Bn5~5saû{ü{��YNy�yaû{üxÿIy�IþPûÔ~8�PoZ~8û{ü#2\ya�fw2odsaü8ü8�Br2pIû

Nn
� ���czZûIn8rds�In8û¸w2�Bn5~5saû:zZû@pIû �fû{ü8ü5�P�Pû¸ûuüG~ yÐ�ÕpIyjû+4Vzdû:�Pn8�PodwMû:ûI~ yjûán5ûuüG~8ûáp4��r2üG~8s¿~8odû:yÐ�Õp4yaû�4]wi�Bn5~5saûIyayjû:zZû��n5��odwiû�� � 	 �B��ûIrh~

An
zZs ��o2ü5û �Bya�PnXü(2�~5��o2üVyaû{üV�B��ûIrh~8üVpIû4~5~5û pIyjû+4Mw2�Pn�~8sjû{yjyaûP�Bv sjriü�sMpXq2�Pýhodû�B��ûIrh~V���Z~8sjû{rh~{tBû{rÿ{yjû{þ¢�Prh~H2fyÐ�fwdodsÐü8ü5�Pr2p4û
Ni

ya�\pIyjû+4*w2�Pn�~8sjû{yjyaû:zZû¸��n5��odwiû¸ýho 	 sjy��fn5û*74odû�tdya�fpIyjû+4Vzdû¸�Pn8�PodwMûA2fya�
i
wM��ü5sj~5sa�PrÀ�

R��Po2nwdyjoiüzZû¸yjsÐü5s��dsayas¿~8ÿ¸rd�Po2üzdÿ{p4n8saþP�Priü|yaû¸wdn8�B~8�QpI�Pyaû[o2rdsaýhodû��fûIrh~xwi��odn�~5n8�PsÐü�B��ûIrh~8ü
A
t
B
û4~
C
�

6x��o2üzZÿI~8�Bsayayj��r2ü�yjû:p{�ByÐp4odyÀzdo �fûuü5ü8�B��û[û{rhþ��7}Pÿ�w2�Bn
B

2"yÐ�\ü�ûup4�PrizZû[ÿI~8�Pwiû3f

exp(exp(g, 1), Nb) = exp(g, (1×Nb)) (E5)

= exp(g,Nb) (E1)(E2)(E3)û4~
(exp(g,Na), Nb)) = exp(g, (Na×Nb)) (E5)

� *



��� ����� ��"0. !r� ��� " ����	�"0� � ���r"*�

1 A → B : g, gNa

2 B → C : gNb , gNa , (gNa)Nb

3 C → A,B : (gNb)Nc , (gNa)Nc

R]n8�B~5�ZpI�Pyaû�*d� Si� ��f�R]n5�P~5�Zp4��yjû Y �¸v:� C j�YNrdsj~5sÐ�By��ÔûI}cv �Pn8ûIû��fû{r�~�lK�
6 �Po2üw2n5ÿuü�û{r�~8�Pr2ü �\�Bsarh~5û{r2�Brh~yjû:zdÿ4~8�Psjy�zZo'pI�ByÐp4o2y�û���û{pK~8odÿ¸w2�Pny 	 �B��ûIrh~

A
wi��odnxn8û4~5n8�Po2þPûInUyÐ�"pIyjû+4�zdû��n5��odwMû

exp(g,Na×Nb×Nc)
f

exp(exp(exp(g,Nb), Nc), Na) = exp(exp(g,Nb×Nc), Na) (E5)

= exp(g,Na×Nb×Nc) (E1)(E2)(E5)

�[9<9N69�IY21 T YNy*û �ZsÐüG~8û¸odrdû@�B~�~X�Pýhodû:ü5odn[pIû¸wdn5�P~5�Zp4��yjû3� z Z ��*dtq� �B�B�#�\S��<ti�\o'y 	 sarh~5n8o2üxw2n5û{r2z×y 	 sÐzZûIrh~5sj~5ÿ@zZozdûIn8rdsjû{n��P�Pû{r�~u��R>odsaü�say�n5û{rhþ��Psaûá�Bo�wdn8û��fsjû{n��P�Pû{r�~
A
yaû �"ûuü5ü8�B��ûáü5odsjþ7�Pr�~

g, gNa
sarh~5ûInXp4û{wZ~5ÿ"ûIrh~8n5û

A
ûI~

B
ya�PnXüázZoãwdn5û��fsjû{n �fû{ü8ü8�B�Pû�� �[nfp4� � �fû

exp(exp(g, 1), Na) = exp(g,Na)
y 	 �B��ûIrh~

A
wiû{r2ü5û�ýhodû�ya�pIyjû+4>zZûá��n5��odwMû:û{ü�~

exp(g,Na)
�Boiü5ü5s�pI�PrdrQodûázdûáy 	 sarh~5n8o2üI�e�|û4~5~5û"�7~�~X�Pýhodû:ûuüG~�wi�hü5ü5s�dyjû@pI�Bn[yjû@wdn8�B~5�ZpI�Pyaûr2û:þPÿ{n5s��2ûÔw2�Pü y 	 sÐzZûIrh~5sj~5ÿ@zZû{üx�P�Pû{r�~XüI��R*��odnxÿ{þhsj~5û{n p4ûá�PûIr2n5û:z 	 �7~5~8��ý�o2û¸yjûuü �Bod~5ûIo2n8üw2n5��wi�hü�û{r�~x�Pyj��n8ü�odr2û���fÿIyasj��n8�B~5sa�Pr�z2�Br2ü�yÐ�Pýhodû{yjyaûÔyjûuü�B�Pû{rh~8ü�ü�	 �Bod~5ûIrh~8s �2û{rh~M� v � �H�\���W�
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� "��q� �Q� �:� �C' �r����� �\|
��ûwdn5� �dy���fûxzZûxzZÿuzZo2pK~8sj��r\zZûy 	 sar�~8n5oiüVû{ü�~>zZÿ{pIsaz2� �dyaûxzd�BriüVyjûxp{�PüVzZûuüV�Pn8�Po2wiûuüV� �MÿIyasjû{r2ü]p4� ���"ûy 	 �Prh~

�f��r�~8n5ÿ��á�q�|���f�Pr � ��odr2zZq�û4~��á�q�Qq �\�7~8s ���7þ � � ����� � �<�
��û�wdn8���2y����"û�zZû�ü5ÿ{pIodn8s¿~8ÿ#wM�Podn�yjûuüc��n5��odwMû{üc���iÿ{yjsaûIriüW4Rod~×���i��n8zZÿ#w2�Bn �2��z'sayjyaûIrû4~ �á�H�Qq �\�7~8s �

���7þW� z ��� � t/�Qq��:�\S2t/z �������<��Z[�Pr2ü]o2r\wdn5û��fsjû{n]~5û��fw2ü^� z ��� � �<thsayaü>n5ÿuzZodsÐü�û{r�~|yjûxw2n5� �dy����fûxzZû[ü5ÿ{pIodn5sj~5ÿû{ro2r#wdn8���dy���fû"zZû@ü8�7~8saü �i� �2sjyas¿~8ÿ@zZûfp4��rh~5nX�Bsar�~8û{ü{���|û"wdn8���dy���fû@zdû@n8ÿ{ü5�PyaoZ~5sa�Pr zdû"pI�Prh~5nX�Bsarh~5û{ü û{ü�~[û{r2ü�o2s¿~8ûn8ÿ{zdods¿~M2�yÐ��n8ÿ{ü5�PyaoZ~8sj��r#z 	 ÿ{ýho2�7~8sj��r2ü¸ýho2�Pzdn8�B~5sÐý�o2û{üÔzZsa�Pwdq2�Prh~5saûIrdrdûuüIt�wdn8���2y����"ûfû{r���ÿIrdÿ{n8�Py*sar2zZÿup4sÐzd� �2yjû��
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B
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1 A → S : A, {Ta,B,Kab}Kas

2 S → B : {Ts,A,Kab}Kbs
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1.1 A → S : A, {Ta,B,Kab}Kas

1.2 S → B : {Ts,A,Kab}Kbs

2.1 I(B) → S : B, {Ts,B,Kab}Kbs

2.2 S → A : {Ts′, B,Kab}Kas

3.1 I(A) → S : A, {Ts′, B,Kab}Kas

3.2 S → B : {Ts′′, A,Kab}Kbs
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ü5odsaþ¢�Prh~5û
〈〈x, y〉, z〉 = 〈x, 〈y, z〉〉

û{ü�~Vwdn5sÐü5û|û{r"pI���fwZ~5ûzd�Pr2ü�p4û{n�~X�Bsar2ü*�PoZ~8sjyÐü�zZû �f�Prds�In8û|w2�Pn�~8sjû{yjyaûPtBpI�����fûw2�Pn¸û �Zû��fwdyaûB�U�Pü5n8ody^� ���B�#�\�*�W�(�|ûup4s]ûuüG~"z�X �Bo 4 �Bsj~@ýhodû\y 	 odr2s �ip{�7~8sj��r �f�ZzZodya� v ü8ü5�QpIsa�B~5saþQs¿~8ÿ\û{ü�~@zZÿ{pIs �zd���dyaû � z ��� �'�0� �\�BsÐü\sar��2rdsj~8�Psjn8û�� v ��z T/�htUv^R]�'�ZtC�h��4��'�QtxR]ya����*QtE�Qsaû����Qt
����� �*�W�
��û{ü �f�ZzZÿIyasÐü5�B~5sa�Pr2ü\zZûpIû4~�~8ûfwdn5��wdn8sjÿI~5ÿ"wiû{n��fû4~5~5û{r�~:zZû"~8n5��odþPû{n�zZûuü¸�7~5~8�PýhodûuüÔzZs¿~8û{ü¸zZû �Õ~G}QwiûU��tÀp4� � �fû\ü5odnÔyjûfwdn8�B~8�QpI�Pyaû@zZû
6 ûIû{zdq2� � �&�ZpXqdn8�hûuzZûIn��¢þPûup[pXq2s ��n5û��fûIrh~^nE�Um ýhodûÔrd��o2ü�wdn8ÿ{ü5ûIrh~5û{n5��r2ü�zd�Briü�ya�fü5û{pK~8sj��r *d� �d� *d� *áw2�P�Pû � T2�
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M = N
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ûuüG~]odr\ü5�Po2ü �<~5ûIn �fûUzdû
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n]r��ir/ @���|qdûIþ7�ByasaûIn]ûI~Qz � �o2ü5sjrd�7þQsj~8pXqP� ���^���*�M�Prh~ �f�Prh~5n8ÿxodr\n8ÿ{ü5odyj~8�B~>zZû p4� � �dsar2�Psaü5�PrfwM�Podn>zds ��ÿ �n8ûIrh~5ûuüU~5qdÿ{�Pn8sjûuüUÿ{ýho2�7~8sj��rdrdû{yjyaû{ükf��ZsÀyjû¸w2n5� �dy����fûÔzdû:ü�ÿup4odn8s¿~8ÿÔû{ü�~xwdn5��odþPÿ¸zZÿup4sÐzd� �2yjûÔwM�PodnxzZû{o��c~8qdÿI��n5saû{üÿuý�oi�7~5sa�Pr2rdûIyayjûuüItZýhods�rdûÔw2�Pn�~X�B��ûIrh~|w2��üzZû¸ü�} � �i��yjûuüUzdû#4R��r2pK~8sj��rÀtd�Bya�PnXüUyjûÔwdn8���2y����"ûÔzZû¸ü5ÿ{p4o2n5sj~5ÿ�û{ü�~ zZÿ �pIsazd���dyaûwi��odn]y 	 odr2sj��rfzdû{ü]zZû{o��"~5qdÿ{�Pn8sjûuüI�'�|ûxn8ÿ{ü5odyj~8�B~�wMûIn �fû4~|z 	 oZ~8sjyasÐü�û{n]yjûuü]zZs��Mÿ{n5û{rh~8ü]n8ÿ{ü5odyj~8�B~8ü�wdn8ÿ{ü5ûIrh~8üzd�Pr2ü:yÐ� E*sa�Podn8û	*d� * w2�B��û	*��×wM�Po2n@� �Z~5û{rdsjn"zZûcr2�Podþ�û{�Bo ��n8ÿ{ü5odyj~8�7~Xü:wM�Podn"yaû{ü"p4��� �dsar2�BsÐü���r2ü:zZûuü@zds ��ÿ �n8ûIrh~5ûuü�~5q2ÿI�Pn8saû{üzZÿ5m52Õ�Br2�Pyj}Zü5ÿIûuüI� Z��Br2ü yjû{odn �Pwdwdn8�QpXq2û¸sjyÐü pI�Pr2ü5saz �In8ûIrh~yjû �f�Zz��{yjûá�¢þ�û{pÔzZûuü zZûuüG~8n5o2p4~5û{odn8üû��Qw2yjsÐp4sj~5ûuü�wi��odn �f�QzdÿIyasaü5ûInyaû¸wi��odþP��sjnzZû:pXq2s ��n5û��fûIrh~û4~ zZû:zZÿupXqds��Mn8û��fûIrh~xzZû¸y 	 sarh~5n8o2ü{�

� �
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6 �Po2üQ4R�ZpI�PyjsÐü���r2ü|rd�B~8n5û��7~�~8ûIrh~5sa�Pr�zd�Briü>yÐ�@ü5odsj~5ûÔzZûÔp4û4~5~5û�~5q��{ü5û�ü5odnUya�@wdn8�Pwdn8sjÿI~5ÿ�z 	 q2���f���f�Pn8wdqdsÐü��"û��
6 �Po2ü"zZ��rdrd�Priü@z 	 � �M�PnXz odr2û�zZÿ��2rdsj~5sa�Pr�zZû�pIû4~�~8û�w2n5��wdn5saÿ4~8ÿcûI~"yaû{ü"ýhodûIyÐýhodû{ü@n5ÿuü�o2y¿~X�7~8ü"zZû�þPÿ{n5s��ipI�B~5sa�Prû��Zsaü�~8�Pr�~Xü�ýhodsQyÐ� w2n5û{rdrdûIrh~�ûIrfp4� �"wd~5ûP��n]riü�odsj~5û�t7rd�Poiü�w2n5ÿuü�û{r�~8�Pr2ü*ýhodûIyÐýhodû{ü�wdn8�B~8�QpI�Pyaû{ü�y 	 oZ~8sjyasaü8�Brh~u��n]r��2rÀtr2�Po2ü�Prdrd�Pr�74�Priü|yaû:p4��rh~5ûIrQo×zZû{üpXqi�Bwdsj~5n8û{üü5odsaþ¢�Prh~8ü{�
_H`���`5a � y�� > ��dd��� > �ed�dZ�d� = � t � � � �
v\dZ� > d v `

i r���wiÿ{n8�B~5û{odn
h
wi�hü5ü��{zdû�yÐ�"wdn8�Pwdn8sjÿI~5ÿ¸z 	 qd���f� �"��n5w2qdsaü��fû[wi�BnnX�BwdwM�Pn5~��Po�����wiÿ{n8�B~5û{odn8ü

g
û4~
g′
ü5sxf

h(g(x, y)) = g′(h(x), h(y))

6 �Po2üÔÿI~5o2zZsaûIn8�Priü[yaû\pI��ü[wi�Bn5~5sÐp4odyasjû{n¸�\o
g = g′

tÀpIû4~5~5ûÕü5s¿~8o2�7~8sj��r#û{ü�~¸wdyao2ü¸p4� �"w2yjû��Qû32��Br2�Pyj}Zü5ûInÔpI�Pnr2�Po2üfwM�Podþ��Pr2ü"nX�Bwdw2yjsÐýhodûInfwdyao2ü5sjû{odn8ü 4R��saüfyÐ��wdn8�Pwdn8sjÿI~5ÿ�t��Pyj��n8üfýhodû'ýho2�Briz
g 6= g′

t]yjû'pXq2�Prd�Pû��fûIrh~fzdûü5} � �M�Pyaû �dyj�Zýhodû�~5��oZ~5û¸r2�Podþ�ûIyayjû¸�Bw2wdyjsÐpI�B~5sa�Pr×zZûÔya�"wdn8�Pw2n5saÿ4~8ÿP�
�Qsa�Pri�Bya�Pr2ü�z 	 ���i��n8z¸ýho 	 odrdûUzZû{ü�wdn8û��fs�In8û{üÀ�Pwdwdn8�QpXq2û{ü�4R��n��fû{yjyaû{ü�wi��odn�� ���Ps��dyasan�y 	 qQ}QwM�B~5q��{ü5û>zZoápXqds���n5û��

�fû{r�~�w2�Pn54 �Ps¿~*û{ü�~*yaû>~8n8�¢þ7�PsjyQzZûH����n]þPû{r 1I9�67S¦ADA � nQ�A��T����W��YNyaü��Prh~V�Br2�Pyj}Zü5ÿ>yaûUpXqds���n5û��"û{rh~ � �Zv�û{ráû{ü8ü8�¢}��Brh~zdûxwdn8ûIr2zZn8ûxû{rcp4� �"wd~5ûxy 	 ��wiÿ{n8�B~5û{odn �áo2y¿~8sjwdyasÐpI�7~8s 4
×
ûI~>yÐ�¸wdn8�Pwdn8sjÿI~5ÿ ü5odsaþ¢�Prh~5ûMf

{x}k×{y}k = {x×y}k
tü5s>yaû �:V��fû �f�ZzZodya� ûuüG~@pI�Pr2ü5sÐzZÿIn8ÿP�eYNyÐüápI�Pr2ü5sÐz��In8ûIrh~:odrdsÐýhodû��fû{r�~@ya�'w2n5��wdn5saÿ4~8ÿfûIrh~5n8ûÕyaû{üápIyjû+4 ü:ûI~áyjû{odnXüsarQþPû{n8ü5û{ü{t �f�ZzZÿIyasaü5ÿIû w2�Bn|yjûuü>zZû{o��\ÿ{ýho2�7~8sj��r2ü]ü5odsaþ¢�Prh~5û{ü f

{{x}k}k−1 = x
ûI~
{{x}k−1}k = x

���Àûxn8ÿ{ü5odyj~8�B~zdû:yjû{odn[�Pn�~8sapIyjû �f��r�~8n5û@ý�o2ûáü�s�odr'wdn8�B~8�QpI�Pyaû¸wdsard� �Wwi��rd�ÕûuüG~[ü
Xdn z2�Br2ü yjû{odn �f�Zz��Iyaûá���2üG~8n8�Ps¿~ �Pyj��n8üxsjy�û{ü�~ü
Xdnû{r�oZ~8sjyasÐü5�Pr�~xyaû:pXqds��Mn8û��fû{r�~�� �dv:�
i rã�Bod~5n8ûcn8ÿ{ü5ody¿~X�7~fp4�Prip4ûIn8r2�Pr�~"p4û4~5~5û�~5qdÿ{�Pn8sjûcÿ{ýho2�7~8sj��rdrdû{yjyaûPtF4RoZ~\ÿ4~X� �dyas|wi�BnA�:�x�|���f�Pr�� �Ào2r2zZqìûI~

�:� ��n8ûIsardû{r � � � �H� � ��zd�Briüyjû:p{�Pü�w2��ü5ü5s�4G� YNyaü �"��rh~5n8ûIrh~xý�o2û¸yjû¸wdn8���2y����"û:zdû:zZÿ{zZoipK~5sa�Pr×ûuüG~ zZÿup4sÐzd� �2yjû¸ûI~sayayjo2ü�~5n8ûIrh~*yjû{odn�n5ÿuü�odyj~8�B~�û{r �f�Prh~5nX�Brh~*ýhodû|yjûUwdn8���dy���fûUzZûUzdÿ{zZo2p4~5sa�Pr@û{ü�~*zZÿup4sÐzd� �dyaûUûIr¸~8û��fw2ü*wi��yj}Qrd� �fsa�Pyû{r�w2n5ÿuü�û{r2p4û¸zZû¸yÐ�"wdn5��wdn8sjÿI~5ÿ¸z 	 qd���f���f��n5wdq2saü��fû[sar2ü�~8�Brip4saÿIû¸zZû¸yÐ� �\�Prds��{n5û¸ü5odsaþ¢�Prh~5û:f

{〈x, y〉}k = 〈{x}k, {y}k〉

�|ûI~�~5ûÔwdn8�Pw2n5saÿ4~8ÿ û{ü�~�þPÿIn8s��2ÿIû�ûIr�w2�Bn5~5sÐp4odyasaûInUw2�Bn�yÐ� �fÿ4~8qd�ZzZûÔzZû¸pXqds ��n8û��fûIrh~�nE�Um j�n]yaû{p4~5n8�PrdsÐpM�|�ZzZûmU�Q��� l4t�zdÿ{p4n8sj~5û'zd�Briüfya��ü�ûupK~8sj��r *d� Si� *d� � w2�B��û */�Q�x6x��o2üfþPû{n5n8�Priü:wdyao2ü\w2�Pn�~8sapIodyas��{n5û��"û{rh~fzd�Pr2ü"ya�eü5û{p �~8sj��r *d� �d� *d� *Õw2�B��û@ü5odsjþ7�Pr�~8û"ýhodûfp4ûI~�~8û"w2n5��wdn5saÿ4~8ÿPtMûIrh~5n8û"yjûfpXqds��Mn8û��fûIrh~Ôû4~¸yÐ�cw2�Psjn8ûPtMwMûIn �"ûI~:zZûá~8n5��odþPû{no2rdû��B~�~X�Pýhodû[ü5odnUyjû[wdn8�B~5�ZpI�Pyaû zZûk6xûIûuzZq2��� �&�ZpXqdn8�Qû{zZû{n|pI�Pn8n5sa�Pÿw2�Pn��"�������|û��'6x��o2üUwdn8ÿ{ü5ûIrh~5��r2ü �\�Bsarh~5û��ri�Brh~wdyjoiü�saûIodnXü�wdn8�B~8�QpI�Pyaû{ü�ýhodsÀoZ~8sjyasÐü�û{r�~xyÐ�"wdn8�Pwdn8sjÿI~5ÿÔz 	 qd���f���f��n5wdq2saü��fûP�
_H`���`r_ � �d�xdQ�Hb��ML��cv t dd� L��5vh� > d LG� w[�d�xw �i�&y�d�y I K �x�|� �|� �>� w �[�5vQ��� `

���ewdn5��wdn8sjÿI~5ÿ z 	 qd���f� �"��n5w2qdsaü��fû×û{ü�~cwdn8ÿ{ü5ûIrh~5û ü5�Po2ü\zds ��ÿIn8ûIrh~5ûuü34R��n��fû{üczd�Br2üÕya�eyas¿~5~5ÿ{n8�B~5odn8ûP�xRV�Pnû��Zû��fwdyaû�zZû�rd� � �dn8ûIo���wdn8�B~8�Zp4�Pyaû{ü�zZû�þP�P~5û#û��fwdyj��sjû{rh~�odr2û �fÿI~5qd�ZzZûezZûepXqds ��n8û��fûIrh~'ý�o2s�od~5sayjsÐü�ûeyÐ�w2n5��wdn5saÿ4~8ÿ�ü5odsaþ7�Brh~5û3f
{x+ y}k = {x}k ∗ {y}k

RV�Pnû �Zû��fwdyaûÔyjû:pXqds���n5û��"û{rh~z 	 n]y �Ô� �\�Pyx� n>ycT��*�Wtdwdn8ÿ{ü5ûIrh~8ÿ�û{r�sarh~5n8�ZzZo2pK~8sj��rÀtdwM��ü8ü �uzZû¸p4ûI~�~5ûÔwdn8�Pw2n5saÿ4~8ÿP�
Z 	 �PoZ~5n8û wi�Bn5~>yjû[pXqds ��n8û��fûIrh~��#�Zv-wM��ü8ü �uzZûxyÐ�¸wdn8�Pwdn8saÿ4~5ÿxz 	 qd� �f���f�Pn8wdqdsÐü �fû ü5odsaþ7�Brh~5û�t�ü5s2yaû{ü]ÿ{���Pyjsj~5ÿuüü5�Prh~ �f�ZzZodya�

n
�\o�yÐ�"pIyjû+4

k = (e, n)
f

{x ∗ y}k = {x}k ∗ {y}kp{�Bn
{x}k = xe �"�Zz

n
�

� �
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6x��o2ü�wdn8ÿ{ü5ûIrh~5��r2üUz 	 ���i��n8zcodrdû¸�Bod~5n8û��B~�~8��ýhodû¸ü�odn�yaûÔwdn5�P~5�Zp4��yjû&�unxR�ýhods�oZ~5sayasaü5ûÔya�"wdn8�Pwdn8saÿ4~5ÿÔz 	 qd� �
�f���f��n5wdq2saü��fû�zZû¸yÐ� 4R�Pr2p4~5sa�Pr'z 	 sjrh~8ÿI�Pn8sj~5ÿ

C
� R]odsÐü{tdrd�Poiü �f�Prh~5n8ûIn8�Pr2ü�pI�����fûIrh~ya�"þPû{n8ü5sa�Pr�pI�Pn8n5sa�Pÿ{û�zdowdn8�B~8�Zp4�PyaûázZû:6xû{û{zZqi� � ���dpXqdn5�QûuzZûIn[wi�hü5ü��{zZû@odrdûf�7~5~8�Pýhodû"ü�s�yÐ� �fÿ4~8qd�ZzZûfzZû"pXq2s ��n5û��fûIrh~ n��Um�û{ü�~[û�� �wdya�7}Pÿ{ûP�qn]r2ü5odsj~5û\rd��o2ü�û �Zwdyasaýhodû{n5��r2ü[pI�����fûIrh~¸yjûuüÔwdn8�B~5�ZpI�Pyaû{ü�zZûfþP�B~8û"ü5ûfü�û{n5þ�ûIrh~Ôü5�Po2þPûIrh~ÔzZû��f�Prds�In8ûpIn5o2pIsa�Pyjû[zZû[yÐ�:w2n5��wdn5saÿ4~8ÿ[z 	 qd� �"� �f�Pn8wdqdsÐü �fûP�'R]odsÐüUrd�Po2ü|wdn8ÿ{ü5ûIrh~5û{n5��r2ü]yaû�wdn5�P~5�Zp4��yjû&�Hz 6:tZp4û�wdn8�B~8�QpI�PyaûûuüG~xrd�P~5n8ûÔwdn5�P~5�Zp4��yjû¸zZû¸n8ÿ�4Rÿ{n5û{r2p4ûÔwM�Podny 	 �Br2�Pyj}Zü5ûÔzdû{üwdn8�B~8�Zp4�Pyaû{üUû{r�w2n5ÿuü�û{r2p4û:zZû¸y 	 � �Zsj� �fû�ÿuýho2�7~8sj��rdrdûIyz 	 qd� �"� �f�Pn8wdqdsÐü �fûÔü�odnyaûW�á�Po×û �dp4yao2ü5s 4����

{e|��e|~{e|�} �Q� �"����0�e�'� �r� � � � "�� 
 
 %���� $ � �r�/��� �#"�� $ ��� � � � � 
 �	��|
6x��o2üÀn8ûIw2n5û{rd�Pr2ü�yaû �unxR#wdn5�P~5�Zp4��yjû�tIzZÿup4n8s¿~F2�yÐ�xü5û{p4~5sa�Pr;*Z� S2� *Z� S�w2�B��û � �dtIû4~�w2n5ÿuü�û{r�~8�Pr2ü�o2rdû>zZû{o��Zs����"û�B~�~8��ýhodûPt�zZÿ{pIn5sj~5û@w2�Bn 6:��mU�Pn8saü5�7þ 1I9[6BS¦ADA � mH����� C �Wt�ý�o2s*od~5sayjsÐü�û"yaûM4 �Bsj~¸ý�o2ûáyÐ�34R�PripK~5sa�Pr�z 	 sjrh~5ÿ{�Pn8s¿~8ÿ

C
ts�fwdyjÿ��fûIrh~5ÿ{û�wi�BnyÐ�[4R��r2pK~8sj��r ���H�
� � *dtQwi�hü5ü��{zZûÔyÐ�"wdn5��wdn8sjÿI~5ÿ¸ü�o2sjþ7�Brh~8ûÔz 	 qd� �f���f�Pn8wdqdsÐü �fû f

C(x ⊕ y) = C(x) ⊕ C(y)

� 	 sar�~8n5oiü �"�ZzZs��2û:�Pyj��n8üUodr �fû{ü8ü5�P�Pû�sjrh~8ûInXp4ûIwd~5ÿ¸pXqds��Mn8ÿÔûIr�4 �BsÐü5�Prh~�yaûU�@�Po�û �dp4yao2ü5s 4x�czdo �fûuü5ü8�B��û�zZûü5�Pr pXqd��s �×û4~Ô�Bsar2ü5s �dn8�Podsayayjû:��o#pXq2�Prd�Pû¸yaû �fû{ü8ü8�B�Pû¸û{r wdn8ÿ{ü5ûIn8þ7�Brh~xya��ü�� ���"û@z 	 sarh~5ÿ{�Pn8s¿~8ÿPtiýhods��7~5~5ûuüG~8ûInX�zZû¸yÐ�\þ7�ByasÐzZs¿~8ÿázZo �fû{ü8ü8�B�Pû�� R��Podn[p4ûIyÐ�dt2y 	 �7~5~8�Pýho2�Prh~xsjrh~5û{n8pIûIwZ~8û
〈M,C(M)〉 ⊕ RC4(v,Kab)

û4~[pI�Prdri��hÐ~
D
� �
	 sarh~5n8o2ü�wMûIoZ~[�Pyj��n8üU� �Z~5û{rdsjnyaû¸pXqds��Mn8ÿ:�Pü8ü��ZpIsjÿÔ�Bo �fû{ü8ü5�P�Pû

M ⊕D
û{r'pI�ByÐp4o2ya�Pr�~Af

(〈M,C(M)〉 ⊕RC4(v,Kab))⊕ 〈D,C(D)〉

= RC4(v,Kab)⊕ (〈M,C(M)〉 ⊕ 〈D,C(D)〉) (E1)(E2)

= RC4(v,Kab)⊕ 〈M ⊕D,C(M)⊕ C(D)〉 (E6)

= RC4(v,Kab)⊕ 〈M ⊕D,C(M ⊕D)〉 (E5)

{e|��e|~{e|~{ �Q� �"����0�e�'� �r���p��� 
���� � 
 �c����"��e� 
�� " 
 �]���[�p� $���� 
 ���W|
n]r C �'���2t��"� �À���UûB� �À���^�)�*�]wdn8�PwM��ü5û"o2rdûÕp4��n5n8û{p4~5sa�Pr#�Po�w2n5�P~5�Zp4��yjûfzZûU6xû{û{zZqi� � ���dpXqdn5�QûuzZûInut�rd�Po2üwdn8ÿ{ü5ûIrh~8�Pr2ü�sÐp4s*p4û4~5~5ûápI�Pn8n5ûupK~8sj��rÀ��n]r2ü5odsj~5ûár2�Po2ü �f��r�~8n5��r2üxýhodû:ü5s�yaûápXqds��Mn8û��fû{r�~[oZ~5sayjsÐü5ÿ:û{ü�~xya� �"ÿI~5qd�ZzZû

n]yaû{p4~5n8�PrdsÐp]�|�ZzZû>mU�Q��� j�nE�UmHl�sayhû �Zsaü�~5û>odrdû>�B~�~8��ýhodûP�(�x�BwdwMûIya�Priü�mGo2ü�~5û>yÐ��wdn8�Pwdn8saÿ4~5ÿ]nE�Umgf
{A,B,C}k =

{A}k, {B}k, {C}k
�\o×yÐ�f~8�PsjyayaûázZû{ü �dyj�Zp{ü

A
t
B
t
C
ûuüG~[odr �áodyj~5sawdyaû@zZûáya�"~X�BsayjyaûázZû �2yj�Zp¸oZ~8sjyasÐü�ÿ{û:w2�Bn yjûpXqds���n5û��"û{rh~pI�Pr2ü5sÐzZÿIn8ÿP�

����p4��n5n8û{p4~5sa�Pr zZû3�"� �À���Uûá�Bo�wdn5�P~5�Zp4��yjû@zZû 6 ûIûuzZq2� � �&�Qqdn8�Qû{zZû{n[p4��r2ü5saü�~5û 2cnX��mG��oZ~5û{n y 	 sÐzZûIrh~8s¿~8ÿ"zZûy 	 �P�Pû{r�~
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1.1 A → I : {A,Na} ����� (C)

2.1 I(A) → B : {A,Na} ����� (B)

2.2 B → I(A) : {Na, Nb, B} ����� (A)

1.2 B → A : {Na, Nb, I} ����� (A)

1.3 A → I : {Nb} ����� (I)

2.3 I(A) → B : {Nb} ����� (B)
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pub(S)
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A
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B
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Nb
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pub(S)
�
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ü5ûInX�"ya�ÕpIyjû+4]ý�o2û¸w2�Bn5~8�P�PûIn8�Prh~�yjûuü zZû{o����P�Pû{r�~XüodrdûM4R�PsÐüyjûáwdn5�P~5�Zp4��yjû
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A
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A
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p{�BnsayÀp4��rdr2��hÐ~
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�

1 A → S : A,B, {Na}pub(S)

2 S → B : S,A

3 B → S : B,A, {Nb}pub(S)

4 S → A : S,B,Nb⊕Na
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{x ∗ y}k = {x}k ∗ {y}k
�|û4~5~5ûÔ�7~5~8�Pýhodû �fû4~�ûIr[mGûIo�odrcsarh~5n8o2ü

I
ûI~ü5�Pr�p4���fwdyasÐp4û

M
tQy 	 sarh~5n8o2ü�p4�Pr2r2��hÐ~Uü5�Pr�rd�Pr2pIû

NI
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{Nb}pub(S)
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{NI}pub(S)
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{NI}pub(S) ∗ {Na}pub(S)

pIûáýhodsÀû{ü�~ ÿ{���ByF2
{NI ∗Na}pub(S)
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{NM}pub(S)
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1 I → S : I,M, {NI}pub(S) ∗ {Na}pub(S) = {NI ∗Na}Pub(S)

2 S → M : S, I

3 M → S : M, I, {NM}pub(S)

4 S → I : S,M, (NI ∗Na)⊕NM
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{a}k ⊕ {b}k =

{a ⊕ b}k
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⊕
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C �
(x ⊕ y)⊕ z = x⊕ (y ⊕ z)

j v[ü5ü5�Zp4sÐ�7~8sjþQsj~5ÿ¸v#l
*Z�
x⊕ y = y ⊕ x

j �|�����áoZ~X�7~8sjþQsj~5ÿ ��l
� �

0⊕ x = x
j�i rdsj~5ÿMi l

S2�
x⊕ x = 0

j�6 sjyawM�B~5û{r2p4ûM6 l
�Z�
x⊕ I(x) = 0

j�YNrhþ�ûInXü�û YHl
�d�
h(x⊕ y) = h(x)⊕ h(y)

j �x���f� �"��n5w2qdsaü��fûÔqpl
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� � ���áyÐ�@~5qdÿ{�Pn8sjûÔÿ{ýho2�B~5sa�Prdr2ûIyayjû¸p4��r2ü�~5sj~5odÿ{ûÔzdû{üx� �Qsa���fûuü C t *ZtdûI~��d�
� � ���	���xyÐ�x~8qdÿI��n5saûUÿ{ýho2�7~8sj��rdrdû{yjyaûp4�PriüG~8s¿~8odÿIû�zZû{üV� �Zsj� �"ûuü C t�*Zt � t�SÔû4~ �2t¢pIû4~5~5ûU~5qdÿ{�Pn8sjû�p4��n5n8û{ü5wM�Pr2z
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� �����ÔyÐ��~5qdÿ{�Pn8sjûxÿuýho2�7~8sj��rdrdûIyayaûxp4�PriüG~8s¿~8odÿIû zdû{ü>� �Zsj� �"ûuü C t)*Zt � t)��ûI~C�dthzd�Br2ü|p4û p{�PüVr2�Po2üVwi�Bn8yjû{n5��r2üzZû¸y 	 qd� �f���f�Pn8wdqdsÐü �fûÔü�o2nyjûuü�Pn8�PodwMû{ü����iÿ{yjsaûIr2ü{�
Z��Br2ü|yÐ�:ü�ûup4��r2zZûw2�Pn�~8sjû zdû[p4û[zZ�Zp4o �fûIrh~ut�rd��o2ü]w2n5ÿuü�û{r�~8�Pr2ü]yjû �f�Zz��{yjû�zZû Z[�PyaûIþ �  >�P�:û4~UpXqdûInXpXqd�Priüx2y 	 ÿ4~5û{r2zZn8û|wM�Po2n*w2n5û{r2zZn8û>ûIrfp4� �fwZ~5û�zZû{ü�~8qdÿI��n5saû{ü�ÿ{ýho2�B~5sa�Prdrdû{yjyaû{ü{tu~5qdÿ{�Pn8sjûuü�ýhodsQwMûIodþ�ûIrh~(V4~5n8ûUn5û{wdn5ÿuü�û{rh~5ÿIûuüwi�Bn>o2rcü�}Zü�~����"û[zZû n8ÿIÿup4n8s¿~8odn5ûxpI�Pr��iodûIrh~{�/R]odsÐü{t�rd��o2ü>zd�Prdrd��r2ü]o2rdû[�Pwdwdn8�QpXq2ûxwi��odn>yaû[p{�Pü>w2�Pü8ü�s�4Àzd�Briü]yaû

�f�Zz��{yjûzZûHZ[�PyaûIþ �  >�P�[ÿI~5û{r2zZoÀtBzd�Pr2ü�yÐ�PýhodûIyayaû|rd��o2ü �f�Prh~5n8�Pr2ü*odr"wdn8û��fsaûInVn8ÿ{ü5ody¿~X�7~��Pÿ{rdÿIn8saýhodû�zZû�ya�Qp{�Byas¿~8ÿü5s�"w2yjû"ûIr�wdn5ÿuü�û{r2p4û"zZû{ü[~8qdÿI��n5saû{ü�ÿ{ýho2�B~5sa�Prdr2ûIyayjûuüI�qn]r2ü5odsj~5ûfrd�Poiü �f�Prh~8n5��r2ü[pI�����fûIrh~¸p4û"n5ÿuü�odyj~8�B~�wMûIod~
VI~5n8û��Pwdwdyasaýhodÿ×�Bo�pI�Pü"zZo �"�Zz��{yjû×p4yÐ�Pü8ü5saýhodû�zZû�Z[�PyaûIþ �  >�B��wi��odnfn5ûI~5n8�Podþ�ûInáyaû�n5ÿuü�odyj~8�B~"zZû×zZÿuzZo2pK~8sj��rwM�Po2nxyjûáwdn5� �dy���fûázZû:y 	 sjrh~5n8o2ü{� R]odsÐü[rd�Po2üxy 	 �Bwdw2yjsÐýhod�Pr2ü �Bo pI��üxzZûuü~5q2ÿI�Pn8saû{üÿuý�oi�7~5sa�Pr2rdûIyayjûuüxü5odsjþ7�Pr�~8û{üAf
�����Qt � ���	���cûI~ � ���Q�en]rìü�	 sar2ü5wdsjnX�Brh~:zZû\rd�hü�~5nX�¢þ7�Bo��#sardsj~5sÐ�Bo�� � � � �H���Qt � � �H� S �|ýhodsV~5nX�Bsj~8�Psjû{rh~ÔwM�Po2nyÐ�fwdn8û��fs�In8û#4R��saü ya�fw2n5��wdn5saÿ4~8ÿ¸z 	 q2���f���f�Pn8wdqdsÐü��"û¸ü5odn pIû{ü��wiÿ{n8�B~5ûIo2n8ü��ü5ü5�Zp4sÐ�7~5s�4 ü�û4~�p4�����@oZ~8�B~5s�4 üxzd�BriüyaûÕpI��ü¸w2��ü5ü5s 4Gt����FZ[ûIyÐ�Bodr2û\wdn5��wi�hü5��odr2û\wdn5�ZpIÿ{zZodn8û3R � ��Y&zpn � Z û{y����P���>wM�Po2n:n5ÿuü���o2zZn8ûfyjûÕw2n5� �dy����fûfzdûzdÿ{zZo2p4~5sa�Pr:zZûVy 	 sjrh~5n8o2ü�wi��odn�p4ûuü�~5q2ÿI�Pn8saû{ü�ÿuý�oi�7~5sa�Pr2rdûIyayjûuüI��� 	 sazZÿ{û]wdn8sjrip4saw2�Byaû]zZû]p4û]~5nX�¢þ¢�Psjy7ûuüG~*zZû]n8û��fwdyÐ�Pp4û{nzds ��ÿIn8ûIrh~5ûuü>�Pwdwdyasap{�7~5sa�Priü]zZû{ü|n �I�Pyaû{ü>zZû p4��r2ü�~5n8o2pK~8sj��r\wi��odn>yaû[ü5} � �M�Pyaûqd���f���f��n5wdq2saýhodû
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û4~Uyjû ü5} � �M�Pyaû
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�����Qt�yj��n8ü8ýhodûáyaû"ü5} � �M�Pyaû@q2���f���f�Pn8wdqdsÐýhodûáûuüG~¸yaû"ü5} � �M�Pyaû"zdûfpXq2s ��n5û��fûIrh~ÔpI�����áod~8�7~8s 4U�Po�w2�Pü{��6x�Poiüw2n5��wi�hü���r2ü �Pyj��n8ü odrdû"wdn5�ZpIÿ{zZodn8ûázZûfzZÿup4sÐü�sa�Pr wM�Po2n�yaû"wdn5� �dy���fû@zZû"zZÿ{zdo2pK~8sj��r�zZû"y 	 sar�~8n5oiü[û{r wdn8ÿ{ü5ûIr2pIûzdû"pIû{ü[~5qdÿ{�Pn8sjûuüI�qn]r��ir�r2�Po2ü �f�Prh~5n8�Priü yaû{ü�n8ûIyÐ�7~5sa�Priü û��QsÐü�~8�Brh~8û{ü[ûIrh~5n8û@yaû"wdn5� �dy���fû"z 	 odr2s �ip{�7~8sj��r#û4~Ôyaûw2n5� �dy����fûÔzdûÔzdÿ{zZo2p4~5sa�Pr'zZû¸y 	 sarh~5n8o2ü{�
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Ï2�D� ���cÖ��2¼MÓP½a�c¼M���á�Z½a�B�����¾h�M�|�����[���[�����[���[�����[��� ���[�����[���[�����[� ¡��ÙB¤¦¥u¤¦¥÷å>æP²Z³{¬Gçhâ8±N©X±>Ì�°"Ü¸³BÌPâXÎ¦©u¤ ¤¤�¤¤¤¤U¤¤¤�¤¤¤¤�¤¤¤�¤¤¤¤�¤¤¤¤U¤¤¤÷®��ÙB¤¦¥u¤ £ Ê2©±WæP±W¬GâXÜ¸©Ì�©�Ì�µKÌP°hª8¬G´¦³uÆ"Ì�©à�³{Î¦©XÅ��! *Ç{³P¤ ¤¤¤¤�¤¤¤�¤¤¤¤�¤¤¤¤U¤¤¤÷®¢ÝÏ2�j� ���cÖ��2¼MÓP½a�c¼M���á�Z½a�B�����¾h���B�X��ÁM¼�î#¾B�Z�Pº@¼M�P�Ô�i�I�Q�M�I�a�B�X�P�:¾h½#"Q�P·M�I�%$iîi�P�u�i�[� ¡�&ÙB¤ £B¤¦¥ÄÊ2©Ü¸³BÌ�âXÎ¦©xÌP©�à�³uÎ¦©XÅ��' *Ç{³�µ5¬G©XÆQÌP°"²QÇ4«>°hÆh©|¬GçhµX³I«G´¿©µXÈB°hÇI¬G´¦³uÆ�Æh©XÎ¦Î¦©u¤�¤¤U¤¤¤÷®uäÙB¤ £B¤ £ Ê2©Ü¸³BÌ�âXÎ¦©à�³{Î¦©XÅ��! *Ç{³[µ8¬G©XÆhÌ�°á²QÇI«]«GµXµ8ª8«G´é¬G°�«G©u¤ ¤¤�¤¤¤�¤¤¤¤�¤¤¤¤U¤¤¤÷®uëÙB¤ £B¤ Ù àU´¦èdµ5«G©XÆ7¬G©X±V¬GçhµX³I«G´¿©8±>µXÈB°hÇI¬G´¦³uÆ�Æh©XÎ¦Î¦©X±>ªX³uÆ�±N´¿Ì�µ8«GµX©8±X¤�¤¤¤�¤¤¤¤�¤¤¤¤U¤¤¤¨É7¥
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T `E u T `E v

T `E 〈u, v〉
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T `E u T `E v

T `E {u}v

(Eq)
T `E u u =E v

T `E v
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T `E 〈u, v〉

T `E u
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T `E v
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T `E u
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R
�f�ZzZodya�eya��~8qdÿI��n5saûÿuýho2�7~8sj��rdrdûIyayaû

S
�

�9'/�������*���q� � � �Q� "����p��� � �!"����p���!"����!��� � ��=7AD9 (R,S) YZCM1ÀLM3 !4E 14Ci9W6B9öA =BC E =7Y E F4=B3K^f1 � 1�3 ! ! HI3KAD9öYZ351
� 1\Sj6'9D0 ! =B3KA 1 ! �IY2679<A =7C2C�14SDSa1 E k 
 Ce9N143K^\1 t 1 E 9[1IC 4R��n��fû"rd�Pn �\�Byaû E & ADSVC & J 6áLd6 E � 1\9N143K^\1 s 9W1IS��4Y21
t→R/S s � t E 1@3 ! � YZAD9�1IC s L2673:YZC�1:3 �WOPSj1 � Y E J E 9 �I^\1 � 1:3 ! ! HI3KAD9öYZ381 R ^\= � YZSj= S �Pk �MA t →∗ s 1I9 s 1 E 91ICáF4=B3K^f1@CM=B3K^f6BSj1"67Sj=B3 E CM=7Y E�� AD38=7C E �IY21 s 1 E 9>Sj6[F4=73K^\1:C�=73K^\67Sj1 � 1 t b � ! CM=B9 ! s = t ↓ k

�û��\�BnXý�o2û�yaû{üE4R��n��fûuü�rd�Pn �\�Byaû{ü�ü���rh~�o2rdsaýhodûuü^2fp4yÐ�Pü8ü�ûÔz 	 ÿ{ýhodsaþ7�ByaûIr2pIû¸wdn��uüI�
S'�



� ���<��� ����"
	 ������.��W� �&��! �[�����A��!�� �������'� �e��� ����"]���������$	���� ��"H��!�)��F� �
	r-�./��"*�


�� ���� �r�9# �MA CM=BY E 6  =7C E Sj6�3 �WOPSj1 � 1×3 ! ! HI3KAD9öYZ381 E YZA  67Ci9W1 f(x ⊕ y) →R f(x) ⊕ f(y) 1I9 S 1 E 9¸Sj69R0 ! =73KA 1á6 EXE ={HIA 679<A  1"1I9>H8=B^@^"YZ9N679<A  1:6 EXE =uHIA ! 1á67Y E J7^  X=7Sj1 ⊕ b 6BSj=73 E Sa6F4=73K^\1ÔCM=B3K^f6BSj1 � 1 f((a⊕ b)⊕ c)1 E 9 f(a)⊕ f(b)⊕ f(c) k
�ÀûuüE4R�Pn �fû{ü�rd��n��\�Byaû{üU��r�~yaû{üw2n5��wdn5saÿ4~8ÿ{ü�ü5odsjþ7�Pr�~8û{ükf
�
∀u, v

f
u =E v ⇒ u ↓ =S v ↓�

∀u
f
u =E u ↓

�9'/�������*���q� � ���#" '&�*�����0���*���q� �0�q���� � "��g� 
�� "F' '�� "����*��"�� 
 �����F�P�*��'�� "���� ' %��F� �0���q���F�&�%�r� �
��=7A 1IC29 E 1I9 S YZC�1á9R0 ! =B3KA 1 ! �4Y26B9öA =BC2CM1ISDSj1 E YZ3:Sa6 E A¿OPCM6B9öYZ381 Σ b 149 R YZC E J E 9 �I^f1 � 1"3 ! ! H43KAD9<YZ351 E YZ3:Sj1 E
Σ 1N9N143K^\1 E4k (R,S) 1 E 9>YZCM1 wdn8ÿ{ü5ûIrh~8�B~5sa�Pr×ü���o2üQ4R�Pn �fû:zZûÔn5ÿ{ÿ{p4n8sj~5odn8û � 1 E E A>149 E 14YZSj1I^\14Ci9 E A
� R 1 E 9|Sa={HX67Sa14^\14Ci9�HX=BC��UY214Ci9]^\= � YZSj= S k
� R 9N1I3K^@ADC�1:^\= � YZSj= S k
��� =7YZ3¸9N=7Y E Sj1 E 9N1I3K^f1 E HISj= E Σ 1N9N1I3K^f1 E u, v T u =E v E A>149 E 1IYZSj1I^f1IC29 E A u ↓ =S v ↓ k =�� t ↓ � ! CM=79N1Sj6xF4=B3K^f1@C�=73K^\67Sj1 � 1 t Ld=BYZ3¸Sj1 E J E 9 �4^\1 � 1á3 ! ! HI3KAD9<YZ351 R ^f= � YZSa= S k
6x��o2ü�p4��r2ü�sÐzZÿ{n5��r2ü �\�Psjrh~5û{r2�Brh~�odrdûUû �Q~5û{r2ü5sj��r@zZo �f�Qz �IyaûUzZûHZ[�PyaûIþ �  >�B�[zdû|yÐ�Ôü�ûupK~5sa�Pr � � *Z� C w2�P�PûQS'Tdtzd�Pr2ü�yÐ�PýhodûIyayaûUr2�Po2ü*~8n8�¢þ7�Bsayayj��r2ü�ü5odnVyaû{ü�4R��n��fû{ü�r2�Pn �f�Pyjûuü �"�ZzZo2yj�

S
2ÔpXq2�PýhodûUÿ4~X�BwMûxzZûya��wdn8ûIo2þPûP� �
	 sÐzZÿIûûuüG~[ýhodûáy 	 ÿ{ýhodsaþ7�ByaûIr2pIû �"�ZzZo2yj�

S
ûuüG~ 4 �Pp4sayaû��fûIrh~[zZÿup4sÐzd� �2yjû��ivxsar2ü5s�rd��o2üxwM�Po2þP�Priü��B~8ûInxyÐ�\n �I�Pyaû

(Eq)
û4~~8n8�¢þ7�Bsayayjû{n�ü5ûIodyaû��fû{r�~á�¢þ�û{p"zZû{ü¸pIya��ü5ü5û{ü¸z 	 ÿuý�o2sjþ7�ByaûIrip4û��f�Qzdodyj�

S
�F6x�Poiü¸p4�Priü�sÐzZÿIn8�Priü[sÐp4sVy 	 �PwMÿInX�7~5û{odn

⊕ýhods�ûuüG~ ��ü5ü5�Zp4sÐ�7~5s�4�ûI~ p4�����@oZ~8�B~5s�4�jöv ��lK�
6x��o2ü �f�Prh~8n5��r2ü �\�Bsar�~8ûIr2�Prh~:y 	 ÿ{ýhodsaþ7�ByaûIr2pIû\ûIrh~5n8û\yjûuü:zZû{o�� �f�Zz��Iyaû{ü:sjrh~5n8�ZzZodsj~8ü{�c6x��o2ü¸û{rdyjû{þP��r2ü¸yÐ�n �I��yjû

(Eq)
û4~�pI�Pr2ü5sÐzZÿIn8�Pr2üfyaû rd��odþPûu�Bo�ü5}Qü�~����fû zZû#zZÿuzZo2pK~8sj��r

`
wdn8ÿ{ü5ûIrh~5ÿ zd�Pr2üÕyÐ� �2��odn5û � � *�wi�B�Pûwdn8ÿ{pIÿ{zZû{rh~5û�ûIr×oZ~5sayasaü8�Brh~xyaû{üE4R�Pn �fû{ü�rd��n��\�PyjûuüI�

(A)
u ∈ T

T ` u ↓R/AC

(P )
T ` u T ` v

T ` 〈u, v〉 ↓R/AC

(C)
T ` u T ` v

T ` {u}v ↓R/AC

(UL)
T ` r

T ` u ↓R/AC

if 〈u, v〉 = r

(UR)
T ` r

T ` v ↓R/AC

if 〈u, v〉 = r

(D)
T ` r T ` v

T ` u ↓R/AC

A F r = {u}v67C � u ↓R/AC = u

(F )
T ` u1 ↓R/AC . . . T ` un ↓R/AC

T ` f(u1, . . . , un) ↓R/AC

�a�0�C� � � �C� z'�Zz��Iyaû>zZû>wdn5û{odþPû]zdû]Z ��yjû{þ �  >�P�x�¢þPû{p�yaû{ü�4R�Pn �"ûuüÀrd��n��\�Pyjûuü�saü8ü�o2û{ü�z 	 odr:ü5}ZüG~ ���fû>zZû>n5ÿ{ÿ{p4n8sj~5odn8û
R

�f�ZzZodya� � � �
�M� '��!" ����� } ��=BAD9 (R,S) YZCM1|L�3 !KE 1IC29N679<A =7C E =7Y E F4=73K^\1 � 1¸3 ! ! HI3KAD9öYZ351 � 1¸Sa6f9D0 ! =73KA 1 ! �IY2679<A =7CiCM1ISDSj1 E b
T ⊆ T (Σ) b 1I9 T ∈ T (Σ) k �MAVSj6�9D0 ! =73KA 1 ! �4Y26B9öA =BC2CM1ISDSj1 $ Sj1 E LM35=XLM3KA ! 9 !4E:E YZA  6BC29N1 E ({u}v) ↓ = {u ↓}v ↓ b
(〈u, v〉) ↓ = 〈u ↓, v ↓〉 6BSj=73 E C�=7Y E 6  =7C E

T `E u E A>149 E 14YZSa14^\14Ci9 E A T ` u ↓
� 3814Y  1 f

�Àûuü:wdn8�Pw2n5saÿ4~8ÿ{ü
({u}v) ↓ = {u ↓}v ↓

ûI~
(〈u, v〉) ↓ = 〈u ↓, v ↓〉

r2�Po2ü:��ü5ü5odn8ûIrh~áýhodû\yaû{üáü5} � �M�Pyaû{ü:zdûpXqds���n5û��"û{rh~�û4~'zZû�w2�Bsan8û#rdûezZsÐü5ü5w2�BnX�BsÐü8ü�û{r�~Õwi�Pü×�¢þPûup'ya�ì~5qdÿ{�Pn8sjû�ÿ{ýho2�B~5sa�Prdr2ûIyayjû�zd�Br2ü�yaû�ü5}ZüG~ ���fû�zZûn8ÿIÿup4n8s¿~8odn5û��
� �



��� � � ��� �W� �&� !��M��� �A��!�� ��� ���/� ��� ������.U�)����#����"]���������$	���� ��"H��!�)��F� �
	r-�./��"*�

�Q��s¿~xo2rdû¸wdn8ûIodþ�û�zZû
T ` u ↓

rd�Poiü�wi��odþP��r2üE4 �PpIsjyaû��fûIrh~�~5n8�Po2þPûIn�odr2û¸wdn5û{odþPû¸zZû
T `E u

û{r�sar2ü5ÿInX�Brh~zdû{ü�ÿ4~X�BwMû{üwi�Bn�ya�fn �I��yjû
(Eq)

�
�ÿup4sawdn8�Qýhodû��fûIrh~{t�rd�Po2ü¸~5nX�Br2ü54R�Pn �f�Pr2ü¸o2rdûÕwdn8ûIodþ�ûÕýhods>oZ~8sjyasÐü�û

`E
ûIr odr2ûÕwdn8ûIodþ�û\oZ~5sayjsÐü8�Brh~

`
w2�PnyÐ�\~8n8�Pr2ü54R�Pn �f�B~5sa�Pr'zZ��rdrdÿIû"zd�Briü yÐ� �2��odn8û � � S2�e�|û4~5~5û:~8n8�Pr2ü54R�Pn �f�B~5sa�Pr'rdû"pXq2�Br2�Pû:w2��ü yaû{ü 4RûIo2sjyayjûuü[zdû@yÐ�w2n5û{odþPû���6 �Po2ü �f��r�~8n5��r2ü�w2�Bn¸sar2zZoipK~5sa�Preýhodû\ü�	 say]}#��odrdûfwdn8ûIodþ�û\zZû

T `E u
�Pyj��n8ü[yÐ�c~8n8�Pr2ü54R�Pn �f�B~5sa�Pr���i��oZ~5sj~xûIr�odrdû¸w2n5û{odþPû¸zZû

T ` u ↓
�

(Eq)

(R1)
P1

T `E u1 u =E v

T `E v
⇒ (R)

P1

T ` v ↓

(R)

(R1)
P1

T `E u1 . . .
(R1)

P1

T `E u1

T `E v
⇒ (R)

(R1)
P1

T `E u1 . . .
(R1)

P1

T `E u1

T ` v ↓

�a�0�y� � � S � ��nX�Br2ü54R�Pn �\�7~8sj��r2ü|z 	 odr2û¸wdn5û{odþPû¸zZû
T `E u

ûIr×odr2û�w2n5û{odþPû¸zZû
T ` u ↓

�
6 �Po2ün8ûI�h�BnXzZ�Priü>yaû{üzZs���ÿIn8ûIrh~8ü�wM�Podn ya�fzZû{n5rds�In8û�n��{�PyaûÔzdo×ü5}ZüG~ ���fû:f
• (A)

f RV�BnzZÿ �irds¿~8sj��r'zZû:p4ûI~�~5û¸n �I��yjû�tQyjû¸n8ÿ{ü5odyj~8�7~ûuüG~H4R��n8pIÿ��fûIrh~ûIrB4R�Pn �fû�r2�Pn �f�Pyjû��
• (Eq(E))

f��|�����fû
(R,S)

ûuüG~xo2rdû¸wdn8ÿ{ü5ûIrh~8�B~5sa�Pr×ü���o2ü�4R�Pn �fû¸zZû:n8ÿIÿ{pIn5sj~5o2n5û¸zZû¸yÐ�"~5qdÿ{�Pn8sjû
E
rd��o2ü�¢þP��r2ü

u ↓ = v ↓
j �"�ZzZo2yj�

S
l|rd��o2ü����d~5ûIr2�Pr2ü �dsaûIr×odr2û¸wdn5û{odþPû¸zZû

T ` u ↓

• (P )
t
(C)

�Po
(F )

f�RV�Bn[qh}QwM�B~8q �{ü5û:z 	 sjr2zdo2pK~8sj��r#ü�o2n~5�Pod~5û{ü yjûuüxqQ}Qwi�P~5q �uü�ûuüxzZû:yÐ�\n �I��yjû¸ûI~[�¢þPûup[yaû
4 �Bsj~ ýhodû

f(u1, . . . , un) ↓ = f(u1 ↓, . . . , un ↓) ↓
û4~yaû{ü�wdn8�Pwdn8saÿ4~5ÿuü

({u}v) ↓ = {u ↓}v ↓
t
(〈u, v〉) ↓ =

〈u ↓, v ↓〉
rd�Po2üpI�Pr2pIyjo2�Pr2ü{�

•
j�ZklKtQw2�Pn|sar2zZo2p4~5sa�Pr

T ` {u}v ↓
û4~
T ` v ↓

tQ�¢þPûup
{u}v ↓ = {u}v ↓ ↓

û4~|yÐ�:n �I��yjû j�Zkl]rd��o2ü]� �Z~5û{rd�Priü
T ` u ↓

tdw2�BnxpI�Pr2ü5ÿ{ýhodû{rh~Uodr2û¸wdn5û{odþPûÔoZ~8sjyasÐü5�Pr�~
`
�

•
j�i �Fl���nkjri�� lw2�Bnsar2zZo2p4~5sa�Pr×rd��o2ü����Z~8ûIrd��r2ü�yaû�n8ÿ{ü5odyj~8�B~{�

� Z��Br2ü�yÐ�cü5odsj~5ûPtMrd��o2ü �f��r�~8n5��r2ü ýho 	 say*û��Zsaü�~5û �dsjû{r#odr2û@wdn8ÿ{ü5ûIrh~X�7~5sa�Pr ü5�PoiüH4R�Pn �fû@zZû"n8ÿIÿ{pIn5sj~5o2n5û:wM�Po2n~8�PoZ~8û{ü yjûuüx~8qdÿI��n5saû{üÿuýho2�7~8sj��rdrdûIyayaû{ü ýhodûárd�Po2ü[p4��r2ü�sÐzZÿ{n5û{n5��r2üzd�Briü yÐ�\w2�Pn�~8sjûMY
Yw2�B��ûAS)�d�ivxsar2ü5söt�zd�Pr2üxyÐ�ü5odsj~5û�tdrd�PoiüU~5nX�¢þ¢�PsjyayaûIn8�Pr2üUýho 	 �¢þ�û{p�zZû{üE4R��n��fûuü�rd�Pn �\�Byaû{ü{�
�H`r_�`�� � � �My��d� > dZ�cv d��^yÀ�>�2�G�cv y�? t ��dZ��� >�> �BL L��cv�b�� > vQ� I^y�� yÀ�cv `

6 �Po2üÔÿI~5o2zZsa�Priü¸zZs ��ÿIn8ûIrh~8û{ü[~5qdÿ{�Pn8sjûuü�ÿ{ýho2�7~8sj��rdrdû{yjyaû{ü�sar�~8ûInX�B��saü8ü5�Prh~��¢þPûup:odre��wiÿ{n8�B~5ûIo2n���ü5ü5�Zp4sÐ�7~5s�4>ûI~pI�����áod~8�7~8s 4
⊕
� R��Po2n �f�QzdÿIyasaü5ûIn pIûIyÐ�frd�Poiü�sjrh~5n8�ZzZodsÐü���r2üyÐ�fn��{�Pyaû

(GX)
zd�Pr2üyaû �f�Qz �Iyaû:zZû[Z[�PyaûIþ �  >�P�sarh~5n8�ZzZodsj~Ôw2n5ÿup4ÿ{zdû����fûIrh~Ôz2�Br2ü�yÐ� �i�Podn8û � � �cw2�B��û"ü5odsaþ7�Brh~5û�tÀp4ûIyÐ��wiû{n��fû4~M2�odr�sjrh~5n8o2üÔü�	 say]p4��rdr2��hÐ~Ôodrr2��� �2n5û �2r2s�zZû¸~8ûIn �fû{ü

u1, . . . , un
zdûáp4��r2üG~8n5o2sjn8û¸y 	 �Bw2wdyjsÐpI�B~5sa�Pr'zZo ü5} � �M�PyaûM2Õp4ûI~ ûIr2ü5û�� �dyaû:zZû¸~5û{n��fûuü

jöp4ûup4sÀpI�Pnyjû:ü5} � �M�Pyaû
⊕
û{ü�~x�Pü8ü��ZpIsa�B~5s�4$lK�

6 �Po2üáÿ4~5oizZsjû{n5��r2ü{t�zd�Pr2ü¸yaû{üáü5û{p4~5sa�Pr2üA4RoZ~5odn8û{ü{t*yjûuü¸~5q2ÿI�Pn8saû{ü¸ÿuý�oi�7~5sa�Pr2rdûIyayjûuü¸wdn8ÿ{ü5ûIrh~5ÿ{û{ü:z2�Br2ü¸yÐ� ü5û{p �~8sj��r *Z� �Z� � w2�B��ûHS C f � ���ht � ���	���Qt �����ht � ���	�
{.}.

t ���
{.}.

t��\o ��� � �
{.}.

zZÿ{rd�B~8ûxyÐ��~5qdÿ{�Pn8sjûÿuý�oi�7~5sa�Pr �r2ûIyayjû:zd�Pr2ü�yÐ�PýhodûIyayaû¸yjû:pXqds���n5û��"û{rh~ zZsaü�~5n8s�dodû:ü5odnyjûW�"��o�û��dp4yao2ü�s�4x��û4~ ���
{.}.

yÐ�"~5qdÿ{�Pn8sjû¸zd�Pr2üyÐ�Pýhodû{yjyaûyaû:pXqds��Mn8û��fû{r�~xzZsÐü�~5n8s��do2û:ü�odny 	 �PwMÿInX�7~5û{odnxzZûuü��Pn8�PodwMû{ü���iÿ{yjsaûIr2ü{� 6x��o2üxpI�Pr2ü5sazdÿIn8ûIn8�Pr2üU�Bo2ü8ü5s�yjûuüU~5qdÿ{�Pn8sjûuü
�����	�

{.}.
û4~ ���

{.}.
�\o�yjûÔpXqds��Mn8û��fûIrh~�û{ü�~�pI�����áod~8�7~8s 4G��R��Po2nUpXq2��p4odr2û[z 	 ûIrh~5n8û�ûIyayjûuüItQrd��o2ü|�¢þ��Pr2ü|�Pü8ü����pIsjÿ@odr�ü5}ZüG~ ���fû@zdû@n8ÿIÿup4n8s¿~8odn5ûáû4~ �"��rh~5n8ÿáyÐ�cp4��r��2odû{r2p4û@û4~Ôya�Õ~5û{n��fsar2�BsÐü���r#zZû"p4ûfü�}Zü�~����fûB� � � �H� S��Wtiû{rod~5sayjsÐü5�Prh~xy 	 �PoZ~8sjy(�|s��fû3� �Ez �����W��6 �Po2üyaû �f�Prh~5n8�Priü�ûIr'zZÿ4~X�BsayÀodrdsÐýhodû��fû{r�~xsÐp4s�wi��odnxyaû:pI�Püzdû¸ya�"~8qdÿI��n5saû

�����	���h�
� C
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	 ������.��W� �&��! �[�����A��!�� �������'� �e��� ����"]���������$	���� ��"H��!�)��F� �
	r-�./��"*�

(A)
u ∈ T

T ` u ↓R/AC

(P )
T ` u T ` v

T ` 〈u, v〉 ↓R/AC

(C)
T ` u T ` v

T ` {u}v ↓R/AC

(GX)
T ` u1 . . . T ` un

T ` u1 ⊕ . . .⊕ un ↓R/AC

(UL)
T ` r

T ` u ↓R/AC

if 〈u, v〉 = r

(UR)
T ` r

T ` v ↓R/AC

if 〈u, v〉 = r

(D)
T ` r T ` v

T ` u ↓R/AC

A F r = {u}v67C � u ↓R/AC = u

(F )
T ` u1 ↓R/AC . . . T ` un ↓R/AC

T ` f(u1, . . . , un) ↓R/AC

�a�0�C� � � � � z'�Zz��Iyaû>zZû>wdn5û{odþPû]zdû]Z ��yjû{þ �  >�P�x�¢þPû{p�yaû{ü�4R�Pn �"ûuüÀrd��n��\�Pyjûuü�saü8ü�o2û{ü�z 	 odr:ü5}ZüG~ ���fû>zZû>n5ÿ{ÿ{p4n8sj~5odn8û
R

�f�ZzZodya� � � wdn5û{r2�Brh~ûIr'pI���fwZ~5ûÔodr×��wiÿ{n8�B~5ûIo2n ⊕ �Pü8ü��Zp4sÐ�7~8s 4*û4~ pI�����áoZ~X�7~8s 4G�
�x�Pwdwiû{yj��r2üfz 	 � �M�PnXzìyaû{üf� �Zsa���fû{ü"�Pü8ü��ZpIsjÿuü 2�ya�#~5q2ÿI�Pn8saûcÿ{ýho2�B~5sa�Prdr2ûIyayjû � ���	���Qt�ûIr2ü5odsj~5û×�Pn8sjû{rh~5�PriüpIû{üá� �Zsj� �"ûuü¸wM�Podn@���Z~8ûIrdsanáodrãü�}Zü�~����fû�zZûÕn8ÿIÿ{pIn5sj~5o2n5û��c6x��o2ü@� mG�PoZ~8�Pr2üáp4ûIn5~8�Psjr2û{ü:n �I��yjûuü:zZû�n5ÿ{ÿ{p4n8sj~5odn8ûrdÿup4ûuü5ü8�Bsan5ûÔwM�Podn#4R�Pn �fûInxo2r rd�Po2þPû{�Po ü�}Zü�~����"û@p4�Pr �2odûIrh~u��n]r �2rÀtMrd�Po2ü �f�Prh~5n8�Pr2ü ya�\~5ûIn �fsjri�BsÐü���r zZûáp4ûrd��odþPûu�Bo�ü�}Zü�~����fû��

�M� '��!"��r� ')%������*���q�F���&�%���q| 6x��o2üp4��r2ü�sÐzZÿ{n5��r2üUyjûuüü�} � �M�Pyaû{ü
⊕, 0, h

�¢þ�û{p�yjûuü� �Zsa���fû{ü�ü5odsjþ7�Pr�~Xükf
C �

(x⊕ y)⊕ z = x⊕ (y ⊕ z)
j v ü8ü5�QpIsa�B~5saþQs¿~8ÿ*l

*d�
x⊕ y = y ⊕ x

j �|� ���áoZ~X�7~5saþQs¿~8ÿ*l
� �

0⊕ x = x
j�ixr2s¿~8ÿ*l

Si�
x⊕ x = 0

j�6xsayawi�P~5ûIrip4û*l
�d�
h(x⊕ y) = h(x)⊕ h(y)

j � ���f���f��n5wdq2saü��fû*l
�e� �+� ����� 
F� "F' '�� "����*��"�� �!� �*�e�\� 'P��� 
���r� � �W| 6x�Poiü�Pn8sjû{rh~5�Priü|yaû{ü�ÿuýho2�7~8sj��r2üzZû{ü� �Zsj� �"ûuüzZû¸yÐ��h�Bo2pXqdû�þPû{n8üUyÐ�fzZn5��s¿~8ûÔû4~x���d~5ûIr2�Pr2ü�yaû:ü�}Zü�~����"û¸zZû¸n8ÿIÿup4n8s¿~8odn8û�ü5odsaþ¢�Prh~ �f�ZzZodya�Õv �[�
C �

0⊕ x→ x
*d�
x⊕ x→ 0

� �
h(x⊕ y)→ h(x) ⊕ h(y)

� �q���(�F�����\� �r�e�\� �r�q| 6 �Po2üp{�ByÐp4odya�Priü|yaû{üxw2�Bsan5ûuü�p4n8s¿~8saýhodûuüzZû:p4û¸ü5}Qü�~����fû f
h(x)⊕ h(0)← h(x ⊕ 0)→ h(x)

h(x)⊕ h(x)← h(x⊕ x)→ h(0)��n�
Pp4ûÔ�Bo �cwdn8�Pwdn8sjÿI~5ÿuüUzdo��á�Po�û �dpIyjo2ü5s�4��cû4~ 2@ya�"wdn8�Pw2n5saÿ4~8ÿÔü5odsaþ7�Brh~5û
h(x⊕ y) = h(x)⊕ h(y)

rd�PoiüzZÿuzZodsÐü���r2ü
h(0) = h(x⊕x) = h(x)⊕h(x) = 0

û4~|zd�Pr2p
h(0) = 0

�'n]rÕsarh~5n8�Qzdodsaü8�Brh~]yÐ�¸rd��odþPû{yjyaûn��{�PyaûxzZûn8ÿIÿup4n8s¿~8odn5û3f
h(0) → 0

tMrd��o2üx� �Z~5û{rd�Pr2ü�ýhodû:yaû@r2�Podþ�û{�Bo'ü5}ZüG~ ���fûáûuüG~Ôp4�Pr �2odûIrh~ÔpI�Bn[sjy*rdû"p4�Prh~8sjû{r�~�wdyao2üzZûÔw2�Psjn8û{üpIn5sj~5sÐýhodû{ü{�
�E� "��g����� �%�*���Q| 6 �Po2ü|zZ�Pr2rd�Pr2ü|odrdû[sjrh~8ûIn8wdn5ÿI~8�B~5sa�Prfw2�BnUzZû{ü|wM�Pya}hr!���fû{ü>wi��odn
�f�Prh~8n5û{n>yÐ�Ô~5û{n��fsar2�BsÐü���rzZû¸pIû:ü�}Zü�~����fû�tZûIr'�Pü8ü��ZpIsa�Pr�~H2"ya��f

� p4�PriüG~X�Brh~5û:f
[0] = 0

� þ¢�Pn5sÐ� �2yjû:f
[x] = x

� 4R�Pr2p4~5sa�Pr
h
f
[h(x)] = 2x+ 1

� 4R�Pr2p4~5sa�Pr'zZo��á��o×û �dp4yao2ü5s 4�� f
[x⊕ y] = x+ y + 1

��*
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6 �Po2ü �f�Prh~5n8�Pr2ü ý�o2û:~5��oZ~5ûuüxyaû{ü n��{�Pyaû{ü zdo#ü�}Zü�~����"û �"�ZzZo2yj�cv � ü5�Prh~[zdÿ{p4n8�PsÐü8ü5�Pr�~8û{ü{t2p4û@ý�o2s�wdn8�Po2þPûyÐ�@~5û{n��fsar2�BsÐü���r�zdo�ü5}ZüG~ ���fû:zZûÔn5ÿ{ÿ{pIn5sj~5odn8ûP�
�

0⊕ x→ x
s��fwdyasaýhodû3f

[0⊕ x] = x+ 1 > x = [x]
�
x⊕ x→ 0

s��fwdyasaýhodû3f
[x⊕ x] = 2x+ 1 > 0 = [0]

�
h(x⊕ y)→ h(x) ⊕ h(y)

s�"w2yjsÐýhodû:f
[h(x⊕ y)] = 2x+ 2y + 3 > 2x+ 2y + 2 = [h(x)⊕ h(y)]

�
h(0)→ 0

s�"w2yjsÐýhodû:f
[h(0)] = 1 > 0 = [0]


�� �������� � � =BC E A � ! 35=BC E Sj6 9D0 ! =73KA 1 ! �4Y26B9öA =BC2CM1ISDSj1 � Y .ì=7Y 1 )hHIS¦Y E A F l Ld=BYZ3 E b 67ADC E A $ L2673K9<AD3 � 1
T = {a⊕b⊕c, b⊕d} CM=BY E L2=7Y  =7C E � ! � YZAD351[Sj1�9W1I3K^\1 a⊕c⊕d 14C�YZ9<ADS¦A E 67C29�Sj1 E J E 9 �4^\1 � 1[Sj6U`�OPYZ351�� k �L26IOh1 ��� ! 9N14C � Y@L2673:Sj6Õ3 �WOBSa1 (GX) k

(Eq)

(GX)

(A)
a⊕ b⊕ c ∈ T

T `E a⊕ b⊕ c
(A)

b⊕ d ∈ T

T `E b⊕ d

T `E a⊕ c⊕ d
a⊕ b⊕ c⊕ b⊕ d =E a⊕ c⊕ d

T `E a⊕ c⊕ d

� =7^"^\1�CM=7Y E 6  =BC E ^f=BC29<3 ! �IY21�Sj6ã9R0 ! =73KA 1����	�	
���L21IYZ9 : 9<351�351NLM3 !4E 14Ci9 ! 1ÕLd6B3#YZC E J E 9 �4^\1 � 13 ! ! HI3KAD9öYZ381H8=BC  143<O�1IC29À^\= � YZSj=�� � b CM=BY E L2=7Y  =7C E L26 EXE 143x67Y E J E 9 �I^f1 � 1 � =7Sa1  1�i6P=¸YZ9öADS¦A E 6BC29ÀSj1 E F4=73K^\1 EC�=73K^\67Sj1 EIk�� Ce351I^\673*�IY267Ci9��IY21 E A t[.] 1 E 9�YZC HX=7C29N1 )P9N1"149 u YZC#9N1I3K^f1fHISj= EXb 67Sj=B3 E t[u ↓] ↓ =S t[u] ↓ b 1491ICfL2673K9<A H4YZS¿A 143 (u1 ⊕ . . .⊕ un) ↓ =S (u1 ↓⊕ . . .⊕ un ↓) ↓ b C�=7Y E =� I9W1ICM=BC E Sj6�L�351IY  1 E YZA  6BC29N1 T

(GX)

(A)
a⊕ b⊕ c ∈ T

T ` a⊕ b⊕ c
(A)

b⊕ d ∈ T

T ` b⊕ d

T ` a⊕ c⊕ d

� �
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Chapitre 4
� ���-
%�*�M�#�  � � ������,

. ! 0d6  1¸0d6 � ^"Jf351 E YZS¦9 E F4=73@6ÕSj=7CQOÕ9<AD^f1 T
 IYZ9 ! � =cCM=B9>JP1I9V?BCM=B;ã0d=7; ! 67^_9W=�673K3KA  1f679U9D0214^ k�l�U�Bn8y Edn8sjûuzZn8sapXqp�Ô�Bo2ü8ü{�

���>���������d�
¡M�D� �@���i�I�2º{Ñi�c�M¾h�á½a�2ºu¾h½Ð�a�X��¼M����º��á½Ð½a�P�X�X�B�7� ���[�����[��� ���[�����[���[�����[� ÂhÂ®P¤¦¥u¤¦¥ÄÊÀÍ ´jÌPµX© Ì�©��"ªX¯|Î¦Î¦©X±W¬G©8«��
	|Æh©�ªX³{Æh±W¬N«G°�ª8¬G´¦³uÆf²hÇI«]±GÇI¬G°P«�ÇI¬G´¦³uÆ2¤ ¤¤�¤¤¤¤U¤¤¤¨É �®P¤¦¥u¤ £ Þ|³{¬N«G©©8ÛB¬G©XÆ�±N´¦³uÆ\ÌP©�ÎDÍ ÇIÎ��u³{«G´é¬Gç�Ü¸©[ÌP©��"ªK¯>Î¿Î¦©X±W¬G©5«K¤�¤¤¤�¤¤¤¤�¤¤¤¤U¤¤¤¨É �¡M�j� ���2ºu¾Q½a�a�X���K�DÖ���½a�c���dîi�@½a��Ö��2¼MÓP½a�Õ¼M���á�Z½a�B��� �¾h���P�8�hÁi¼�î������[���[�����[� Â &®P¤ £B¤¦¥÷àUµ8øQÆ�´¦¬G´¦³{Æh±X¤ ¤¤�¤¤¤�¤¤¤¤�¤¤¤¤U¤¤¤�¤¤¤¤�¤¤¤�¤¤¤¤�¤¤¤¤U¤¤¤¨ÉIä®P¤ £B¤ £ ¯>ÆQÇIÎ¦æP±N©xÌP©�Î¿Ç�«Gâ�uÎ¦©xÌ�©²hÇ{´é«G©©8¬>ÌP©X±V«Gâ�uÎ¦©X±|Ì�©�²P«G³��<©Xª8¬G´¦³uÆ2¤_¤¤�¤¤¤¤U¤¤¤ �{ñ®P¤ £B¤ Ù Ê2³7ªKÇ{Î¦´é¬Gµ ±N´¿Ü¸²�Î¦©u¤�¤¤¤�¤¤¤¤�¤¤¤¤U¤¤¤�¤¤¤¤�¤¤¤�¤¤¤¤�¤¤¤¤U¤¤¤ �{Ù¡M�jÏ �@���M½Ð�Ðºu¾��K�a�dÁe¾Zî�Ö��2¼MÓP½a� �@�Z½j�P��� �¾��×�X�X¾QÁM¼M¾h�I¼�� �[��� ���[�����[���[�����[� �hÂ®P¤ ÙP¤¦¥Ä¯>ÆQÇIÎ¦æP±N©xÌP©X±V«Gâ�uÎ¦©X±

(D)
©8¬

(C)
¤ ¤¤�¤¤¤�¤¤¤¤�¤¤¤�¤¤¤¤U¤¤¤¤�¤¤¤ �uÉ®P¤ ÙP¤ £ ù�«G³uß�Î¦âXÜ¸©xÌ�©ÌPµKÌ�°�ª8¬G´¦³uÆ"Ì�©ÎDÍ ´¿Æ7¬N«G°�±>²Z³{°�«]Î¦©Ü¸³BÌ�â8Î¿©xÌP©�à�³{Î¿©8Å �' *Ç{³[±W¬�Ç{ÆQÌ�ÇI«�Ìd¤ �uÝ

ú �Psjrh~5û{r2�Brh~ut�rd��o2ü"wdn8ÿ{ü5ûIrh~5��r2üáy 	 �Bwdwdn8�ZpXqdûcoiü�odû{yjyaû�wi��odn��"��rh~5n8ûInáyaû×wdn8���dy���fû�zdû�zZÿuzZo2p4~5sa�Prãzdûy 	 sjrh~5n8o2ü �2��ü�ÿ{û"ü5odnÔy 	 sÐzZÿIû"yj�Zp{�Byas¿~8ÿ@sarh~5n8�Qzdods¿~8ûfw2�Bnkz pIv yjyaû{ü�~5û{n{�e6 �Po2üÔ�Pwdwdyasaýhod��r2üÔp4û4~5~5û@~5ûupXqdrdsÐý�o2û"wM�Po2nzdÿ��f�Prh~5n8ûIn odr#wdn8û��fsaûIn[n5ÿuü�odyj~8�B~[ü5s��fwdyaû@zZû@yj�Zp{�Byas¿~8ÿP��6x�Poiü �f�Prh~8n5��r2üxp4� ���"û{rh~�p4û@n5ÿuü�o2y¿~X�7~ wMûIn �fû4~�zdûn8û{zdÿ��f�Prh~5n8ûInyaû:wdn8���2y����"û@zZûázZÿuzZo2pK~8sj��r#zZû:y 	 sjrh~5n8o2ü wi��odn yaû �f�Zz��IyaûázZû[Z[�PyaûIþ �  >�B�Õü�~8�Pr2zd�BnXz���Z��BriüxyaûpXqi�Bwdsj~5n8û[ü5odsaþ¢�Prh~|rd��o2ü|�Pwdwdyasaýhodû{n5��r2üUp4û n8ÿ{ü5odyj~8�B~�zZû�ya�Qp{�Byas¿~8ÿ[ü5s��fwdyaûÔ� �2rczdû�ü5s��fwdyas��2ûIn�yaû{ü|wdn5û{odþPûuü>wM�Po2nyaû{üU~8qdÿI��n5saû{ü�ÿuýho2�7~8sj��rdrdûIyayaû{üUqd���f� �"��n5w2qdsaýhodûuüI�
�B9+; ( @�@B=(? 0�	BO @ 8 = 6 ? 0C8;6 � DFC 4�O ú 0 ( 636�OHG�D�O =�9

6 �B~5n8û �Pwdwdn8�QpXq2ûxwi��odn>w2n5��odþPû{n]yjû[wdn8���dy���fû zZû[zZÿ{zZoipK~5sa�Pr�zZû y 	 sarh~5n8o2ü]ûuüG~ �2�Pü5ÿIû[ü�odn|y 	 �Bw2wdn5�ZpXqdûw2yjo2ü��ÿIrdÿ{n8�Pyjû�tZzZÿIþ�ûIya�PwdwMÿIûÔw2�Pn^z pIv yjyaû{ü�~5û{nA� z p{v � � ��zd�Pr2ü�yjûuü�Brdr2ÿIû{üH�'�d�
���
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YNyÀp4��r2ü5saz��{n5ûÔzZûuüü�}Zü�~����fûuüUzdûÔzdÿ{zZo2p4~5sa�Pr2ü�n8ûIw2n5ÿuü�û{r�~8ÿ{üUw2�PnUo2r�û{r2ü�û�� �dyaû �2rdsÀzZû¸pIya�Po2ü�ûuü�zZû;�x��n5rÀ��YNywdn8�PwM��ü5û>o2rf�Pyj���Pn8s¿~8q �fû>wM�Pya}Qr ���fsÐ�ByZwM�PodnVzZÿup4sÐzZûIn]ü5sZodr@~5ûIn �fû

w
ûuüG~]zZÿuzZo2p4~5s�dyjûH2�w2�Pn�~8sjnVz 	 odrfûIr2ü5û�� �dyaû

�2r2s*zZûá~5û{n��fû{ü
T
wi��odn o2r#ü�}Zü�~����"û"zZû:wdn8ûIo2þPû{ü wi�hü5ü5ÿ{z2�Brh~ yÐ�\wdn8�Pwdn8sjÿI~5ÿázdû Sj=uHX67S¦AD9 ! � �
	 û{r2ü5û�� �2yjû

T
ûuüG~�Pwdwiû{yjÿ 14C E 14^  4Sa1 � 1 E 0ZJ8Ld=B9D0 � E 1 E ûI~Uyaûx~8ûIn �"û w ûuüG~Uyjo2s��PwdwMûIyaÿ Sj1  4YZ9 ��o Sj6\HX=7C�H4S¿Y E A =BC �Po Sj6\356PHIADCM1 zZûyÐ�"wdn5û{odþPû�� 6x��o2ü�rd�B~8�Pr2ü

T ` w
ü�s�yaûÔ~5û{n��fû

w
û{ü�~ zZÿ{zdo2pK~8s��dyaûM2"w2�Bn5~5sanxzZû¸y 	 û{r2ü5û�� �2yjû¸zZûÔ~8ûIn �"ûuü

T
� ixrü5}ZüG~ ���fû:zZûázZÿuzZo2p4~5sa�Pr'û{ü�~ Sj=uHX67S tM�Po×wM��ü8ü �uzZû:yÐ�fwdn8�Pwdn8sjÿI~5ÿ:zZûáyj�ZpI�Pyjsj~5ÿ�t2ü5s�wM�Podn~8�PoZ~8û:wdn8ûIodþ�û:zZû T ` wzd�Pr2üVp4ûxü5}ZüG~ ���fûzZû zZÿuzZo2p4~5sa�Prfsjy2û �Zsaü�~5ûo2rdû LM351IY  1xSj=uHX67Sj1 zZû T ` w �'i rdû LM351IY  1 Sa={HX67Sa1 ûuüG~]odr2ûwdn5û{odþPûzZ��rh~U~8�Po2ü�yaû{ü�r��¸o2zdüxü5�Prh~p4�Prh~8ûIrQo2üzd�Pr2ü�y 	 ûIriü�û�� �dyaû¸zZû{üxü5�Poiü �<~5û{n��fû{ü�ü5}Qr�~X� �ZsÐý�o2û{ü�zZû

T ∪ {w}
��6x��o2ürd�P~5û{n5��r2üUwi��odnwdyao2üxzZû¸ü5s��fwdyasapIs¿~8ÿ¸y 	 ûIriü�û�� �dyaû

T ∪ {w}
w2�Pn

T,w
zd�Pr2ü�yÐ�"ü5odsj~5û:zZo'zZ�ZpIo �fûIrh~{�

�Qs�yjûáü5}ZüG~ ���fû:zZûázdÿ{zZo2p4~5sa�Pr×û{ü�~ ya�ZpI�By<tdy 	 sÐzZÿ{ûázZûMz p{vxyayjûuüG~8ûIn ûuüG~ zdûáp4��r2üG~8n5o2sjn8ûÔya�\w2n5û{odþPû¸zZû
T ` ww2�Pnü5�B~5odnX�7~8sj��r�n8û{ü�~5n8ûIsarh~5ûÔ�Bo���~5ûIn �fû{üzZû¸y 	 ûIr2ü5û�� �dyjû¸zZûuüxü5�Po2ü �ö~8ûIn �fû{ü�ü�}Qrh~8� �ZsaýhodûuüUzdû

T ∪ {w}
�q�|û4~5~5ûpI�Pr2ü�~5n8o2pK~8sj��r zZûÕyÐ�'wdn8ûIodþ�ûczZû

T ` w
ûuüG~"wi�hü5ü5s��2yjûcp{�Bn:yaûcü5}ZüG~ ���fûczZû�wdn5û{odþPû\ûuüG~"yj�Zp{�By A k 1 k sayUû �Zsaü�~5ûodr2û[wdn8ûIo2þPû �'o�pXq2��ýhodû[r��¸o2zczZû�yÐ�áwdn8ûIo2þPû ûuüG~xzd�Pr2ü|y 	 ûIr2ü5û�� �dyaû�zZûuü�ü���o2ü �<~5û{n��fûuü|ü5}Qr�~X� �ZsÐý�o2û{üUzZû

T,w
�

�|� � �fû|y 	 ûIr2ü5û�� �dyaûUzZûuü�ü���o2ü �<~5û{n��fûuü�ü5}hrh~X� �Zsaýhodûuü�ûuüG~ �2rdsZûI~�p{�ByÐp4odyÐ� �2yjû|ûIr:~8û��fw2ü�wM�Pya}Qr ���fsÐ�By<t{sayQ���Z~8sjû{r�~�Pyj��n8ü�o2rá�Bya�P��n5sj~5q �fû]û 'ÕpI�PpIû]wM�Podn�zZÿ{pIsazdûIn�ü5shodr:~8ûIn �"û>û{ü�~*zZÿuzZo2pK~8s��2yjû�2w2�Pn�~8sjn�z 	 odr:ûIriü�û�� �dyaû|zZû>~5û{n��fû{üzZ��rdrdÿuüI�
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h
ûI~xyjû:ü5} � �M�Pyaû¸�Pü8ü��Zp4sÐ�7~8s 4*p4�����@oZ~8�B~5s�4

⊕
�¢þ�û{p[ya�fn �I��yjû

(GX)
�

(A)
u ∈ T

T `E u

(P )
T `E u T `E v

T `E 〈u, v〉

(C)
T `E u T `E v

T `E {u}v

(GX)
T `E u1 . . . T `E un

T `E u1 ⊕ . . .⊕ un

(UL)
T `E 〈u, v〉

T `E u

(UR)
T `E 〈u, v〉

T `E v

(D)
T `E {u}v T `E v

T `E u

(h)
T `E u

T `E h(u)

�a�0�C��S2� C3� z'�Zz��Iyaû>zZû>wdn5û{odþPû]zdû]Z ��yjû{þ �  >�P�x�¢þPû{p�yaû{ü�4R�Pn �"ûuüÀrd��n��\�Pyjûuü�saü8ü�o2û{ü�z 	 odr:ü5}ZüG~ ���fû>zZû>n5ÿ{ÿ{p4n8sj~5odn8û
R

�"�ZzZo2yj� � � w2n5û{r2�Brh~�û{r:p4���fwZ~8û]odr¸��wiÿ{n8�B~5ûIo2n ⊕ ��ü5ü5�Zp4sÐ�7~8s 4Qû4~�pI�����áod~8�7~8s 4ZûI~�odráü5} � �M�Pyaû]zZû�4R�PripK~5sa�Pr
h
�

�^` _�`5a � y�� > ��dd�G� > v `
6x��o2üUzZÿIrd�P~5��r2ü>wi�Bn

na := a+ a+ . . .+ a
t
n
4R�PsÐü{thya�PnXü8ý�o2ûxyjûÔü5} � �i��yjû

+
û{ü�~Uyaû[ü5} � �M�Pyaû[�Pz2zZs¿~8s 4*zZû{ü��n5��odwiûuü� �MÿIyasjû{r2ü{��6x��o2üwdn8ÿ{ü5ûIrh~8�Pr2üxzdû{üxzZÿ��2rdsj~5sa�Pr2ü[zd�BriüxyaûápI��zZn5û¸zZûuüx��n5��odwiûuüx� �MÿIyasaûIr2ü{tdûIyayaû{üxn8û{ü�~5û{rh~þ7�ByÐ� �2yjûuü|ûI~ ü���rh~E4 ��p4sayjû��fûIrh~~5nX�Br2ü5wM��ü8� �dyaû{üU�Bo��á�Po×û �dp4yao2ü5s 4����

�F|~{e|�}q|�} �c��� � 

�0� "����&���+�e���*� � � %����&�\|
6x��o2üxp{�BnX�PpK~8ÿIn8saü5�Priü|z 	 � �M�PnXz�yjûuü�~5û{n��fû{üxûIr�4R�Pr2p4~5sa�Pr'zZo'zZû{n5rdsaûIn[ü�} � �M�Pyaû¸ýhodsÀyaû{üxpI�Pr2ü�~5sj~5odû{rh~{tdwdo2saüzZ��rdrd��r2üUya�\zZÿ��2rdsj~5sa�Pr'zZû¸ü5�Po2ü �ö~8ûIn �fû{ü�ü�}Qrh~8� �ZsaýhodûuüI�

�9'/�������*���q��� � �Q� "����p��� ���/�0� � $����
+

�'� �0� "����p��� ���/�0� ��$q�/�
−
� ��=BAD9 u YZC 9N143K^\1ì1ICìF4=73K^\1C�=73K^\67Sj1 b u 1 E 9 û{r�~
V4~8û#�¢þPûup + E A u 1 E 9 � 1�Sj6�F4=73K^\1 u1 + . . . + un
6  18H n > 1 k �MADCM=7C u r 	 ûuüG~w2��üûIr ~
V4~8ûá�¢þPûup

+ k � 1L�S¦Y EXb u 1 E 9 ûIr×~
VI~5û"�¢þPû{p − E A u 1 E 9 � 1@Sj6�F4=73K^\1 −v =�� v 1 E 9�YZC�9W1I3K^f1@C�=7C1IC 9 : 9N1á6  1XH + k �iADCM=BC u r 	 û{ü�~xw2�Pü�û{rc~$V4~8û:�¢þPû{p
− k


�� ���� �r� � � 1'9N143K^\1 t1 = −2u + 3〈v, w〉 1 E 9@1IC-9 : 9N1 6  1XH + 149@C & 1 E 9�L26 E 14C�9 : 9N1 6  1XH − k � 6B3HX=7Ci9ö381cSa1×9W1I3K^\1 t2 = {3v + w}k
1 E 9á1IC�9 : 9W1�CiA�6  1XH + C2A¸6  18H − k ��1ISj=7C�C�= E C�=79N679<A =7C E Sj1�9N143K^\1

−3u = (−u) + (−u) + (−u) 1 E 9U1IC 9 : 9N1:6  1XH + 149|Sj1¸9N1I3K^f1 −a 1 E 9�14C 9 : 9W1@6  18H − ^f6BA E L26 E 6  1XH + k
�9'/�������*���q��� �

S(t)
� � & 14C E 1I^  4Sj1 � 1 E ü5�Po2ü �ö~8ûIn �fû{üfü�}Qrh~8� �Zsaýhodûuü � & YZC-9N1I3K^f1 t 1 E 9 � ! `>C2A:HX=7^"^f1#Sj1L�S¦Y E L21I9öAD914C E 14^  4Sa1 S(t) 9N14S �IY21 T

� T



��� ��� �(�  ��!�	 � �#"5	 �M��!�������. �H! � �W� �&� !��[��� �A��!�� �������'� ��� ������.��

� t ∈ S(t) k
� �iA 〈u, v〉 ∈ S(t) 67Sj=B3 E u, v ∈ S(t) k
� �iA {u}v ∈ S(t) 6BSj=73 E u, v ∈ S(t) k
� �iA u = u1 + . . .+ un ∈ S(t) 149 ui

C & 1 E 9�L26 E 1IC 9 : 9N1¸CiA>6  1XH + CiA>6  18H − 67Sj=B3 E ui ⊆ S(t) k
�|ûI~�~5ûr2�B~5sa�Pr"zZûxü5�Po2ü �ö~8ûIn �fû{ü

S
ü�	 ÿI~5û{r2z@zdû �\�Prds��{n5ûUr2�B~5odn8ûIyayjû�Po��:ûIr2ü5û�� �dyaû{üVzZûU~5û{n��fûuü

T
ûIr 4R�Pn �fûr2�Pn �f�Pyjû�w2�Pn

S(T ) :=
⋃

t∈T S(t)
tdûI~

S(T )
ü5û¸pI�PyapIodyjûÔû{r�~8û��fw2üwM�Pya}Qr ���fsÐ�By<�


�� �������� � � =7YZ3[Sj1¸9N143K^\1 t = 2a+ 〈3b+ c, d〉 C�=7Y E =� I9W1ICM=BC E S'& 1IC E 1I^  ISj1 � 1 E E =7Y E 1N9N143K^\1 E E YZA  67Ci9 T
S(t) = {t, a, 〈3b+ c, d〉, 3b+ c, b, c, d}

� 14^\673 �4Y2=BC E �4Y21:Sj1 E 9N143K^\1 E 2a 1I9 3b C�1 E =BC29�L26 EÔE =7Y E 1N9N143K^\1 E[E J7C29N66)�A.�IY21 E�� 1 t k
�#"�� �]� �0���0���q� } ��=7AD9 A 1I9 B � 14Y9)c9W1I3K^\1 E 14C"F4=73K^\1:C�=73K^\67Sj1 b Sj6 F4=7C�H49<A =7C � 1 E =BY E 1N9W1I3K^f1 E J7C29N66)�A.�4Y21
S L2= EXE � � 1@Sj1 E LM35=XLM3KA ! 9 !4E¸E YZA  6BC29N1 EáT
� S(A ∪ B) = S(A) ∪ S(B) k
� S 1 E 9>A � 1I^ Ld=B9W1IC29 T S(S(A)) = S(A) k
� S 1 E 9>^\=7CM=B9W=BCM1 T�E A A ⊆ B 6BSj=73 E S(A) ⊆ S(B) k
� S 1 E 9>9<3567C E AD9<A  1 k
� 3814Y  1 f �|ûuüÔwdn5��wdn8sjÿI~5ÿ{ü�ü5�Prh~ÔpI�Pr2ü5ÿ{ýhodû{r2p4ûuü s���fÿ{zZsÐ�7~8û{üÔzZûfya��Z[ÿ �2rdsj~5sa�Pr ��w2�B��û@wdn8ÿ{pIÿ{zZû{rh~5û@zdûü5�Poiü �<~5û{n��fûÔü�}Qrh~8� �QsÐýhodûP�

�

�F|~{e|�}q|~{ �#"����$��&�'|
6 �Po2üxzdÿ �2rdsÐü8ü���r2üUwdyjoiü�saûIodnXü�rd�P~5sa�Pr2üzZû¸w2n5û{odþPûuüUpI�����fû¸yjûuü�wdn8ûIodþ�û{ü�ü�s�fwdyaû{ü��o��Pwdya�B~5saûP�

�9'/�������*���q� }�� � �c�q�� 
*� "��/�$�� � ��=BAD9 P YZC�1ULM3814Y  1 � 1 T ` w k
� 
 C�1 ü���o2ü �Wwdn8ûIodþ�û P ′ � 1 P 1 E 9>YZC E =7Y E 6B3  4351 � 1 P k
� � 6 ~X�Bsayjyaû¸z 	 odrdû¸wdn8ûIodþ�û P b CM=B9 ! 1 |P | b 1 E 9USj1áCM=7^  I351 � 1:C	�|Y �¢E�� 1 P k
� 
 C�1*L�3514Y  1 P � 1 T ` w 1 E 9 �fsjrds�\�Byaû E AhLd=BYZ3�9W=BYZ9W1�LM351IY  1 P ′ � 1 T ` w CM=BY E 6  =7C E |P | ≤ |P ′| k
� 
 C�1:LM351IY  1 P 1 E 9 ü5s�"w2yjû E A[HX0d69�IY21×C	�>Y � T ` v C & 68L�Ld6B356��D9@6BY×LMS¿Y E �4Y�& YZC�1 E 1IYZSj1�F4=7A E � 6BC EHX0d69�IY21# 43867CMHX0d1�1I9 �IY�& YZCÕC��|Y � T ` v CM1 E =7AD92LM3 !4E 14Ci9*67Y�L�S¦Y E YZCM1 E 1IYZSj1ÀF4=BA E � 6BC E Sj1 E 0ZJ8Ld=B9D0 � E 1 E
� 1@Sj6Õ3 �WOBSa1 (GX) k

� 
 C�1UL�3514Y  1 P 1 E 9 �Bw2ya�B~5saû E & ADS�C & JÕ6xgI67^\67A E"� 14Y9)�68L�LMS¦A HX679<A =7C E HX=7C E�! HIYZ9öA  1 E�� 1:Sa6\3 �WOPSj1 (GX) k
R]o2saü8ýhodûÕzZûIo ���Bwdw2yjsÐpI�B~5sa�Pr2ü¸ü5o2pIpIû{ü8ü�saþPûuü[zdû"yÐ��n��{�Pyaû

(GX)
wiû{odþPû{rh~kVI~5n8ûfn5û{�Pn8�PodwMÿIûuü[û{r�o2rdûÕü�û{odyaûn �I��yjû

(GX)
tQp4� ���"û[yjû �f�Prh~5n8ûxyÐ� �2�Po2n5û#S2� *Zt��Pyj��n8üV~5�Pod~5û w2n5û{odþPûxwMûIod~EVI~5n8ûx~5nX�Briü&4R��n��fÿIûû{rÕodrdû[wdn8ûIodþ�û�PwdyÐ�7~5saûP�

(GX)

(GX)
T ` x1 . . . T ` xn

T ` α1x1 + . . .+ αnxn T ` y1 . . . T ` ym

T ` β(α1x1 + . . .+ αnxn) + β1y1 + . . .+ βmym

⇓

(GX)
T ` x1 . . . T ` xn T ` y1 . . . T ` ym

T ` βα1x1 + . . .+ βαnxn + β1y1 + . . .+ βmym

�a�0�C��Si� * � Edoiü�sa�Pr'zZû¸zZû{o���n �I��yjûuü
(GX)

ûIr×odrdû:ü5ûIo2yjû��
� �
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�#"�� �]� �*���*���q� { ��=7AD9 P YZC�1UL�3514Y  1 E AD^ LMSa1"6BSj=73 E@T
/ k ! SÀC & Jc6�L26 E�� 1:3 �WOPSj1 (Dv) gKY E 9N1á68L�3 � E YZCM1¸3��<OPSj1 (Cv) � 67C E P k
� k ! SÀC & Jc6�L26 E�� 1:3 �WOPSj1 (Cv) gKY E 9N1@6XLM3 � E Sj6\3 �WOPSj1 (Dv) � 67C E P k
� 351IY  1 fU� 	 û{ü�~�odrdû[pI�Pr2ü5ÿ{ýhodû{r2p4û[s����fÿ{zdsa�B~5ûÔzZû yÐ�áü5s��fwdyasÐp4sj~5ÿPtZü5sjr2�PrÕsay�}f�PodnX�Bsj~UzZû{o��:4R�PsÐü|yaû �:V��"ûr �¸oiz�zd�Pr2ü�odrdû �2n8�Pr2pXqdû¸zZûÔya�"wdn8ûIo2þPû

P
�
�

�#"�� �]� �*���*���q� # ��=7AD9 P YZC�1UL�3514Y  1 � 1 T ` w k
� �iA P 1 E 9U^"ADC2AD^\67Sj1f67Sa=73 E P 1 E 9�68LMSa679<A 1 k
� �iA P 1 E 9U^"ADC2AD^\67Sj1f67Sa=73 E P 1 E 9 E AD^ LMSa1 k

� 3814Y  1 f^�QodwdwM��ü5�Pr2ü*ýhodûUya� wdn5û{odþPû P zZû T ` w r2û|ü5�Psj~*w2��ü��PwdyÐ�7~5saûPt¢�Bya�PnXüÀyÐ�xw2n5û{odþPû|r 	 ûuüG~�w2��ü �fsards��\�Pyjûp{�BnÔrd�PoiüÔwi��odþP��r2üÔp4�PriüG~8n5odsan8û@odr2û\wdn5û{odþPû"wdyao2ü¸wMû4~8s¿~8û\ûIrerd��� �dn8û"zZûfr �¸oizdü¸ûIr�4Ro2ü5sj��rdr2�Pr�~¸yaû{ü¸zZû{o���Pwdwdyasap{�7~5sa�Priü ü5o2pIpIû{ü8ü�saþPûuü[zZû"yÐ�Õn �I�Pyaû
(GX)

��Z[û �:V��fû�tÀü�s*odrdû"wdn8ûIodþ�û
P
zZû

T ` w
r 	 û{ü�~�wi�Pü�ü�s�fwdyjû�t�Pyj��n8ü�yÐ�fwdn8ûIodþ�û¸r 	 ûuüG~[w2�Pü �fsards�f�Pyjû@pI�Bn rd�Po2üxwi��odþP��r2üxp4��r2ü�~5n8odsjn8û¸odrdûáwdn5û{odþPû¸w2yjo2ü wiûI~5sj~5û:û{r'rd��� �dn8ûzZûár �¸o2zdü[ûIr#pI�Podwi�Brh~ yaûáü���o2ü �W�Pn��dn8û¸zZûáw2n5û{odþPû:û{rh~5n8û:yjûuü[zdûIo�� �:V��fû{ü[r �¸o2zdü[ýhods*�Pwdw2�Pn8�Psaü8ü�û{rh~ zd�Br2üyÐ� � V��fû �dn8�Pr2pXqdûÔzZû¸yÐ�@w2n5û{odþPû��

�6x��o2ü�oZ~8sjyasaü5ûIn8�Priü�s��fwdyasapIs¿~8û��fûIrh~ pIû{üxzZû{o��cwdn8�Pw2n5saÿ4~8ÿ{ü�zd�Briüya�fü5odsj~5ûP�
�^` _�`r_ s > �@L � vh� I �JLG� � � �MLG� Ix�>w �V�G�2���d Ix�cv � � �ML��cv Ix�>w[�d���h�cbqdd�G� >M`

6x��o2ü]zZÿ��f�Prh~5n8�Pr2üVzdûIo��fyjû����"ûuü�~5ûupXqdrdsÐýhodû{üx2:wdn5��wi�hüVzZû{ü]n��{�Pyaû{üVzZû pI�Pr2ü�~5n8o2p4~5sa�Pr"û4~|zZû[zZû{ü�~5n8o2pK~8sj��rzZoeü5} � �i��yjû\zZûfw2�Psjn8ûP� ��û\wdn5û��fsjû{n{t�yaû"yaû����fû *�w2�B��û"ü5odsaþ7�Brh~5û�t �"��rh~5n8û"ýhodûÕzd�Pr2ü�odrdû\wdn8ûIo2þPûfü�s�fwdyjû~8�Po2üár �¸o2zdü¸sÐü8ü�o2ü@z 	 odrdû�zdû{üázdûIo��en��{�Pyaû{ü:zdûÕwdn8� mGû{p4~5sa�Pr
(UR)

�Po
(UL)

ü5�Prh~@zZûuüáü5�Po2ü �ö~8ûIn �fû{ü¸zZû�ya�pI�Prdr2�Psaü8ü8�Br2pIû�sardsj~5sÐ�Byaû>zZû]y 	 sarh~5n8o2ü{���Àû]ü5û{pI�Pr2zÀt4yjû>yjû�� �fûC*Uwi�B�Pû]pIs �Np4��rh~5n8ûPt4zZÿ��"��rh~5n8û]ý�o2û]wi��odnÀodr2û]wdn8ûIodþ�û
�fsards��\�Pyjû ~5�Pod~Ur �¸oiz\saü8ü5ocz 	 odrdû�n��{�Pyaû zZû[pI�Pr2ü�~5n8o2p4~5sa�PrczZû[w2�Bsan8û

(P )
û{ü�~|odr�ü���o2ü �<~5û{n��fû ü5}Qrh~8� �ZsÐýhodû zZûyÐ�fp4�Prip4yao2ü�sa�Pr�zZû¸yÐ�@w2n5û{odþPûÔû4~ zdû�yÐ�\p4��rdr2�Psaü8ü5�Pr2p4û[sjr2s¿~8sa�Pyjû:zZû¸y 	 sjrh~5n8o2ü{�

�Àûuü\zZs��Mÿ{n5û{r�~8û{ü"þ7�Bn8sa�B~5sa�Pr2üfzZû�~8qdÿI��n5saû{ü"ÿ{ýho2�B~5sa�Prdr2ûIyayjûuüfr 	 sar��2o2ûIrh~\w2�Pü\ü5odn\p4ûuü\zZûIo��ãyjû�� �fûuüIt]ýhodsn8û{ü�~5û{r�~þQnX�BsÐüUz2�Br2üpXq2��p4odr2ûÔzdû{üU~5q2ÿI�Pn8saû{ü�ÿ{ýho2�B~5sa�Prdr2ûIyayjûuüp4�Priü�sÐzZÿIn8ÿIûuü�zd�Br2üpIû4~5~5ûÔ~5q��{ü5ûP�
�Q�/�g��� } ��=7AD9 P YZC�1UL�3514Y  1 E AD^ LMSa1 � 1:Sa6xF4=73K^\1 E YZA  6BC29N1 T

P =

{

(R)
P1 . . . Pn

T ` w

�MA T ` u C & 68LPL267386��D9 � 6BC E 6BY2H4YZC�1L�351IY  1 P1, . . . , Pn
149 〈u, v〉 ∈ S(w) 67Sa=73 E ADS*J�6�67Y ^\=7ADC E YZC i 9N14S

�IY21 〈u, v〉 ∈ S(wi) b =��'Sj6\386PHIADCM1 � 1 Pi
1 E 9 E =7AD9 T ` wi bVE =BAD9 wi ∈ T k

� 351IY  1 f 6x��o2üfp4��r2ü�sÐzZÿ{n5��r2ü¸~8�Po2üfyaû{üfpI��ü@zdû �i�Podn8ûcwM��ü8ü�s�dyaû{ü"wM�PodnfyÐ��zZû{n5r2s��{n5û�n��{�Pyaû
(R)

zZû×ya�wdn8ûIo2þPû
P

f
� �QsÀyÐ�"zdûIn8rds��{n5ûÔn �I��yjû

(R)
û{ü�~xya�"n �I��yjû

(A)
fdyjûÔyaû����fû¸û{ü�~xÿIþQsÐzZû����fûIrh~xþQn8�Psö�

� �QsÀyÐ�\zZûIn8rds�In8û�n �I��yjû
(R)

ûuüG~xyÐ�"n��{�Pyaû
(UL)

��o
(UR)

f�6x�Poiüx�¢þP��r2üUodrdû:ü5ûIodyaû¸n��{�Pyaû¸�Bo��NzZû{ü8ü5o2ü�zZûya�¸zZû{n5r2s��{n5ûn �I��yjû�û4~
w1 = 〈u1, u2〉

�\o
w
û{ü�~|ü5�Psj~

u1
ü���s¿~

u2
�/6x�Poiü]p4��r2p4yaod�Priü]zZ�Prip�w2�Bn]qQ}QwM�B~5q��{ü5ûz 	 sar2zZoipK~5sa�Pr'p{�Bn

〈u, v〉 ∈ S(w) ⊆ S(w1)
�

�\�
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� �QsÀyÐ�@zdûIn8rds��{n5û�n �I�Pyaû
(R)

û{ü�~�yÐ�"n��{�Pyaû
(D)

fdsay�r 	 }��"ýho 	 odrdû¸ü5ûIodyaûÔn��{�Pyaû��Po��NzZû{ü8ü�oiü|zZûÔyÐ�"n��{�Pyaû
(R)û4~

w1 = {u1}u2

�\o
w
û{ü�~ü5�Psj~

u1
ü5�Psan

u2
� 6x�Poiüp4�Prip4yaod�Pr2üzd�Pr2p�w2�PnUqQ}QwM�B~5q��{ü5ûÔz 	 sar2zZo2p4~5sa�Pr×pI�Pn

{u}v ∈ S(w) ⊆ S(w1)
�

� �Qshya�zZû{n5r2s��{n5ûVn �I��yjû
(R)

û{ü�~�ya�xn��{�Pyaû
(GX)

f0R��PnÀqQ}Qwi�P~5q �uü�û
〈u, v〉 ∈ S(w)

û4~
w = (w1⊕. . .⊕wn) ↓

�
RV�Bn[zdÿ �2rdsj~5sa�Pr�zZûáü5�Po2ü �ö~8ûIn �fû

〈u, v〉 ∈ ∪iS(wi)
tisay�û��Zsaü�~5ûázd�Pr2p¸o2r

i
~8ûIy*ý�o2û

〈u, v〉 ∈ S(wi)
tMpI�PnyjûÔ~8ûIn �fû

〈u, v〉
r 	 û{ü�~xw2��ü�ûIr�~
VI~5û:�¢þPûup

⊕
� 6 �Po2üpI�Pr2pIyjo2�Pr2ü�Pyj��n8üUw2�Pnqh}QwM�B~8q �{ü5û¸zZûÔn5ÿup4odn8n5û{r2p4û��

� �Qs yÐ�ezZûIn8rds�In8û×n��{�Pyaû
(R)

ûuüG~ÕyÐ�en �I�Pyaû
(P )

f��[n
T ` w

rdû'wiû{oZ~Õw2��üÕ�Bwdwi�BnX��hÐ~5n8û�zd�Pr2ü
P
w2�Bnü�s�fwdyasapIs¿~8ÿ�zZû�ya�'w2n5û{odþPû

P
�(Z û�wdyao2ü:rd��o2üáü8�¢þP��r2ü¸ýhodû

w = 〈w1, w2〉 6= 〈u, v〉
��R��PnáqQ}Qwi�P~5q �uü�û

〈u, v〉 ∈ S(w)
t�rd��o2üÔ���Z~8ûIrd��r2ü¸zZ��r2pfý�o2û

〈u, v〉 ∈ S(w1) ∪ S(w2)
û4~ápI�Pr2pIyjo2�Pr2ü�w2�Pn¸qh}QwM�B~8q �{ü5ûz 	 sjr2zdo2pK~8sj��rÀ�

� �Qs�ya��zZûIn8rds�In8û:n �I�Pyaû
(R)

û{ü�~[yÐ�Õn �I��yjû
(C)

f�Z[�Pr2üÔp4û"pI�Pü rd�Poiü[ü8�¢þP��r2üxýhodû
w = {w1}w2

���[n w2�PnqQ}hwM�B~8q �{ü5û
〈u, v〉 ∈ S(w)

rd�Poiü:���d~5ûIr2�Pr2ü:zd�Pr2p\ýhodû
〈u, v〉 ∈ S(w1) ∪ S(w2)

ûI~@p4��r2p4yaod��r2ü¸w2�PnqQ}hwM�B~8q �{ü5û¸z 	 sjr2zdo2pK~8sj��rÀ�
� �Qs>yÐ�'zZû{n5rds�In8û\n �I�Pyaû

(R)
ûuüG~:yÐ�'n �I�Pyaû

(h)
fFZ��Briüáp4ûÕp{�Pü¸r2�Po2ü:ü8�¢þP��r2ü¸ýhodû

w = h(w1)
�@�[n:w2�PnqQ}hwM�B~8q �{ü5û

〈u, v〉 ∈ S(w)
rd�Poiüx���d~5ûIr2�Pr2üxzd�Pr2p:ýhodû

〈u, v〉 ∈ S(w1)
û4~�p4�Prip4yaod�Pr2ü w2�Bn qh}QwM�B~8q �{ü5ûz 	 sjr2zdo2pK~8sj��rÀ�

�

�Q�������p{ ��=7AD9 P YZCM1UL�351IY  1 E AD^xL�Sj1 � 1 T ` u k �MA P 1 E 9 � 1áSj6xF4=B3K^f1 E YZA  6BC29N1 T

(UL)

kkk
T ` 〈u, v〉

T ` u
(UR)

kkk
T ` 〈v, u〉

T ` u

6BSj=73 E 〈u, v〉 ∈ S(T ) k
� 3814Y  1 fp6 �Po2üxü5odwdwM��ü5�Priüý�o2û¸ya�fzZû{n5rds�In8ûÔn��{�PyaûÔû{ü�~

(UL)
tdyaû:pI�Pü zZû

(UR)
ü5û�n8ÿ{ü5�Pod~ zZû¸ya� �:V��fû

�\�Prds��{n5û��

P =







(UL)

P1 . . . Pn

T ` 〈u, v〉

T ` u

���xwdn8ûIo2þPû
P
ûuüG~Vü5s��fwdyaûUzd�Pr2p

T ` u
r 	 �Pwdw2�BnX��hÐ~�wi�Pü*zd�Br2ü�yaû{ü�ü���o2ü �<wdn8ûIo2þPû{ü

P1, . . . , Pn
��RV�Bn�p4��r2ü5ÿ{ýhodûIrh~ut

r2�Po2üÔwM�Podþ��Pr2üÔ�Pwdwdyasaýhodû{n¸yjûfyaû����fû��fw2�P�Pûfwdn8ÿ{pIÿ{zZû{r�~8û32cyÐ��wdn5û{odþPû P1 . . . Pn

T ` 〈u, v〉

�c�Q��s¿~
〈u, v〉 ∈ T

tÀü5�Psj~
sayVû �ZsÐüG~8û\odrdû\ü5�Po2ü �<w2n5û{odþPû

Pi
�¢þ�û{p@wi��odn:nX�PpIsjrdû

T ` w
~8ûIyayjû\ýhodû

〈u, v〉 ∈ S(w)
û4~
T ` u

r 	 �Bwdw2�Pn8��ha~wi�Pü>z2�Br2ü
Pi
��6x�Poiü>�Bw2wdyjsÐýhod�Priü>�Bod~8�Brh~�zZû^4R��saü|ý�o2û rdÿup4û{ü8ü8�Bsan5ûyaû yaû����fû��[w2�B��û p4s��WpI�Prh~5n8ûû4~ �2r2�Pyjû��fûIrh~� �Z~5û{rd�Priü
〈u, v〉 ∈ T

�
�

�Q������� # ��=7AD9 P YZC�1ÕLM351IY  1�^"ADC2AD^\67Sa1 � 1 T ` w k �iA@HX=BC29<A 14Ci9"YZC�1e68LPL�S¦A HX679<A =7C � 1eSj6ã3 �WOPSj1 � 1HX=BC E 9ö3KY2HI9<A =7C � 1�L267AD351 (P ) � 1áSj6[F4=73K^\1 E YZA  67C29N1 T

(P )

kkk
T ` u

kkk
T ` v

T ` 〈u, v〉

6BSj=73 E 〈u, v〉 ∈ S(T,w) k
���
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� 351IY  1 fP6x�Poiü�wdn5��odþP��r2üUyjûÔn8ÿ{ü5odyj~8�7~w2�PnsjrizZo2pK~8sj��r�ü�~5n8o2p4~5odn8ûIyayjû¸ü5odnyÐ�@w2n5û{odþPû
P
zdû
T ` w

��6 �Po2ün8ûI�h�BnXzZ�Pr2ü|yaû{üzZs��Mÿ{n5û{rh~5û{ü�wM��ü8ü5s��dsayas¿~8ÿ{üwM�PodnyÐ�fzZûIn8rds�In8ûÔn��{�Pyaû�zZû¸yÐ�"wdn8ûIodþ�û
P

f
� ���fzZûIn8rds�In8ûÔn��{�Pyaû[ûuüG~

(A)
����û¸n5ÿuü�o2y¿~X�7~û{ü�~s����fÿ{zZsÐ�7~u�

� ���fzZûIn8rds�In8ûÔn��{�Pyaû[ûuüG~
(UR)

��o
(UL)

�

(UL)

P1

T ` 〈w, v〉

T ` w
R��PnÕqQ}Qwi�P~5q �uü�û'z 	 sjrizZo2pK~8sj��r�rd�Poiü\ü5�¢þ��Pr2üfýhodû'~8�Po2üfyaû{ü\r��¸o2zdü\sÐü5ü5o2üÕz 	 odr2û'n��{�Pyaû

(P )
zd�Briü\ya�ü���o2ü �Wwdn8ûIodþ�û

P1
ü���rh~>zd�Br2ü

S(T, 〈w, v〉)
���|�����fûxyÐ�¸wdn8ûIodþ�û

P
û{ü�~ �fsjr2s��\�ByaûPt�ûIyayjû[û{ü�~|�Bya�PnXü]ü5s��fwdyaû

jRyaû����fû � w2�B��û��'�'lKt2rd�Po2ü�wM�Po2þP�PriüUzd�Pr2p¸�Pwdwdyasaýhodû{nyjûÔyaû����fû �¸w2�B��û��'�@ûI~ zZ�Prip
〈w, v〉 ∈ S(T )

�vxsar2ü�sÀ~5�Poiü�yjûuür �¸o2zdü�sÐü8ü�o2üz 	 odr2û¸n��{�Pyaû
(P )

ü���r�~xzd�Pr2ü
S(T ) ⊆ S(T,w)

�
� ���fzZûIn8rds�In8ûÔn��{�Pyaû[ûuüG~

(C)
�

(C)

P1

T ` u

P2

T ` k

T ` {u}k = w
R��PnÕqQ}Qwi�P~5q �uü�û'z 	 sjrizZo2pK~8sj��r�rd�Poiü\ü5�¢þ��Pr2üfýhodû'~8�Po2üfyaû{ü\r��¸o2zdü\sÐü5ü5o2üÕz 	 odr2û'n��{�Pyaû

(P )
zd�Briü\ya�ü���o2ü �Wwdn8ûIodþ�û

P1
ü5�Prh~Uz2�Br2ü

S(T, u)
û4~U~5��o2ü>yaû{ü|r �¸o2z2ü>sÐü5ü5o2ü�z 	 odrdû[n��{�Pyaû

(P )
zd�Pr2ü>yÐ�áü5�Poiü �Wwdn8ûIodþ�û

P2
ü5�Prh~ zd�Pr2ü

S(T, k)
� RV�Bn zZÿ��2rdsj~5sa�Pr'zZû

S u ∈ S({u}k) = S(w)
ûI~
k ∈ S({u}k) = S(w)

tM�Psjr2ü5s~5�Poiü�yjûuür �¸o2zdü�sÐü8ü�o2üz 	 odr2û¸n��{�Pyaû
(P )

ü���r�~xzd�Pr2ü
S(T ) ⊆ S(T,w)

�
� ���fzZûIn8rds�In8ûÔn��{�Pyaû[ûuüG~

(h)
�

(h)

P1

T ` u

T ` h(u) = w
R��Pn]qQ}Qwi�P~5q �uü�ûxz 	 sar2zZo2p4~5sa�Pr\rd��o2ü]ü8�¢þP�Priü*ýhodûx~5�PoiüVyjûuüVr �¸o2z2ü]sÐü5ü5o2ü]z 	 odrdû n��{�Pyaû

(P )
zd�BriüVya�¸ü5�Poiü �wdn5û{odþPû

P1
ü5�Prh~ zd�Pr2ü

S(T, u)
��R��Pn zZÿ��2rdsj~5sa�Pr zZû

S
t
u ∈ S(h(u)) = S(w)

tM�Psjr2ü5s�~8�Po2ü yjûuüxr �¸o2z2üsaü8ü�oiüz 	 o2rdû¸n��{�Pyaû
(P )

ü���rh~z2�Br2ü
S(T ) ⊆ S(T,w)

�
� ���¸zZû{n5rds�In8ûn �I�Pyaû�û{ü�~

(P )
�'R��Podn]yÐ�¸zZû{n5rds�In8û�ZpIpIodn5n8ûIrip4ûzZûyÐ�Ôn��{�Pyaû

(P )
ýhodsd��ÿIr �{n5ûyaû�~5û{n��fû �2ri�By

w
�Psjr2ü5s*yjûfn8ÿ{ü5ody¿~X�7~�û{ü�~�ÿ{þhsÐzZû�� �fû{r�~¸zd�Pr2ü

S(T,w)
� �Àû"n8û{ü�~5û@zdû"yÐ�czdÿ��f�Pr2ü�~5nX�7~8sj��r û{ü�~¸ü�s�fsjyÐ�Bsan5û�Bo×pI�Püzdû¸ya�"n �I�Pyaû

(C)
wdn8ÿ{pIÿ{zZû�� �fû{r�~x�Pr2�Bya}Zü�ÿ{ûP�

(P )

P1

T ` u

P2

T ` v

T ` 〈u, v〉 = w
R��Pn]qQ}Qwi�P~5q �uü�ûxz 	 sar2zZo2p4~5sa�Pr\rd��o2ü]ü8�¢þP�Priü*ýhodûx~5�PoiüVyjûuüVr �¸o2z2ü]sÐü5ü5o2ü]z 	 odrdû n��{�Pyaû

(P )
zd�BriüVya�¸ü5�Poiü �wdn5û{odþPû

P1
ü���r�~�zd�Br2ü

S(T, u)
û4~ ~8�Po2ü yjûuü r��¸o2zdüxsÐü8ü�o2ü[z 	 odrdûán �I��yjû

(P )
z2�Br2ü ya�Õü5�Poiü �Wwdn8ûIodþ�û

P2ü���r�~¸zd�Pr2ü
S(T, v)

��R��Pn¸zZÿ �2r2s¿~8sj��rezdû
S u ∈ S(〈u, v〉) = S(w)

û4~
v ∈ S(〈u, v〉) = S(w)

t��Bsar2ü5s~5�Poiü�yjûuür �¸o2zdü�sÐü8ü�o2üz 	 odr2û¸n��{�Pyaû
(P )

ü���r�~xzd�Pr2ü
S(T ) ⊆ S(T,w)

�
� ���fzZûIn8rds�In8ûÔn��{�Pyaû[ûuüG~

(GX)
�

(GX)

P1

T ` u1

. . .
Pn

T ` un

T ` w = (α1u1 ⊕ . . .⊕ αnun) ↓
6x�Poiü�pI�Pr2ü5sÐzZÿIn8�Pr2ü[yaû{üÔ�ZpIpIodn5n8ûIrip4û{ü�zZûfyÐ�cn �I��yjû

(P )
ýhodsVûIrd��ûIr2zdn5û{r�~Ôyaûá~8ûIn �"û

v = 〈v1, v2〉
zd�Br2üodrdû@ü5�Poiü �Wwdn8ûIodþ�û

Pi
��RV�Pn[qQ}Qwi�P~5q �uü�û@z 	 sar2zZoipK~5sa�Pr�tMr2�Po2ü[���Z~8ûIrd��r2ü

v ∈ S(T, ui)
�e�Qo2wdwi�hü���r2ü ýhodû

v 6∈ S(T,w)
t2pIûÔýhods�s��fwdyasaýhodû:ýhodû

v 6∈ S(T )
tZûI~xw2�BnxpI�Pr2ü5ÿ{ýhodû{r�~

v ∈ S(ui)
�

��*
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�Àûuü:�ZpIpIodn5n8ûIrip4û{üázZû
v
ü���r�~ázd�Pr2p �'ÿIyas��fsardÿIûuü � zd�Pr2ü¸yÐ�g�'ü5�����fûB��4 �Bsj~5û�w2�Bnáya�'n �I��yjû

(GX)
tp4û�ý�o2sUs�fwdyasaýhodû�ý�o 	 say�û �Zsaü�~5û�odrì~8ûIn �fû

uj
~5ûIy�ýhodû

v ∈ S(uj)
�¢þ�û{p

j 6= i
��6 �Po2ü"p4��r2ü�~5n8odsaü5�Priü�Bya�PnXü�odrdû¸wdn8ûIo2þPûÔwdyao2üwMû4~5sj~5û@zZû

T ` w
��6x��o2ü�Bri�Bya}Qü5�Priü|yaû{ü zZûIo��×ü���o2ü �<wdn8ûIo2þPû{ü

Pi
ûI~
Pj
��6x�PoiüpXqdûInXpXqd��r2ü yaûfpXqdû��fsar �\� �Zs�\�By(2cw2�Pn�~8sjn¸zZo�r �¸o2z

ui
t�n5ûuü�wÀ�

uj
�\o#~5��o2ü�yjûuü[r��¸o2zdü�wi�hü5ü��{zdûIrh~

vp4� � �fû:ü5�Po2ü �<~5ûIn �fû{ü{���Q�Psj~xodr zZûuüxpXqdû��"sar2ü �irds¿~�ü�odn odrdû¸n �I�Pyaû
(A)

tiz2�Br2üxpIû:pI��ürd�Poiüp4�Prip4yaod�Pr2üýhodû
v ∈ S(T )

��p4ûfý�o2s*pI�Prh~5n8û{zZsj~[y 	 qh}QwM�B~8q �{ü5û
v 6∈ S(T,w)

���Z�Psj~[yaû{üÔzZûIo �'pXq2û��fsjriü �irdsaü8ü5ûIrh~�ü5odnodrdû��BwdwdyasÐpI�7~8sj��r zZûcyÐ�'n �I�Pyaû
(P )

t*�Pyj��n8ü¸r2�Po2üán5û��"w2ya�'74�Priü¸p4û4~5~5û��BwdwdyasÐpI�7~8sj��rìzZûÕyÐ�'n �I�Pyaû\w2�PnáyÐ�ü���o2ü �<wdn8ûIo2þPûýhodsiü5û~5û{n��fsardûw2�Pn
T ` v1

tPrd��o2ü]pI�PodwM�Pr2ü|zZ�PripU~5�Pod~5ûxyÐ�:ü5�Po2ü �<w2n5û{odþPû�zZû
v2
tPûI~|zd�Briü~5��o2ü¸yaû{ü:r��¸o2zdü:zZûuü:zZû{o���pXqdû��fsjr2ü{tÀrd��o2ü¸n8û��fwdyÐ�\7I�Pr2üÔyaûcü5�Po2ü �ö~8ûIn �fû

v
w2�Bn

v1
�c6 �Po2ü¸� �Z~5û{rd�Priü

�dsaûIr×odrdû¸wdn8ûIo2þPûÔwdyao2üp4��odn�~8ûPtdpIû:ý�o2sÀp4�Prh~8n5ûuzZs¿~yÐ���fsjrds�\�Byas¿~8ÿ:zZûÔya�"wdn8ûIo2þPûP�
� ���fzZû{n5rds�In8ûÔn��{�PyaûÔû{ü�~

(D)
�

(D)

P1

T ` {w}k

P2

T ` k

T ` w
6x��o2ünX�BsÐü���rdrd�Priü|zZû �:V��"û:ýhodû¸zd�Pr2ü�yaû:pI�Pü�w2n5ÿup4ÿ{zdûIrh~wi��odnya�"n �I��yjû

(GX)
�

6x��o2ü¸p4��r2ü�sÐzZÿ{n5��r2ü yaû{ü��ZpIpIodn8n5û{r2p4ûuü[zZûfyÐ�cn �I��yjû
(P )

ýhodsVûIr2�PûIrizZn5û{rh~�yaû"~5ûIn �fû
v = 〈v1, v2〉

zd�Briüodrdû#ü5�Poiü �Wwdn8ûIodþ�û
P1

û4~
P2
�]R��PnÕqQ}Qwi�P~5q �uü�û'z 	 sjrizZo2pK~8sj��rÀt>r2�Po2üf� �Z~5û{rd�Pr2ü

v ∈ S(T, k)
ûI~
v ∈

S(T, {w}k)
���QodwdwM��ü5�Priüxýhodû

v 6∈ S(T,w)
tipIû:ý�o2sÀs��fwdyasÐý�o2ûáýhodû

v ∈ S(T, k)
p{�Bn

v
û{ü�~ odrdû¸w2�Psjn8ûû4~xrdû¸wMûIod~xw2�Pü�VI~5n8û�o2r×pXq2s ��n5ÿ¸ÿ{���Py�2

{w}k
�

�Àûuü¸�ZpIp4o2n5n8ûIr2pIû{üÔzZû
v
ü���o2ü �<~5û{n��fûuü�zdû

k
ü5�Prh~:zZ��r2p ��ÿIyas��fsardÿIûuü[��w2�Bn:pIûÕzZÿ{pXq2s ��n5û��fûIrh~{�c6 �Po2üp4��r2üG~8n5o2saü5�Pr2ü|�Bya�PnXü]odr2û[wdn8ûIo2þPûxwdyao2üUwMû4~5sj~5ûÔzZû

T ` w
��6x��o2üU�Br2�Pyj}Zü5�Pr2ü>yjûuü|zZû{o��cü5�Po2ü �<w2n5û{odþPûuü

P1û4~
P2
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×Jàgfãàge;k�Û6o3f7n+Ø9c3àgfãnO×J×JkCm)hFn+ØJh/ìUc3Øãm3k�æ8æ'àgØ9n+Ø9h»ì²ß+ÛUàghl×ã×Jàgf Ó é kOÛ¨o¥f9nEØJc3àUfLÕgàÂí�k�à[c)îgm Ó àU×Jh»ìTïc3Ø^c3eCÔUeð×Jàgf�m)c Ó àUhjÕCc¥×%ÜOfJkOàgÛ¨c�×%nEë6o Ó h/c¥eU×3p¨ñRkOæ8æ;cMeUk�àU× Ó é nVáOk�eU×?h Ó/Ó àU×xØJf9oYÕUnEeU× Ó cMm7äUnEÛgh/ØJf9cDÚCß Ó n[ìòk�eUm)ØJhlk�eÕgc;áOo3f9h»Ô6m3n+Ø9h/kOe�Õgc8×Jk�æ8æ8c1àCØ9h Ó hl×Jo3c1Õgn�eU× Ó c1ÛgfJk�ØJkCm)k Ó c;ó�ô<i�õ=ÕCo¥m3fJh/Ø'ÕgnEe¨× Ó nð×Jc¥m)ØJhlk�e�ÚCp öUp°ÚCp ö�ÛUn�Ü�c8Ù�÷UßÛ Ó àU×[Ûgf9o¥m3hl×Jo3æ8c3e¢Ø[ÕUnEeU× Ó n\×Jc¥m)ØJhlk�eêÚgp Ýgp Úgp/Þ1ÛUn�Ü�c�ÙOøOùYÛ6kO×9×Jú¥ÕCc�m3c)ØJØJc�ÛUfJkOÛgfJhlo)Ø9o�×Jàgf Ó c�íÂkOàûc)îgm Ó àU×Jh»ìdïNpô_eU×xàUh»Ø9c�egkOàU×%m)kOeU×xhFÕCo¥fJc¥fJkOeU× Ó c�m¥n�×Rk�ü Ó cY× è æ'ë6k Ó c�Õgc�m7ägh/âNfJc¥æ;c¥e¢ØRc¥×xØ^ÕChl×xØJf9hlëgàCØJh/ì�×Jàgf Ó c1íMkOàÖc)îgm Ó àU×Jh/ì�ïc3Ø Ó c�×^Ü�f9k�àgÛ6c¥×%n�ë¨o Ó hlc3eU×¥pCô<eCÔ¨e�eUk�àU×%f9c3Ü¢nEf7ÕCk�eU× Ó cYm¥n�×%kOü Ó cMm7ägh»âNf9c3æ8c3e¢Ø^c¥×xØdm)kOæ;æ[àCØ9nEØJh/ì�c3ØdÕChl×xØJf9hlëgàCØJh/ì×Jàgf Ó cM× è æ'ë6k Ó cMÕCàûí[k�à�c)îgm Ó àU×Jh»ì<ï�c)Ø�ÕCc¥×�Ü�f9k�àgÛ6c¥×%nEë6o Ó hlc3eU×¥pý f7þ�m3c\nEà Ó c¥æ8æ;cÿö�ÛUnEÜOc���ÙQegkOàU×Ö×9nVá�k�e¨×1åOàUc\ÕgnEeU×Öàgegc\Ûgf9c3àUá�cðæ8h/eUh/æ1n Ó cÿÕCc

T ` w
ØJkOàU× Ó c¥×e��MàUÕg×Rä è Û6kEØ9ägú¥×Jc¥×_c)Ø^m)k�e¨m Ó àU×xhlk�e¨×_ÕCc�×_f9ú3Ü Ó c�×

(UR)
ß
(UL)

c3Ø
(P )
×Jk�e¢Ø?ÕCc�×_o Ó o¥æ8c3e¢Ø9×?ÕCc

S(T,w)
p���kOàU×n�eUn Ólè ×xkOeU×ãæ1nEhle¢ØJc¥eUnEe¢Ø Ó c¥×?nEàgØJf9c¥×<f9ú3Ü Ó c�×_ÕCc�egkEØ9fJc�× è ×xØJú3æ8c�ÕCc�ÕCo�ÕCàUm)ØJhlk�e�nEÔUe�ÕTé k�ëCØ9c3eghlf?àgegc�ÛgfJkCm3o¥ÕCàgf9cÕgcYÕgo¥m)hF×Jh/kOe�Û6k�àgf Ó cYÛgf9k�ë Ó ú3æ8cMÕCcDÕCo�ÕCàUm)ØJhlk�eðÕCc Ó é hleOØ9fJà¨×3p

���
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��kOàU×'nVáOk�eU×DÛgfJkOÛ¨k¢×xo1àUegc�Ûgf9kCm)o�ÕCàgf9cÖÕCc�ÕCo�m)hF×xhlk�e�Û6k�àgf Ó c�Ûgf9k�ë Ó ú3æ8cÖÕCc�ÕCo¥ÕCà¨mIØJhlk�e ÕCc Ó é hle¢ØJf9àU×Dc¥eØ9c3æ8ÛU×ãc3îXÛ6k�eUc3e¢ØJhlc ÓGF HIH
J ÷¢Ý�KUÛ6k�àgf Ó c�×LØJägo¥k�f9h/c�×MLON�PRQRSdc3Ø�LOTUSXp �dkEØ9fJc^nEÛUÛgfJkCm7ägc^m3k�eU×Jhl×xØJcWV�Ø9f9n�eU×²ìòkOfJæ8c¥fÓ c¥×%Ûgf9c3àUá�c¥×?Û6k�àgf�n�fJf9hlá�c3fXV;ë¨kOfJeUc3f Ó cYegkOæ'ëgf9cMÕTé nEÛgÛ Ó hFm3n+Ø9h/kOeU×%ÕCc Ó n'ìòkOeUmIØ9h/kOe�äUk�æ8k�æ8k�f9ÛgäghFå¢àgc�c)Ø�k�ëgØJc�Yeghlf%àge�fJo�×xà Ó Ø9nEØ�ÕCc Ó kCm3n Ó h/ØJo�Û6k�àgf^nEÛUÛ Ó hFå¢àgc3f Ó c�fJo�×xà Ó Ø9nEØ^o)ØJc¥eUÕCàÂÕCc*Z\m\[ Ó/Ó c¥×xØJc¥f^ÕCà�ØJägo¥k�f9ú3æ8cYÚ'ÛUn�Ü�cMÝ0]Xp
^ p`_dc Ó n�àgegc F _�c Ó ÷���n�KNn�æ;o Ó hlk�f7nYm)c�×<f9o¥×Jà Ó Ø7n+Ø7×ãc)Ø?ÛgfJkOÛ¨k¢×Jn�àgeUcdÛgf9kCm)o¥ÕgàgfJc^c¥e8ØJc¥æ;Û¨×_Û6k Ólè egk�æ8hFn Ó c¥e1h/e¢ØJf9k-YÕCàUhl×9nEe¢Ø^àgegc�í'æ1n�m)f9kÖï�fJú¥Ü Ó c�Û6k�àgf%Ø9f9n�h»Ø9c3faV Ó n'ìòkOhl× Ó n;f9ú3Ü Ó c

(h)
ÕCcMm)f9o¥n+Ø9h/kOe�ÕgàÂ× è æ'ë6k Ó c

h
c)Ø Ó n[f9ú3Ü Ó cÕTé n�ÕUÕCh»Ø9h/kOe

(GX)
p �dk�àU×_ÛgfJo�×xc¥e¢ØJk�e¨×ãegkEØ9fJcdfJo�×xà Ó Ø9nEØ_Û6k�àgf Ó cdm¥n�×ULONOS�c3ØRàCØ9h Ó hl×Jk�e¨× Ó é hFÕCo3c�ÕCc Ó nMÛgf9kCm)o¥ÕgàgfJcc¥e8ØJc3æ8ÛU×RÛ6k Ólè e�b�æ8hln Ó Û6k�àgf Ó c�×<Ø9ägo3kOfJhlc¥×OL�N�PRQRS�c3ØRL�TUS�hle¢ØJf9kXÕgàgh»Ø9c�ÛUn�f ^ p�_dc Ó n�àgegcOß�Û6k�àgfRfJc�ÕCo3æ8k�e¢Ø9fJc¥fm3c�f9o¥×Jà Ó Ø9nEØ%c¥eÂàCØJh Ó hF×9nEe¢Ø Ó cMf9o¥×Jà Ó Ø9n+Ø�ÕCc Ó kCm3n Ó h/ØJoM×Jh/æ8Û Ó cMÕCàðm7äUnEÛgh/ØJf9cYöUp

cXdfeOdge hBikjXd

_�nEeU× Ó n�ÔUÜOàgfJc;ÝCplÞ�ß6egk�àU×�f7nEÛgÛ6c Ó k�eU× Ó c'æ8kCÕCú Ó c;Õgc1_�k Ó c3á`Yml_nEkÖàCØ9h Ó hF×xo;c)Ø Ó c�×�nEîCh/kOæ;c�×dÕCc Ó n1ØJäUo3k�f9hlco�åOà¨n+ØJhlk�eUegc ÓlÓ cnL�NMS�o
p (x⊕ y)⊕ z = x⊕ (y ⊕ z)

õ�[d×9×JkXm3hlnEØJhláXh»Ø9o�ù
p x⊕ y = y ⊕ x

õPñRkOæ8æ'àCØ7n+ØJhláXh»Ø9o�ù
p h(x⊕ y) = h(x)⊕ h(y)

õ5bdk�æ8k�æ8kOfJÛgäUhl×Jæ8c�ù
[�hleU×Jh=ß¨nEàUm3àge�× è æ'ë6k Ó cYegcMÛ¨c¥àCØaq)Ø9fJcDÕgo)ØJf9àgh/Ø�eghTÛUn�f Ó n;f9ú3Ü Ó c

(GX)
egh�ÛUnEf Ó n8fJú¥Ü Ó c

(h)
p

(A)
u ∈ T

T `E u

(P )
T `E u T `E v

T `E 〈u, v〉

(C)
T `E u T `E v

T `E {u}v

(GX)
T `E u1 . . . T `E un

T `E u1 ⊕ . . .⊕ un

(UL)
T `E 〈u, v〉

T `E u

(UR)
T `E 〈u, v〉

T `E v

(D)
T `E {u}v T `E v

T `E u

(h)
T `E u

T `E h(u)

rXs�tUuTÝgp/Þ p _dk Ó c¥á`Yvl_n�k[o3ØJc3e¨ÕCàÂÛ¨kOàgf Ó n;Ø9ägo3kOfJhlcYo¥å¢àUnEØJhlk�egegc Ó/Ó cnLONOS¢p
_�nEeU×YàgeQÛgf9c3æ8hlc3f�ØJc¥æ8ÛU×3ßTeUk�àU×Yf9c¥ÕCo¥æ8k�e¢ØJf9k�eU× Ó c¥× Ó c3æ8æ8c¥× ��ÛUnEÜOc � ��c3Ø[Ý�ÛUnEÜOc �¢ÝÖkOëCØJc¥e¢à¨×MÕgnEeU×Ó c'm3nO×�ÕCc1_dk Ó c¥á0Yml_nEkÖ×xØ9n�eUÕgn�f9Õ�c)Ø�ÕCc Ó n;ØJägo¥k�f9h/c'á¢hFÕCcOßUÛ6k�àgf!LONOS¢p¨ô<eU×Jàgh/ØJc'eUk�àU×�m)k�e¨×xhFÕCo3f9k�e¨× Ó c�×�f9ú3Ü Ó c�×

(h)
c3Ø

(GX)
Û¨kOàgf[kOëCØJc¥eghlf[àgeêfJo�×xà Ó Ø9nEØ;ÕCc Ó kXm¥n Ó h»Ø9o�pM_�n�eU×'àUe ×Jc¥m)kOeUÕQØ9c3æ8ÛU×[egk�àU×[æ8k�e¢ØJf9k�e¨×'å¢àgc Ó nÕCo�ÕCàUm)ØJhlk�e�c3e�àgegcMo)Ø7nEÛ6cMÕgnEeU×^m3cM× è ×xØJú3æ8cYÛ6c3àCØd×JcYf9n�æ;c¥egc3fWV Ó n[f9o¥×Jk Ó àCØ9h/kOe�ÕTé àgeð× è ×xØJú¥æ;cMÕTé o¥å¢àUnEØJhlk�eU×Ó h/eUo¥nEhlf9c¥×¥pgñRcMÛUfJkCm)o�ÕCo�àU×xàUc Ó c�×²ØdÕCo3Ø9n�h ÓlÓ oMÕgn�eU× Ó cDm3n�×XL�NOS¢p

wGx�yzx�yzx�y {R|G}'~��v������x

��kOàU×?nEeUn Ó/è ×Jk�eU×ãæ1n�h/e¢ØJc¥eUnEe¢Ø Ó cYm)k�æ8Û6k�fJØJc¥æ;c¥e¢ØRÕCc¥×?ÕCc¥àCî1egk�àgáOc ÓlÓ c�×<f9ú3Ü Ó c�×ãh/e¢Ø9fJkCÕCàgh/ØJc�×
(GX)

c3Ø
(h)Õgn�eU× Ó c¥×YÛgf9c3àgáOc¥×MÕCc�× Ó c¥æ8æ;c�×MÛ6k�àgf Ó nÂfJú¥Ü Ó c

(C)
c)Ø

(D)
p H nð×²Ø9fJà¨mIØJàUfJc1ÕCc�×YÛgfJc¥àgá�c�×MÕCc¥× Ó c3æ8æ8c¥×DÛUnEfhleUÕCàUm)ØJhlk�e�fJc�×²Ø9cYhlÕCc¥e¢ØJhFåOàUcDåOàUcDÕgnEeU× Ó cMm3nO×^ÕCc�_dk Ó c¥á`Yvl_n�k;×xØ9n�eUÕgnEf7ÕTp

]+÷
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(D)

(R)

```
T ` {u}v ↓ = r

```
T ` v ↓

T ` u

(E./@+H70 {u}v ↓ ∈ S(T ) `
� H94)B  4 o �dk�àU×�ì5n�hl×Jk�eU×�àgegc8hleUÕCàUm)ØJhlk�eQ×xàUf Ó n�×²Ø9fJàUm)ØJàgf9c8ÕCc Ó n�Ûgf9c3àgáOc P p H c�×Ym3n�×�ÕCc�×YfJú¥Ü Ó c¥× (P )

ß
(UR)

ß
(UL)

ß
(C)
c3Ø

(D)
×xkOeOØ;hlÕgc3e¢ØJhFå¢àgc¥×;nEà Ó c3æ8æ8cðÝðÛUn�Ü�c �¢ÝCp H c�m¥n�×'k�ü Ó nÿÕgc3f9egh/ú¥fJc�fJú¥Ü Ó c�ÕCc Ó nÛUfJc¥àgá�c

P
c�×²Ø Ó n�fJú¥Ü Ó c

(h)
k�à

(GX)
ß6c¥×xØ�hlæ8Û¨k¢×J×Jh/ë Ó c;m3nEf

{u}v ↓
ejé c¥×xØdeghLàge\ØJc3f9æ8c'nVá�c�m Ó c'× è æ[ë¨k Ó c

hc¥e�Ø q)Ø9c�ßUeUh Ó cD× è æ'ë6k Ó c
⊕
p
�

{	��
�
������ @+*-, P BC$N4YGNHJ4)B  4�A[*-$¨*-A8(E./4ð:�4 T ` w ` � * P 27@E$U,P*54)$¨,�BC$N4�(7G�G6.»*529(E,=*5@E$ :�4�./(�H�����./4Â:�427@E$g0I,=HIBU23,P*5@+$�:O4[2��X* �^H94)A14)$¨, (C) :O4D./(d&)@+HIA14'07BC*  (+$¨, 4;K

(C)

```
T ` u

```
T ` k

T ` {u}k(E./@+H70 {u}k ∈ S(T,w) `
� H94)B  4 o
�dk�àU×<ì5nEhF×xkOeU×<àgeUcdhleUÕCàUm)ØJhlk�eÖ×Jàgf Ó nD×xØJf9àUmIØ9àgfJc�ÕCc Ó nMÛgf9c3àgáOc

P
p H c¥×Rm3n�×RÕCc¥×_fJú¥Ü Ó c¥×

(P )
ß
(UR)

ß
(UL)

ß
(C)
c)Ø

(D)
×xkOeOØ^hFÕCc3e¢Ø9hlå¢àgc�×�nEà Ó c¥æ8æ;c �;ÛUn�Ü�c ���Up

p
H cDm¥n�×%k�ü Ó n;Õgc3f9egh/ú¥fJcYf9ú3Ü Ó cYÕCc Ó n[ÛUfJc¥àgá�c

P
c�×²Ø Ó n;fJú¥Ü Ó c

(h)
ß

(h)

P1

T ` u

T ` h(u) = wiãnEf<ä è Û¨k�ØJägú�×xc�Õjé hleUÕCàUm)ØJhlk�e1egkOàU×<×9nVá�kOeU×ãå¢àgc%ØJkOàU× Ó c¥×ãe �Mà¨Õg×<hF×J×JàU×<Õjé àgeUc�fJú¥Ü Ó c
(C)
Õgn�eU× Ó nD×xkOàU×gYÛgf9c3àgáOc

P1
×xkOeOØdÕUnEeU×

S(T, u)
pgiãnEfdÕCo3ÔUegh/ØJhlk�eÿÕgc

S
ß
u ∈ S(h(u)) = S(w)

ß6n�h/e¨×xhTØ9k�àU× Ó c�×�e �Mà¨Õg×hl×9×JàU×^ÕTé àgegcMf9ú3Ü Ó c
(C)
×Jk�e¢Ø�ÕgnEeU×

S(T ) ⊆ S(T,w)
p

p
H cDm¥n�×%k�ü Ó n;Õgc3f9egh/ú¥fJcYf9ú3Ü Ó cYÕCc Ó n[ÛUfJc¥àgá�c

P
c�×²Ø Ó n;fJú¥Ü Ó c

(GX)
ß

(GX)

P1

T ` u1

. . .
Pn

T ` un

T ` u1 ⊕ . . .⊕ un = wiãnEf<ä è Û¨k�ØJägú�×xc�Õjé hleUÕCàUm)ØJhlk�e1egkOàU×<×9nVá�kOeU×ãå¢àgc%ØJkOàU× Ó c¥×ãe �Mà¨Õg×<hF×J×JàU×<Õjé àgeUc�fJú¥Ü Ó c
(C)
Õgn�eU× Ó nD×xkOàU×gYÛgf9c3àgáOc

Pi
×Jk�e¢Ø�Õgn�eU×

S(T, ui)
Û6k�àgf

i = 1, . . . , n
pgiãnEf�ÕCo3ÔUegh/ØJhlk�eðÕCc

S
ß
ui ∈ S(u1 ⊕ . . .⊕ un) =

S(w)
ß¨n�h/eU×JhNØJkOàU× Ó c¥×^e �Mà¨Õg×%hl×9×JàU×^ÕTé àgegcMf9ú3Ü Ó c

(C)
×Jk�e¢Ø�ÕgnEeU×

zS(T,w)
p

�ñRc�×�Ûgf9c3àUá�c¥×�ÕgnEe¨× Ó c?m¥n�×GL�NOS%×Jk�e¢ØjØ9fJú�×�×Jh/æ8h Ó n�h/f9c¥× V�m)c Ó/Ó c¥×�ÕCc _dk Ó c¥á0Yml_nEk�m3nEf Ó n�ØJägo¥k�f9h/c_o¥å¢àUn+Ø9h/kOegegc Ó/Ó cnO×J×JkCm)hlo3c�egcðÕCo)Ø9fJàUh»Ø�n�àUm)àge ØJc¥fJæ8cOp ��k�à¨×8Û¨kOàgá�kOeU×8ÕCo3æ8k�e¢Ø9fJc¥f8Õgcðæ1q¥æ8cÂå¢àgcÂÛ6k�àgf Ó n�fJú¥Ü Ó c
(C)

ÕCc¥×Ó c3æ8æ8c¥×%Û6k�àUf Ó c¥×%f9ú3Ü Ó c�×
(GX)

c)Ø
(h)
pNñRc¥× Ó c3æ8æ8c¥×%egk�eÂÕCo3Ø9nEh ÓlÓ o�×RhFm)hTÛUfJkOàgá�c¥eOØ^å¢àgc Ó c�×^m)kOeUm Ó àU×Jh/kOeU×%ÕCc¥×f9ú3Ü Ó c�×

(GX)
c)Ø

(h)
×Jk�e¢Ø�Õgn�eU×

S(T,w)
p

{	��
�
������ @+*-, P BC$64?GNHJ43B  4'A[*-$¨*-A8(E./48:�4 T ` w >?(E./@+H70[43.-./4;4I0I, S(T,w) � .l@¥27(+.l4¥`
]XÞ
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� H94)B  4 o�ñ�é c�×²Ø%àgegcYm)kOeU×Jo¥å¢àgc3e¨m)cdhlæ8æ8o¥ÕChFn+Ø9c�ÕCc�× Ó c3æ8æ8c¥×?ö;ÛUnEÜOc �OÙgßXøDÛUn�Ü�cdÛUfJo�m)o¥Õgc3e¢ØJcOß�]MÛUnEÜOc ]E÷Dc)ØÕCc�×%ÕCc3àCî Ó c¥æ;æ8c�×%Û¨kOàgf Ó c�×?fJú¥Ü Ó c¥×
(GX)

c)Ø
(h)
hleUÕChFåOà¨nEe¢Ø�åOàUc Ó c¥×^m3k�eUm Ó àU×Jhlk�eU×?ÕCcMm)c�×%fJú¥Ü Ó c¥×?×xkOeOØ�Õgn�eU×

S(T,w)
p
�

��kOàU×�nVáOk�eU×^ÕCkOeUmYàgegcYìòkOeUmIØ9h/kOeðÕCc'×Jk�àU×gY=Ø9c3f9æ8cYm¥n Ó m)à Ó nEë Ó cYc3eÂØ9c3æ8ÛU×^Û6k Ólè e�b�æ8hFn Ó c3ØdàgeÂf9o¥×Jà Ó Ø7n+ØdÕCcÓ kCm3n Ó h/ØJo�ßCeUk�àU×%f9c3Ü¢nEf7ÕCk�eU×Ræ1nEhle¢ØJc3e¨nEe¢Ø^c3eðÕCo)Ø7nEh ÓTÓ n8ÕCo�ÕCàUm)ØJhlëgh Ó h/ØJoDc¥e�àUegcMo)Ø7nEÛ6c�p
wGx�yzx�yzx�� �B�����@}-����|�� �	�
��� � �0��~� �zx

��kOàU×YØ9f9n�eU×²ìòkOfJæ8kOeU× Ó c1ÛUfJkOë Ó ú¥æ8cÖÕCcÖÕCo¥ÕgàUmIØ9h/kOe�c3eQàgegcÖo3Ø9n�Û¨cÖÕCc Ó nÂf9ú3Ü Ó c
(GX)

c3e Ó nÂf9o¥×Jk Ó àCØ9h/kOeÕTé àge�× è ×xØJú¥æ8c8Õjé o�åOà¨n+ØJhlk�e¨× Ó hlego�nEhlfJc�×�Õgh/kOÛgäUnEe¢Ø9h/c¥egegc¥×¥p�ñRc3ØxØJc8Ø9f9n�eU×xìòk�f9æ8nEØJhlk�e�fJc�×J×Jc3æ[ë Ó c V Ó nÂæ;o3ØJägkCÕCcàCØ9h Ó hF×xo¥c?Û¨nEfãiLp��dn�fJc¥eUÕCf7nEe F ��nEf ����KgÛ6k�àgfãf9o¥×Jk�àUÕgfJc%ÕCc¥×LÛUfJkOë Ó ú¥æ8c¥×ãÕTé àgegh/Ô¨m3nEØJhlk�e;c3e;Ûgf9o¥×Jc3eUm3c%ÕgcRØ9ägo3kOfJhlc¥×o�åOà¨n+ØJhlk�eUegc ÓlÓ c�×8æ8kXÕgà Ó k [dñ�p ��k�à¨×1f9n�ÛgÛ6c Ó k�eU×1å¢àgc\×Jc3à Ó c Ó n�fJú¥Ü Ó c
(GX)

Û6kO×Jcðàge ÛgfJkOë Ó ú3æ8c\m3n�f1c ÓlÓ cf9c3Ûgf9o¥×Jc3e¢Ø9c�Û6kEØ9c3e¢ØJhlc ÓlÓ c3æ8c3e¢Ø�àgeUcðì5nEæ8h Ó/Ó c\hleCÔUeghlcÿÕCcðf9ú3Ü Ó c�×3p H n�ÕCo¥ÕgàUmIØ9h/ëgh Ó h»Ø9oÿc3e�àUegcðo)Ø7nEÛ6c\Û¨kOàgf Ó c¥×n�àCØJf9c¥×8f9ú3Ü Ó c�×1c¥×xØÖì5n�m3h Ó c V�æ8c)ØJØJf9c\c3e �MàUá¢f9cðm3n�f�m)c�×Öf9ú3Ü Ó c¥×8e�é kOeOØ�åOà�é àge�eUk�æ'ëUfJcÂÔUeUh�ÕTé ä è Û6kEØ9ägú¥×Jc¥×Û6kO×9×xhlë Ó c¥×¥p
�B�	���@������|�� yzy�� ~
��| 
���� � @+*-, u BC$�, 43HIA14I>Y$6@EBX0Â: !�� $¨*F070)@E$g0Â./(1&)@E$623,=*5@E$ (+,]@+A[0 (u) :�4ð.l(QA8(E$U* �3HJ40IBC*  (+$U,]4'K

� � * u = u1 ⊕ . . .⊕ un
>?@���2 �U(�Z3BU4 ui

$TS 4I0I,�Gg(+0[4)$�,��),]4[(  472 ⊕ >?(E./@+H708(+,]@+A[0 (u) = {u1, . . . , un}
`

� 4)0 ui
03@+$U,%(9GOGg43. ! 0 n+Ø9k�æ8c¥× :�4 u `

� � * u $NS 4)0I,TGU(V0'43$ÿ,��),]4'(  472 ⊕ (E./@+H70'(E, @EA'0 (u) = u `
��kOàU×DÜOo3ego¥f9n Ó hF×Jk�eU× Ó nðÕCo)ÔUeUh»Ø9h/kOeûÕTé nEØJkOæ;c�×DnEàgî�c¥eU×xc¥æ'ë Ó c¥×'ÕCc1ØJc¥fJæ8c�×

T
c3eQìòk�f9æ8c¥×MeUk�f9æ8n Ó c�×YÛUnEfnEØJk�æ1×

(T ) :=
⋃

t∈T

nEØJk�æ1×
(t)
p

��kOàU×1ÕCo3Ø9nEh ÓlÓ kOeU× Ó nQm3k�eU×xØJf9àUmIØ9h/kOe Õgà × è ×²Ø9ú3æ8c\ÕTé o¥å¢àUn+Ø9h/kOeU× Ó hlego�nEhlfJc�×1ÕCh/kOÛgäUn�eOØ9h/c¥egegc�×1V�ÛUn�fxØ9h/fÖÕgàÛgf9k�ë Ó ú¥æ;cYÕCcDÕCo�ÕCàUm)ØJhlk�eÂc3eÂàgegcYo3Ø9nEÛ6cMÛ6k�àgf Ó n;fJú¥Ü Ó c
(GX)

p
p _dkOegego3c�× o
p àgeÂc¥eU×xc¥æ'ë Ó c�ÔUegh�ÕgcYØJc3f9æ8c¥× T = {t0, . . . , tn}
p àge�Ø9c3f9æ;c s

p ^ k�fJØJhlc
p
� e;× è ×²Ø9ú3æ8c D(T, s)

ÕTé o¥å¢àUnEØJhlk�eU× Ó h/ego�nEhlfJc�×LÕCh/kOÛgäUn�eOØ9h/c¥egegc�×�×Jàgf Ó c¥×�á+nEf9hln�ë Ó c�×
X = {x0, . . . , xn}Ø9c ÓlÓ c�×�å¢àgc

T ` s
×xhjc3Ød×xc¥à Ó c3æ8c3e¢Ø�×xh

D(T, s)
Û6kO×9×xú�ÕCcYàgegcD×Jk Ó àCØJhlk�e�p

p [
Ó Ü�k�f9h/ØJägæ8c
p
� m7äUnOå¢àgc�ØJc3f9æ8c ti egk�àU×dn�×9×xkCm)hlk�e¨×_àgeUcMáVn�fJhFnEë Ó c xi

Û6k�àUf
i = 0, . . . , n

p
p ^ h u c�×²ØMàgeQn+Ø9k�æ8c1ÕCc t ßTegk�à¨×MÕCo3egk�ØJkOeU×�ÛUnEf δ(u, t) Ó c;eUk�æ'ëUfJc8ÕTéjkCm3m3àgf9fJc¥eUm)c�×�ÕCc Ó é nEØJkOæ;c uÕgn�eU× Ó cYØJc3f9æ8c

t
p

p ^ kOh»Ø A = {a1, . . . , am}
Ó é c3eU×Jc3æ[ë Ó cYÕgc¥×�nEØJk�æ8c�×?Õgc

T ∪ {s}
p

p iLk�àUf�m7äUn�å¢àgcMn+Ø9k�æ8c ai
ÕCc

s
ßCegk�àU×%hle¢ØJf9kCÕCàghF×xkOeU× Ó é o¥å¢àUnEØJhlk�eÂ×xàUh/á+nEe¢Ø9c1o

δ(ai, s) =

n∑

j=0

δ(ai, tj) ∗ xj

ñRc3ØxØJc�o¥å¢àUn+Ø9h/kOe�f9c Ó hlc Ó c1egkOæ'ëgf9c1ÕTé kXm¥m)àgf9f9c3eUm3c¥×MÕCc Ó é n+ØJkOæ8c
ai
ÕUnEeU× Ó c8ØJc¥fJæ8c

s
c¥×xØ'o3Ü¢n Ó V Ó n×Jk�æ8æ8cMÕCàÂegk�æ[ëgfJcMÕTé kCm3m3àgfJf9c3e¨m)c¥×%ÕCc Ó é n+ØJkOæ8c

ai
Õgn�eU× Ó c¥×?ØJc¥fJæ8c�×

tj
pH cD× è ×xØJú3æ8cMÕTé o¥å¢àUnEØJhlk�eU×

D(T, s)
c¥×xØ Ó n8m3k�e��²kOeUmIØ9h/kOe�ÕCcYØ9k�àCØ9c¥×^m3c¥×%o¥å¢àUnEØJhlk�eU× o

D(T, s) :=

m∧

i=1

n∑

j=0

δ(ai, tj) ∗ xj = δ(ai, s)

]EÚ
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��� ��
 �M� ��� � @+*-, T = {a1⊕ a2 ⊕ a3, a1 ⊕ a4, a2⊕ a4}
43, s = a1 ⊕ a2

>_@���,]@+BX0�./4)0 ai
$64M03@+$U,TGg(+0M43$,��3, 4[(  492 ⊕ `��'@EBX0�*-$¨,=H9@¥:EBC*F0)@E$g0M,PHJ@+*F0  (+HI*5(��3./4)0 x0, x1, x2

BC$N4?GU@+BCH'2��g(OZ)BU4 ! . ! A143$U,?:O4 T K
x0

GU@+BCH a1 ⊕ a2 ⊕ a3

x1
GU@+BCH a1 ⊕ a4

x2
GU@+BCH a2 ⊕ a4

� @EBCH'2 �U(�Z3BU48(+,]@+A14 ai
$N@+BX0'23H ! @+$g0YBC$64 ! Z)BU(E,=*5@E$g>?43,?@��),]4)$N@+$U0Y.l4M0	�V0I,��3A14M0IBC*  (+$U,%K







a1 : x0 + x1 = 1

a2 : x0 + x2 = 1

a3 : x0 = 0

a4 : x1 + x2 = 0

{	��
�
�� y�
 � @E*-, S BC$\0��V0I,��)A14':�S ! Z)BU(E,=*5@E$g0[:�4'./(�&)@+HIA14M0IBC*  (+$¨, 4;K






c1,1x1 + . . .+ c1,nxn = d1``` ``` ```
cm,1x1 + . . .+ cm,nxn = dm

wS = d1 ∗A1 ⊕ . . .⊕ dm ∗Am

Σ = {A1, . . . , Am}, TS = {t1, . . . , tm}@�� ∀i, 1 ≤ i ≤ n, ti = c1,i ∗A1 ⊕ . . .⊕ cm,i ∗Am ∀i, 1 ≤ i ≤ m,Ai
03@+$U,%:�4)0'(+,]@+A14I0[:O4 TS

`
� 4'0��V0I,��)A14;:jS ! Z)BU(E,=*5@E$g0 (S) (�BC$64D0)@E.WBC,P*5@+$ 0I*R43,R0)43BC./43A843$U,R0I*ã./4[, 43HIA14 w 4I0I,^: ! :+BU23,=*�3./4843$ÿBC$64

! ,](9GU4��YGg(EHI,=*-H':O4 TS
Gg(EHM./(ÖH � ��./4 (GX) `

� H94)B  4 o
p ^ h (S)

Û¨k¢×J×Jú¥ÕCcYàgeUcD×xk Ó àCØ9h/kOe�n Ó kOf9×?h Ó c)îChF×²Ø9cYàgegcD×Jk Ó àCØJhlk�e
α
ÕCc

(S)
ØJc ÓlÓ cDåOàUc o







c1,1α(x1) + . . .+ c1,nα(xn) = d1ppp ppp ppp
cm,1α(x1) + . . .+ cm,nα(xn) = dm

[�hleU×Jh=ßgeUk�àU×^m¥n Ó m)à Ó k�eU×
wS
V;ÛUn�fxØ9h/f�Õgc

TS
c3Ø
α
o

α(x1) ∗ t1 ⊕ . . .⊕ α(xn) ∗ tn

= α(x1) ∗ (c1,1 ∗A1 ⊕ . . .⊕ cm,1 ∗Am)⊕ . . .⊕ α(xn) ∗ (c1,n ∗A1 ⊕ . . .⊕ cm,n ∗Am)

= c1,1 ∗ α(x1) ∗A1 ⊕ . . .⊕ c1,n ∗ α(xn) ∗A1 ⊕ . . .⊕ cm,1 ∗ α(x1) ∗Am ⊕ . . .⊕ cm,n ∗ α(xn) ∗Am

= d1 ∗A1 ⊕ . . .⊕ dm ∗Am

= wS

p�� o¥m3h/ÛUfJkCå¢àgc3æ8c¥eOØ�ß_×Jk�h/Ø P àgeUc\Ûgf9c3àgáOcÂÕgc TS ` wS
c3e�àgegcðo3Ø9n�Û¨c\nVáOc¥m Ó nQf9ú3Ü Ó c

(GX)
p �dk�àU×m)kOeU×²Ø9fJàUhl×Jk�eU× Ó cD× è ×xØJú¥æ;c

(S)
V[Û¨nEfJØJhlf�ÕCc

TS
c)Ø
wS
p

TS = {t1, . . . , tm},Σ = {A1, . . . , Am} =
n+ØJkOæ1×

(TS)

wS = d1 ∗A1 ⊕ . . .⊕ dmAm

∀i, 1 ≤ i ≤ n, ∃cj,i1 ≤ j ≤ m, ti = c1,i ∗A1 ⊕ . . .⊕ cm,i ∗Am

]+Ù
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��������� ���!�#" �$�%�����'&(����)*������+-,�.%/0�1���2�#�3�����

��k�à¨×^ÕCo¥ÕCàUhl×Jk�eU× Ó cYØJc¥fJæ8c
wS
ÕCc
TS
ßgh Ó c3îChl×xØJcDÕCkOeUm�àgegcDÕCo�m)kOæ;Û6kO×Jh/ØJhlk�eÂÕCc

di
c¥e

ci,j
ß ÛUn�f%m3k�eU×Jo�YåOàUc3e¢Ø�egk�à¨×%k�ëCØ9c3egkOeU× Ó cM× è ×²Ø9ú3æ8cM×xàghlá+nEe¢Ø�o







c1,1x1 + . . .+ c1,nxn = d1ppp ppp ppp
cm,1x1 + . . .+ cm,nxn = dm

�
��kOàU×jkOëCØJc¥egk�e¨×jàge'× è ×²Ø9ú3æ8c Ó h/eUo¥nEhlf9c<ÕTé o�å¢àUn+Ø9h/kOeU×�ÕChlk�ÛUäUnEe¢ØJhlc3eUegc¥× V�m)kXc��Öm3h/c¥eOØ7×

N
pEñRc_× è ×xØJú¥æ8c_n^àgegc×Jk Ó àCØJhlk�e ×xh¢c)ØL×xc¥à Ó c¥æ8c3e¢ØL×Jh Ó c_ØJc3f9æ8c

s
c¥×xØãÕCo¥ÕCà¨mIØJhlë Ó c V�ÛUnEfJØJhlf�Õgc

T
c3e'àgegc_o3Ø9n�Û¨cOp � o¥×Jk�àUÕCf9c<àge;× è ×xØJú¥æ;cÓ h/eUo¥nEhlf9cRÕTé o¥å¢àUnEØJhlk�eU×�ÕChlk�ÛgäUn�e¢ØJhlc3egegc�× V�m)kXc��Öm3h/c¥eOØ7×

N
c¥×xØ�àge[Ûgf9k�ë Ó ú3æ8c �diOY]m)k�æ8Û Ó c)Ø F iLn�Û��Eö-KPß+nEhleU×JhXegk�àU×m3k�egeUn�hl×9×Jk�eU× Ó n8m3k�æ8Û Ó c)îCh»Ø9oDÕCc Ó n1Õgo¥ÕCàUm)ØJhlëgh Ó h/ØJoMc¥e�àUegcMo)Ø7nEÛ6c�Û6k�àUfdm)c3ØxØJc�Ø9ägo3kOfJhlcYo¥å¢àUn+Ø9h/kOegegc Ó/Ó c�p

cXdfeOd�� hBi���� j y	� h�
 j d
H c�×DÛgf9c3àUá�c¥×'Û¨kOàgf Ó c¥× Ó c¥æ8æ;c�×[m3k�eUm3c3f9eUnEe¢Ø Ó c¥×'fJú¥Ü Ó c¥×

(D)
ß
(C)
ß
(GX)

c)Ø
(h)
egc�×Jk�e¢Ø'Û Ó àU×;nEà¨×J×Jh×Jh/æ8Û Ó c¥×�m3n�f Ó n�f9ú3Ü Ó c

(GX)
Û¨c¥àCØ�ì5n�h/f9cRÕghl×JÛUnEf7n��FØJf9c_m3c3fJØ9nEhleU×jØJc3f9æ8c¥×�å¢àghXegcR×Jc3f9k�e¢Ø�Õgk�eUm_ÛUn�×�ÕgnEe¨×

S(T,w)
p

��� ��
 �@� � �� @+$U0I*5: ! HJ@+$U0Y.l(1, � ! @+HI*54 ! Z)BU(E,=*5@E$U$643.-./4����������¢>L.l(�G6H94)B  4Y0IBC*  (+$U,]4'@�� {a⊕{b}k, h(a)⊕
h({b}k)}

43, w = h(a) ⊕ h(c) (  472 Σ0 = {a, b, c, k} ` �[@+BX0 27(+.l2)BC./@E$g0 S(T,w) = T ∪ {w} ∪

{a, c, {b}k, b, k}
`

(GX)

(h)

(A)
a⊕ {b}k ∈ T

T ` a⊕ {b}k

T ` h(a)⊕ h({b}k)
(h)

(A)
{b}k ⊕ c ∈ T

T ` {b}k ⊕ c

T ` h({b}k)⊕ h(c)

T ` h(a)⊕ h(c)

 43,=,]4?GNHJ4)B  4'$NS 4)0I,TGU(V0 S(T,w) � ./@¥27(E./4829(EHM./4', 43HIA84 h(a)⊕ h({b}k) $TS 4I0I,jGg(+0D:O(+$U0 S(T,w) `
H é nEÛUÛgfJkCm7ägcYkOfJhlÜ�hlegc ÓlÓ cYå¢àgc'egk�àU×dnVá�k�e¨×?Õgo3á�c Ó kOÛgÛ6o3c F HIH
J ÷OÝ�K�c¥×xØdëUnO×xo¥cD×xàgf�Õgc¥×^Ø9f9n�eU×xìòk�f9æ8nEØJhlk�eU×%ÕCcÛgf9c3àUá�c¥×�å¢àgh<n�×9×JàgfJc¥e¢ØYå¢àgc Ó c�×MnEÛgÛ Ó hFm3nEØJhlk�eU×YÕCc8f9ú3Ü Ó c¥×

(GX)
×Jk�e¢Ø�ì5nEh/ØJc¥× Ó c8Û Ó àU×�Øfb�ØYÛ6kO×9×Jh/ë Ó c�p�ñRkOæ8æ;cÓ cYæ;kOe¢ØJf9c Ó é c)îCc3æ8Û Ó c �1×xh�egk�àU×%eUcYì5nEhF×xkOeU×%ÛUn�×^m3c)ØJØJcMØ9f9n�eU×²ìòkOfJæ1nEØJhlk�e�ÕgcMÛgfJc¥àgá�cYegkOàU×%Û6k�àgáOk�eU×?Ø9fJkOàgá�c¥fÕCc�×�e �MàUÕg×MÕgn�eU× Ó n�Ûgf9c3àUá�c[å¢àghãeUc8×Jk�e¢ØYÛUn�×MÕUnEeU× Ó c¥×M×Jk�àU×gY=Ø9c3f9æ8c¥×�ÕCc

T,w
p �dk�àU×�Ûgf9o¥×Jc3e¢Ø9c3f9k�eU×�m)c3ØxØJcØ9c¥m7ägeghFå¢àgcYc3eÂÕCo)Ø7nEh Ó Û6k�àgf Ó c¥×%Ø9ägo3kOfJhlc¥×?o¥å¢àUnEØJhlk�egeUc ÓlÓ c�×?nVáOc¥m�m7ägh/â6f9c3æ8c3e¢Ø�ÕChF×²Ø9fJhlëgàCØ9h»ìãÕgn�eU× Ó n8×Jc¥m)ØJhlk�eðÝCp°ÚÛUn�Ü�c ]']Cpãô Ó/Ó c\×¥é n�ÛgÛ Ó hlå¢àgcðnEà¨×J×Jh�ÕgnEe¨×1m)c\m3nOÕCf9c�ßLegk�à¨×1Ûgf9o)ìòo3f9k�e¨×[ÛUfJo�×xc¥eOØ9c3f Ó é hFÕCo3c\Õgc ^ pU_�c Ó nEàgegcðå¢àghf9c3ÜOfJkOàgÛ¨c Ó n�fJú¥Ü Ó c

(GX)
c3Ø

(h)
c¥eêàgegcð×Jc3à Ó c�íðæ1n�m3fJkQïûf9ú3Ü Ó c�Õgo3egk�ØJo3c�ÛUn�f

(GXh)
c3e nEÛgÛ Ó hFå¢àUnEe¢Øegk�ØJf9c[f9o¥×Jà Ó Ø9nEØYÕCc Ó kCm3n Ó h/ØJo8× è e¢Ø9nEîChlå¢àgc;k�ëCØ9c3eXàQnEàQm7äUnEÛgh/ØJf9c;ÛgfJo�m)o�ÕCc3e¢Ø¥p ^ àUf Ó é c)îCc3æ8Û Ó c �gß Ó n�ÛUfJc¥àgá�c1×JcØ9f9n�eU×²ìòkOfJæ8c?c3e8àgegc^ÛUfJc¥àgá�c^å¢àghCegc�m3k�e¢ØJhlc3e¢Ø_å¢àjé àgegc�×Jc3à Ó cDídæ1nOm)f9kYï[f9ú3Ü Ó c

(GXh)
m)c^å¢àghgf9c3eUÕ Ó n�ÛgfJc¥àgá�c

S(T,W )
Y Ó kCm3n Ó c�pG_�nEe¨× Ó n�ÔUÜ�àgf9c�ÝCp°ÚÂÛUn�Ü�cÖ×JàghláVn�e¢ØJc�ß�egk�àU×'f9n�ÛgÛ6c Ó k�eU× Ó cÖæ8kCÕCú Ó c�ÕCc�_�k Ó c3á`Yml_nEkðàCØ9h Ó hF×xoÛ6k�àgf Ó c¥×[ØJägo¥k�f9h/c�×;o¥å¢àUn+Ø9h/kOegegc Ó/Ó c¥× LON�PRQRSðc)Ø6L�TUS¢ßãc¥e m7ägkOhl×Jhl×9×9nEe¢Ø Ó n\egk�Ø9nEØJhlk�eêà¨×xàgc Ó/Ó c�Û¨kOàgf Ó c�í\kOàc3îCm Ó à¨×xh/ìLïNp

wGx�yzx��Gx�y {R|G}'~��v������x
H c Ó c¥æ;æ8cRö�ÛUnEÜOc ��Ù%eUk�àU×�h/eUÕghlå¢àgc?åOàUc<Û¨kOàgf�àUegc_Ûgf9c3àUá�c

P
ÕCc
T ` w

Ó c�×�ä è Û6kEØJäUú¥×Jc¥×Tc3Ø Ó n�m)kOeUm Ó àU×Jh/kOeÕCc�×%fJú¥Ü Ó c¥×
(UR)

ß
(UL)

c)Ø
(P )
×Jk�e¢Ø�ÕgnEe¨×

S(T,w)
p��dk�àU×^Õgo3æ8k�e¢ØJf9k�e¨×%àge Ó c¥æ;æ8cMÛ6k�àgf Ó n;fJú¥Ü Ó c

(D)
c3Øc¥eU×xàUh»Ø9c�eUk�àU×%Ûgf9k�àUá�c3f9k�e¨×?Õgh/f9c¥m)ØJc3æ8c¥eOØ Ó cMfJo�×xà Ó Ø7n+Ø�ÕCc Ó kCm¥n Ó h»Ø9o�p

]Vö
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(A)
u ∈ T

T `E u

(P )
T `E u T `E v

T `E 〈u, v〉

(C)
T `E u T `E v

T `E {u}v

(GXh)
T `E u1 . . . T `E un

T `E C[u1 ⊕ . . .⊕ un]

(UL)
T `E 〈u, v〉

T `E u

(UR)
T `E 〈u, v〉

T `E v

(D)
T `E {u}v T `E v

T `E u

rXs�tRu�Ýgp Ú p _dk Ó c¥á0Yml_nEk�o)ØJc¥eUÕCà\Û6k�àUf Ó n1Ø9ägo3kOfJhlcDo¥å¢àUnEØJhlk�egeUc ÓlÓ c�L�N�PRQRS;kOà L�TUS¢ß6k�ü C c�×²Ø�àgeÿm3k�e¢ØJc3î¢Ø9cm3k�æ8Û6kO×JoYÕgcY× è æ'ë6k Ó c¥×
h
kOà
⊕
p

{	��
�
�� y�y � @E*-, P BC$N4?G6H94)B  4M0I*-AdG6./4843,?(7G6./(E,=*541:O4 T ` u ` � * P 4)0I,

(D)

(R)

```
T ` {u}v ↓ = r

```
T ` v ↓

T ` u

(E./@+H70 {u}v ↓ ∈ S(T ) `
� H94)B  4 o �dk�àU×�ì5n�hl×Jk�e¨×dàgeUc;hleUÕCà¨mIØJhlk�eQ×Jàgf Ó nÂ×xØJf9àUmIØ9àgfJc8ÕCc Ó n�Ûgf9c3àUá�c P p H c8m3n�×YÕCc8ëUnO×xc (A)

c�×²ØáXf7nEhPp H c¥×?m3n�×?ÕCc�×_f9ú3Ü Ó c�×
(P )
ß
(UR)

ß
(UL)

×xkOe¢ØRàgegc�m)kOeU×xo�å¢àgc3eUm3c�ÕCà Ó c¥æ;æ8c�ö'ÛUn�Ü�c �OÙgp ^ h Ó n'fJú¥Ü Ó c
(R)c�×²Ø*o

p (D)
o Ó é ä è Û6kEØ9ägú¥×JcDÕTé h/eUÕgàUmIØ9h/kOe�c3Ø Ó n1ÕCo3ÔUegh/ØJhlk�eðÕCc

S
egk�à¨×%Û¨c¥fJæ8c)ØJØJc¥eOØdÕgcYm3k�eUm Ó àUfJcOp

p (C)
oghlæ8Û¨k¢×J×Jhlë Ó cYÛUn�f�×xhlæ8Û Ó hlm3h»Ø9oDÕCc Ó n8Ûgf9c3àUá�c

P
p

p (GXh)
o���kOàU×^nEe¨n Ólè ×Jk�e¨×Rc¥e�Õgo)Ø9n�h Ó�Ó n8×xØJf9àUmIØ9àgfJcMÕCc Ó n;Ûgf9c3àgáOcYÕUnEeU×^m3cYm¥n�×¥p

(D)

(GXh)

(R1)

ppp
T ` u1

... (Rn)

ppp
T ` un

T ` {u}v ↓ = r

ppp
T ` v ↓

T ` u ↓

p ^ h (Ri)
c¥×xØ

(A)
ß
(P )
ß
(UR)

k�à
(UL)

n Ó k�f7× Ó c[f9o¥×Jà Ó Ø9nEØ�ÕCc8m)c�×�f9ú3Ü Ó c�×�c�×²ØMÕgnEe¨×
S(T,w)

ÜOf9þOm)cn�àCî Ó c3æ8æ8c¥×^ÛUfJo�m)o¥Õgc3e¢Ø9×¥p
p
H n;fJú¥Ü Ó c

(Ri)
egcYÛ6c3àCØ(q3ØJf9c

(GXh)
m3nEf Ó n8Ûgf9c3àgáOc�c�×²Ødn�Û Ó nEØJhlc�p

p ^ h (Ri)
c¥×xØ Ó n1f9ú3Ü Ó c

(C)
ß6ÛUn�f�×Jh/æ8Û Ó hlm3h»Ø9o'ÕCc Ó n1Ûgf9c3àUá�c�ß Ó cDf9o¥×Jà Ó Ø9nEØdÕCc'm)c3ØxØ9c'f9ú3Ü Ó c

(C)
egcDÛ6c3àCØ

q3ØJf9c
{u}v

p ^ h Ó cYfJo�×xà Ó Ø9nEØ�ÕCcMm)c)ØJØJcMf9ú3Ü Ó cYÕCcDm7ägh/â6f9c3æ8c¥eOØ^c�×²Ø^àgeðnEàgØJf9c�Ø9c3f9æ8c
ui
m7ägh/â6f9oYÛUnEf%àgeUcn�àCØJf9cÖm Ó c)ì²ßLm)c8Ø9c3f9æ8c�×xc¥f9n�ìòkOf9m3o3æ8c3e¢ØDo Ó hlæ;hlegoÖÛ¨nEf Ó cÖf9o¥×Jà Ó Ø7n+Ø

uj
ÕTé àUegc�nEàgØJf9c1fJú¥Ü Ó c

(Rj)
p H nf9ú3Ü Ó c

(Rj)
ejé c¥×xØ%Û¨n�×

(GXh)
m¥nEf Ó n'Ûgf9c3àUá�c�c¥×xØ^n�Û Ó n+ØJhlc�ßXegh Ó n;fJú¥Ü Ó c

(P )
m3n�f

uj
ÕCk�h/Ø�nEegeXà Ó c3f

uiå¢àghNc�×²Ø?àge�m7ägh/âNfJoOp ^ h
(Rj)

c¥×xØRàgeUc�f9ú3Ü Ó c
(A)
ß
(UR)

k�à
(UL)

egkOàU×Rm3k�eUm Ó àUk�eU×RåOàUc
uj
c�×²Ø%ÕgnEe¨×

S(T )
c)ØdÕCkOeUm

ui
nEàU×9×xhPp ��kOàU×^m)kOeUm Ó àgkOeU×^ÕCk�e¨m

{u}v ∈ S(T,w)

�

{	��
�
�� y��� @E*-, P BC$N4?G6H94)B  4DA;*-$U*-A1(+.l4;:O4 T ` w >?(+.l@+H70 P 4I0I, S(T,w) � ./@�27(+./4�`
� HJ4)B  4 o

]EÝ
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��kOàU×?ì5nEhF×Jk�eU×%àgeUcMh/eUÕgàUmIØ9h/kOeÂ×Jàgf Ó n8×²Ø9fJàUm)ØJàgf9cMÕCc Ó n[ÛUfJc¥àgá�c
P
p

H cDm¥n�×%ÕCcMëUnO×xc
(A)
c¥×xØ�áXf9n�h=p

p ^ h Ó n�Õgc3f9egh/ú¥fJc�f9ú3Ü Ó c (R)
c¥×xØ o

(P )
ß
(UR)

ß
(UL)

n Ó k�f7× Ó c Ó c¥æ8æ;cðöQÛUn�Ü�c ��Ù�egkOàU×8Û¨c¥fJæ8c3Ø1Õgcm)k�e¨m Ó àgfJcOp
p
H c Ó c3æ8æ8c1Þ�ÞYÛUnEÜOc�]Vö8fJo�×xkOàCØ Ó cDm¥n�×%kOü Ó n8ÕCc3f9eghlú3f9cYfJú¥Ü Ó c�c�×²Ø

(D)
ßUm¥nEf^àgeUcMÛgfJc¥àgá�cYæ8hlegh/æ1n Ó cMc�×²Ø×xhlæ8Û Ó cMc3ØdnEÛ Ó n+Ø9h/cMÕTé nEÛUfJú�× Ó n;Ûgf9k�Û6kO×Jh»Ø9h/kOe�Ù;ÛUn�Ü�c ��÷�p

p (C)
o Ó é ä è Û¨k�ØJägú�×xcMÕTé hleUÕCàUm)ØJhlk�eÂc)Ø Ó n;ÛgfJkOÛgf9h/o3ØJoYÕCc

S
õ%ÞYÛUn�Ü�cMÝ �¢ù_eUk�àU×%Û6c3f9æ8c)ØxØ9c3e¢ØdÕCcMm)kOeUm Ó àgf9c�ßm3nEf

u, k ∈ S({u}k) = S(w)
p

p (GXh)
o Ó n8f9ú3Ü Ó cY×xcYÛgf9o¥×Jc3e¢Ø9cY×Jk�à¨×^m)c)ØJØJcYìòkOfJæ8c6o

(GXh)

(R1)
P1

T ` u1

. . . (Rn)
Pn

T ` un

T ` w
H é ä è Û6kEØ9ägú¥×Jc�Õjé hleUÕCàUm)ØJhlk�e�egk�àU×%ÕCh/Ø�å¢àgcdØ9k�àCØ9c¥× Ó c¥×

ui
ä è Û¨k�ØJägú�×xc�×RÕCcMm3c)ØxØ9c�Õgc3f9egh/ú¥fJc�fJú¥Ü Ó c

(GXh)×xkOeOØ%ÕgnEe¨×
S(T, ui)

p ^ h
ui ∈ S(w)

Ó c�fJo�×xà Ó Ø7n+ØRc�×²Ø?k�ëCØ9c3eXàjßX×xhlegkOe
ui 6∈ S(w)

ßCÕCkOeUm�eUk�àU×Ræ8k�e¢ØJf9k�eU×åOàUc
ui ∈ S(T )

p � c3Ü¢nEf7ÕCk�e¨×RÛ Ó àU×�ÛgfJo�m)hF×xo¥æ8c3e¢Ø Ó c¥×�fJú¥Ü Ó c¥× (Ri)
p

p (Ri)
ejé c¥×xØ�ÛUn�×

(GXh)
m3n�f

(P )
c¥×xØ�æ8h/eUh/æ1n Ó cMÕCk�e¨mMnEÛ Ó n+Ø9h/cOp

p ^ h (Ri)
c�×²Ø Ó n8fJú¥Ü Ó c

(A)
ß
(UR)

k�à
(UL)

eUk�àU×^m3k�eUm Ó àgkOeU×^å¢àgc
ui
c¥×xØdÕgn�eU×

S(T )
p

p ^ h (Ri)
c�×²Ø Ó n8fJú¥Ü Ó c

(P )
eUk�àU×%àCØ9h Ó hF×xkOeU× Ó c Ó c3æ8æ8cMö8ÛUnEÜOc ��Ù;Û¨kOàgf�m)kOeUm Ó àgf9c�p

p ^ h (Ri)
c¥×xØ Ó n8fJú¥Ü Ó c

(C)
ß6ÛUnEf�×xhlæ8Û Ó hFm)h/ØJo;ÕCc Ó n1Ûgf9c3àgáOc�ß Ó cDf9o¥×Jà Ó Ø9n+ØdÕgc'm)c3ØxØJc[fJú¥Ü Ó c

(C)
egc'Û¨c¥àCØ

q3ØJf9c
{u}v

p ^ h?mEé c¥×xØ'àgeûn�àCØJf9c1ØJc¥fJæ8c
ui
m7ägh/âNfJo1ÛUn�f'àgeUc�nEàCØ9fJcÖm Ó c3ì²ß�m3c8ØJc¥fJæ8c�×Jc3f7n�ìòk�f7m)o¥æ;c¥e¢Øo Ó hlæ8h/ego�ÛUn�f Ó c�f9o¥×Jà Ó Ø9n+Ø

uj
Õjé àgeUc�n�àCØJf9c�f9ú3Ü Ó c

(Rj)
p H nðf9ú3Ü Ó c

(Rj)
e�é c�×²Ø8ÛUn�×

(GXh)
m¥nEf Ó nÛgf9c3àUá�c�c¥×xØdnEÛ Ó n+Ø9h/cOß¢eUh Ó n;f9ú3Ü Ó c

(P )
m3n�f

uj
ÕCk�h/Ø�nEegeXà Ó c3f

ui
å¢àghTc¥×xØ^àgeðm7ägh»âNf9o�p ^ h

(Rj)
c�×²Ø^àgegcf9ú3Ü Ó c

(A)
ß
(UR)

kOà
(UL)

egkOàU×^m)kOeUm Ó àgkOeU×%åOàUc
uj
c�×²ØdÕgn�eU×

S(T )
c3Ø�ÕCk�eUm

ui
n�àU×J×JhPp

� ý f7þ�m)c!V'm)cdfJo�×xà Ó Ø9nEØ?ÕCc Ó kCm¥n Ó h»Ø9o�ß¢Û¨kOàgf Ó nMìòkOeUmIØ9h/kOe�ÕCc�×Jk�à¨× YPØJc¥fJæ8c�× è e¢Ø7n+îChlå¢àgcdegk�àU×?nVá�kOeU×ãf9c3æ8Û Ó h Ó c¥×ÕCc¥àCîÂÛgfJc¥æ8h/c¥f9×^Û6k�hle¢Ø9×�ÕCà Ó c3æ8æ8c[Ú8ÛUn�Ü�c[Ý`]Xp6ñRc[fJo�×xà Ó Ø7n+Ø�×¥é kOëCØJhlc3e¢Ø�Õgc'æ6q3æ8cDÛ6k�àgf Ó c;m3nO×^c Ó n8ØJäUo3k�f9hlco�åOà¨n+ØJhlk�eUegc ÓlÓ cnL�TUS¢p��dk�àU×dnEeUn Ó/è ×Jk�eU×Ræ1nEhleOØ9c3eUn�e¢Ø Ó n8ÕCo�ÕCàUmIØ9h/kOe�c¥eÂàgegcMo)Ø7nEÛ6cMÛ¨kOàgf�m)c�×^ÕCc3àgî�ØJäUo3k�f9hlc¥×¥p
wGx�yzx��Gx�� �B�����@}-����|�� �	�
��� � �0��~� �zx

��kOàU×RàCØJh Ó hF×Jk�eU× Ó n'æ1q¥æ8c�ØJf7nEe¨×²ìòkOfJæ1n+Ø9h/kOe1åOàUc�Õgn�eU× Ó c�m¥n�×ULONOS¢p � n�æ;c¥egk�e¨× Ó cdÛgf9k�ë Ó ú3æ8cnV Ó n'fJo�×xk Ó à�YØ9h/kOe�ÕCcM× è ×xØJú¥æ8c�ÕTé o¥å¢àUnEØJhlk�eU× Ó h/eUo¥nEhlf9c¥×%ÕChlk�ÛgäUn�e¢ØJhlc3egegc�×3ßXæ1nEhF×%m)c3ØxØJc�ìòkOhl×¥ßXegk�àU×?egc Ó c¥×?f9o¥×Jk Ó á�k�e¨×_ÛUnO×%×xàgf
N
p

��������� _�nEeU×Ym3c[m3nO×deUk�àU×�fJo�×xk Ó áOk�eU× Ó c�×�o�å¢àUn+Ø9h/kOeU×d×Jàgf
Z/2Z[h]

p�ñRc'Ûgf9k�ë Ó ú3æ8c;×xc;fJo�×xkOàCØdc¥e\ØJc¥æ8ÛU×Û6k Ólè egk�æ8hFn Ó�F ��� ^ ø�]\KPp ��kOàU×�kOëCØJc¥egk�e¨×�ÕCkOeUm<àge[n Ó Ü�k�f9h/ØJägæ8c<iOY J
	 Zðô<Û6k�àUf Ó ndÕCo�ÕCàUm)ØJhlëgh Ó h/ØJo?c3eDàgeUc_o)Ø7nEÛ6c�p
����� iLk�àgf Ó c¥×<Ü�f9k�àgÛ6c¥×LnEë6o Ó hlc3eU×¥ßEegkOàU×<ÕCc¥á�k�e¨×ãÕTé n�ë¨kOf9Õ[o)Ø9c3eUÕgfJc Ó nYegkEØ9h/kOe1ÕCc�×xkOàU×gY=Ø9c3f9æ;c%c3Ø_ÕTé nEØJkOæ;c�×3p
�dk�àU×1m3k�eU×JhlÕgo3f9k�eU×8å¢àgc

+
c�×²Ø Ó é k�Û6o3f7n+ØJc¥àgfÖn�ÕUÕCh»Ø9h»ìMÕCc�×1Ü�f9k�àgÛ6c¥×8n�ë¨o Ó hlc3eU×¥p �dk�àU×8f7nEÛgÛ6c Ó k�eU×1å¢àgcðeUk�àU×ÕCo¥egkEØ9k�eU×?ÛUn�f

na := a+ a+ . . .+ a
ß
n
ìòk�hF×3p

��kOàU×%f9c¥ÕCo3ÔUeghF×J×Jk�eU×%æ1n�h/e¢ØJc¥eUnEe¢Ø%ìòk�e¨mIØJhlk�e
δ
o

p ×xh u c�×²Ø�àge nEØJk�æ8cÿÕgc t å¢àgh�ejé c�×²ØÂÛUnO×Öc3e Øfq)Ø9c�nVáOc¥m − n Ó k�f7× δ(u, t) m)kOfJf9c¥×JÛ¨kOeUÕ nEà eUk�æ'ëUfJcÕTé kCm¥m)àgf9fJc¥eUm)c�×%ÕCc Ó é n+Ø9k�æ8c
u
ÕgnEe¨× Ó cYØ9c3f9æ;c

t
ß

p ×xhlegk�e�ß¢×Jh −u c¥×xØRàge�n+Ø9k�æ8c�ÕCc t n Ó k�f7×<egkOàU×RegkEØ9k�eU× δ(u, t) Ó é k�ÛgÛ6kO×Jo�ÕCà�egk�æ[ëgf9cdÕÖkCm3m3àgf9fJc¥eUm)c�×<ÕCc
−u
ÕUnEeU×

t
p

] �
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�dk�àU×�f7nEæ8c3egkOeU×�Õgk�eUm Ó cRÛgf9k�ë Ó ú3æ8cRÕgc?ÕCo�ÕCàUm)ØJhlëgh Ó h/ØJo%c3e[àgegc?o)Ø9n�Û¨cRÛ¨kOàgf Ó ndfJú¥Ü Ó c
(GXh)

nEàDÛUfJkOë Ó ú¥æ8cÕgc_f9o¥×Jk�àUÕCf9cãàge;× è ×xØJú3æ8c_Õjé o�åOà¨n+ØJhlk�e¨× Ó h/ego�nEhlfJc�×�ÕChlk�ÛUäUnEe¢ØJhlc3eUegc¥×�×xàUf
Z[h]
p H n^f9o¥×Jk Ó àCØJhlk�eDÕjé àge'ØJc Ó × è ×²Ø9ú3æ8c×¥é c)âNc¥mIØ9àgcMc3e�Ø9c3æ8ÛU×%Û6k Ólè e�b�æ8hln ÓOF ^ m7äUø��CßUi ^ øOÚ�KPp ��k�à¨×%k�ëCØ9c3egkOeU×^ÕCk�e¨m�àUe\n Ó Ü�k�f9h/ØJägæ8c�iOY J
	 Z\ô<Û¨kOàgf Ó nÕgo¥ÕCàUm)ØJhlëgh Ó h/ØJoMc¥e�àUegcMo)Ø7nEÛ6c�p

��� ��
 �M� � y�
 � @E*-, T = {a1 + a2− a3− a3, a1 + a4, a2 +−a4}
43, s = a1 + a2

>ã@���,]@+BX0�./4I0 ai
$N4�03@+$¨,GU(V0'43$ÿ,��),]4'(  472 + $U*_(  472 − ` � @EBCH'2 �U(�Z3BU4[, 43HIA84;:�4 T $6@EBX0M(+070)@�23*5@+$g0DBC$N4  (+HI*5(��)./48K

x0
Gg@EBCH a1 + a2 − a3 − a3

x1
Gg@EBCH a1 + a4

x2
Gg@EBCH a2 − a4

� @+BCH%, @EBX0R./4)0d(+,]@+A14I0 ai
$6@EBX0 � ! $ ! HJ@+$U0?BC$N4 ! Z)BU(E,=*5@E$g>¢Gg@EBCH � $6(E./43A843$U,L@��3, 43$U*-H%./4^0��V0I,��)A14d:�S ! Z)BU(E,=*5@E$g00IBC*  (+$¨,?K�0	�V0I,��3A84;K







a1 : x0 + x1 = 1

a2 : x0 + x2 = 1

a3 : −2x0 = 0

a4 : x1 − x2 = 0

4 5�� 	 ABC�
 >MEa<=E��� Ak: <=:�<=:*>@?BABC����kE�5

ñRkOæ;æ8c Ó c;æ8k�e¢ØJf9c Ó é c)îCc3æ8Û Ó c ]1ÛUnEÜOc ��öUßTm)kOeU×xhFÕCo¥fJc¥fdàgeghFå¢àgc3æ8c¥eOØ Ó c¥×Y×xkOàU×gY=Ø9c3f9æ;c�×d× è eOØ7n+îChFåOàUc¥×�eUcÛ6c3f9æ8c)ØMÛUnO×MÕTé kOëCØJc¥eghlfMàge�f9o¥×Jà Ó Ø9nEØMÕgc Ó kCm3n Ó h/ØJo8Û6k�àgf Ó c¥×�ØJäUo3k�f9hlc¥×�o¥å¢àUnEØJhlk�egegc Ó/Ó c¥× L�N�PRQ
{.}.
c3Ø L�T

{.}.nVáOc¥m�m7ägh»âNf9c3æ8c3e¢Øðm)k�æ8æ[àCØ9nEØJh/ì'k�à egk�ejp �dk�àU×ÂÕCc¥á�kOeU×�o3ØJàUÕgh/c¥f�Û Ó àU×ÂÛUfJo�m)hF×xo¥æ;c¥e¢Ø Ó é hle¢ØJc¥f9nOmIØJhlk�e c3e¢ØJf9cÓ c�m7ägh/âNfJc¥æ;c¥e¢Ø¥ß Ó c�ÕCo�m7ägh/â6f9c3æ8c3e¢Ø'c3Ø Ó é kOÛ¨o¥f9nEØJc¥àgf'×Jàgf Ó c¥å¢àgc ÓRÓ c�m7ägh/â6f9c3æ8c3e¢Ø[Õghl×xØJf9h/ëUàgc�p�i�kOàgf'm3c Ó nðegk�à¨×æ8kOeOØ9fJkOeU×�àge8fJo�×xà Ó Ø7n+Ø<ÕCc Ó kCm¥n Ó h»Ø9o^Û¨kOàgf Ó c�×ãn+Ø9k�æ8c¥×ãÕCc�×Le �MàUÕg×Lc¥e8æ8n�eghlÛgà Ó nEe¢Ø Ó c�×<nEf9ëgf9c¥×�ÕCc^Ûgf9c3àgáOc%nEÔUeÕjé c3â6c�mIØJàUc3f Ó c�×�fJú¥Ü Ó c¥×
(GX)

Ó c?Û Ó àU×�ØfbEØLÛ6kO×9×xhlë Ó c?Õgn�eU× Ó é nEf9ëgf9c_ÕCc?Ûgf9c3àgáOc�p�ñRcRf9o¥×Jà Ó Ø9nEØ�egkOàU×�Û¨c¥fJæ8c)ØJØJf7ndÕCcm3k�eUm Ó àUfJcYÕChlfJc�mIØJc¥æ8c3e¢Ø�ÕgnEeU× Ó cMm3n�×^ÕgàQí'k�à�c)îgm Ó àU×Jh»ìãïNßCÛ6k�àgf Ó c¥×%ÜOfJkOàgÛ¨c�×%nEë6o Ó h/c¥eU×%k�ü�àgegcDnEe¨n Ólè ×JcdÛ Ó àU×Ô¨egc'c�×²ØYego¥m3c¥×9×Jn�h/f9cDÛ6k�àgfYm)kOe¢ØJf b Ó c3f Ó c¥×�m)kXc��Öm3h/c¥eOØ7×�Õgc3á+nEe¢Ø Ó c¥×�Ø9c3f9æ;c�×3p H n�fJú¥Ü Ó c'ÕCc;m)k�e¨×²Ø9fJàUm)ØJhlk�e\Û6k�àUfÓ cM× è æ[ë¨k Ó c
h
ejé c¥×xØ^Û Ó àU×^àCØ9h Ó hl×Jo�ßUegk�àU×?Ø9f9nVá+n�h ÓlÓ kOeU×%ÕCk�e¨m�nVáOc¥m Ó cYæ8kCÕCú Ó cDÕCc�_�k Ó c3á`Yml_nEk8ÕCc Ó n;ÔUÜOàgf9cYÝgp ÙUßÛ6k�àUf Ó n[ØJäUo3k�f9hlc�o�å¢àUn+Ø9h/kOegegc ÓlÓ cnL�N�PRQ

{.}.
p

(A)
u ∈ T

T `E u

(P )
T `E u T `E v

T `E 〈u, v〉

(C)
T `E u T `E v

T `E {u}v

(GX)
T `E u1 . . . T `E un

T `E u1 ⊕ . . .⊕ un

(UL)
T `E 〈u, v〉

T `E u

(UR)
T `E 〈u, v〉

T `E v

(D)
T `E {u}v T `E v

T `E u

rXs�tUuTÝgp Ù p _dk Ó c¥á`Yvl_n�k[o3ØJc3e¨ÕCàÂÛ¨kOàgf Ó n[Ø9ägo3kOfJhlcYo¥å¢àUn+Ø9h/kOegegc Ó/Ó c LON�PRQ {.}. p
�dkEØJf9cRn�ÛgÛgf9kCm7ägc_m)kOeU×Jhl×xØJc Vdm)kOeU×JhlÕCo¥fJc¥f�àgeUc?×Jc3à Ó c�í�æ1n�m)f9k�ïDfJú¥Ü Ó c_å¢àghOf9c3ÜOfJkOàgÛ6c Ó c�×�fJú¥Ü Ó c¥×

(GX)
ß
(C)c3Ø

(D)
p H cãØJägo¥k�f9ú3æ8c<Ú%ÛUn�Ü�c<Ý0]Rc3Ø Ó c Ó c¥æ;æ8cãö�Û¨nEÜ�c �OÙ%egk�àU×jÛ¨c¥fJæ8c)ØJØJc¥eOØ�ÕCc<egkOàU×jm)kOeUm)c¥e¢ØJf9c3fTàgeghFå¢àgc3æ8c¥eOØ×Jàgf Ó n;ÕCo�ÕCàUmIØ9h/kOe�c¥e�àgegc�o)Ø7nEÛ6c�Û6k�àUf%m3c)ØJØJc�egk�àgáOc ÓlÓ c�fJú¥Ü Ó c�m¥nEf�ßOegkOàU×%nVá�kOeU× Ó n Ó kCm3n Ó h/ØJoY× è e¢Ø9nEîXhFå¢àgcdÛ6k�àUfÓ cM× è ×xØJú¥æ;c

S(GXCD)
å¢àghTegcDm3k�e¢ØJhlc3e¢Ø�å¢àgc Ó c�×%fJú¥Ü Ó c¥×

(A)
ß
(UR)

ß
(UL)

ß
(P )
c)Ø

(GXCD)
p

]']
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iLk�àgfdæ;kOe¢ØJf9c3f Ó n1Õgo¥ÕCàUm)ØJhlëgh Ó h/ØJoDc¥eÂàgegcDo3Ø9nEÛ6cDÕCcDm3c)ØxØ9cMfJú¥Ü Ó c
(GXCD)

h Ó c�×²Ø�ego�m)c�×J×9nEhlfJcMÕTé nEe¨n Ólè ×Jc3fÛ Ó àU×DÔUegc3æ8c¥eOØ Ó c�×'ÛUfJc¥àgá�c�×DàCØ9h Ó hl×Jo3c�×3pãñRc)ØJØJc�o3ØJàUÕgc�Û Ó àU×[c)îgn�m)ØJc�ß�c)âNc¥m)ØJàgo¥c�Õgn�eU× Ó nðÛgf9kCm7äUnEhlegc�×Jc¥m)ØJhlk�ejßÛ6c3f9æ8c)Ø_ÕTé k�ëCØ9c3eghlf<àge8f9o¥×Jà Ó Ø9n+Ø_Õgc Ó kCm3n Ó h/ØJo'í�nEØJk�æ8hFå¢àgcdïOp ý f7þ�m)cWVMm3c^fJo�×xà Ó Ø9nEØãegk�àU×_ÕCo¥ÕCàUhl×Jk�eU×<h/æ8æ8o¥ÕChFn�YØ9c3æ8c3e¢ØMÕCc3àCîÿm3k�eU×Jo¥å¢àgc¥eUm)c�×dhleUÕChF×JÛ¨c¥eU×Jn�ë Ó c¥×�Û¨kOàgf Ó n�fJo�×xk Ó àgØJhlk�eÿÕCà�Ûgf9k�ë Ó ú3æ8c;ÕCc1ÕCo¥ÕCà¨mIØJhlëgh Ó h/ØJo8c¥eÿàgegco3Ø9nEÛ6c6o
p
J kOàU× Ó c¥×?e �Mà¨Õg×R×Jk�e¢Ø%m)k�e¨×²Ø9h»Ø9àgo¥×%ÕCc�ØJc¥fJæ8c¥×RÛgf9o¥×Jc3e¢Ø9×?Õgn�eU× Ó c¥×%m3k�egeUn�hl×9×9nEeUm3c¥×ãhlegh/ØJhFn Ó c¥×%ÕCc Ó é h/e¢Ø9fJàU×c)ØdÕgn�eU× Ó cMëUàCØdÕCc Ó n[ÛUfJc¥àgá�c8õ H c3æ8æ8c1Þ�Ý[ÛUnEÜOcMøOÚ�ù)p

p
J kOàCØJc�× Ó c¥×�m Ó c)ì5×�àCØJh Ó hl×Jo3c�×�m3k�æ8æ8c'ä è Û¨k�ØJägú�×xc;ÕCc¥×�fJú¥Ü Ó c¥×

(C)
c3Ø

(D)
×Jk�e¢Ø�o3ÜOn Ó c¥æ8c3e¢Ø�m3n Ó m3à Ó nEë Ó c¥×

V[Û¨nEfJØJhlf�ÕCc
T
c3Ø
w
õ H c¥æ;æ8c1Þ �[Û¨nEÜ�cMøOÙOùIp

cXd �Xdge � r��Nt��xv �����Mr
	�w��²y��t��XrRs y� d
��kOàU×ãÛgf9o¥×Jc3e¢Ø9k�eU×Lm)c^f9o¥×Jà Ó Ø9nEØãÕgc Ó kCm3n Ó h/ØJoDí�n+Ø9k�æ8hFåOàUc^ï[àgeUhlå¢àgc¥æ;c¥e¢Ø_Û¨kOàgf Ó ndØ9ägo3kOfJhlcWL�TUS¢ß+Ø9k�àCØ9c¥× Ó c¥×Ûgf9c3àUá�c¥×%c3Ø Ó c¥×^f9o¥×Jà Ó Ø9nEØ9×dÕgc'm)c3ØxØJc[×xc�mIØJhlk�eð×Jk�e¢Ødë6c¥n�àUm)kOàgÛðÛ Ó àU×d×Jh/æ8Û Ó c¥×(V1k�ëCØ9c3eghlf�ÕUnEeU× Ó c'm¥n�×WL�NOP QRS¢ßn�h/eU×JhTegkOàU×%egc Ó c�×�ÕCo3Ø9nEh ÓlÓ c¥fJkOeU×?ÛUn�×¥p

wGx��Gx�yzx�y �B�	���@������|����0x
J k�àCØdÕTé nEë6k�f7ÕTßCegkOàU×%f7n �1egk�e¨× Ó n;egkEØ9h/kOe�Õjé nEØJk�æ8c�×%h/e¢ØJf9kCÕCàgh/ØJcDÕgn�eU× Ó n;Õgo)ÔUegh/ØJhlk�eQÞOÞ�Û¨nEÜ�c�]�ÚCp

�B�	���@������|�� y � ���1�8| 
������ � S 43$g0343A �3./4[:�4)0 n+ØJkOæ8c¥× :�S BC$\, 43HIA14 t 4)$D&)@EHIA84'$6@EHIA8(E./4;4I0I,R: ! � $U*¨Gg(EH'K
� (+,]@+A[0 (t1 ⊕ t2) = (+,]@+A[0 (t1) ∪ (+,]@+A[0 (t2)
� (+,]@+A[0 (−t) = (E, @EA'0 (t)
� (+,]@+A[0 ({t1}t2) = {{t1}t2} ∪

(E, @EA'0 (t1) ∪ (E, @EA'0 (t2)
� (+,]@+A[0 (t) = {t} 0I* t $NS 4)0I,TGU(V0'43$ÿ,��),]4'(  472 ⊕ $¨*<4)$�, �3, 4[(  472 − `

�[@+BX0 ! , 43$6:O@+$g0Y2943,P, 4�$6@E,=*5@E$\:�4�A1(+$U* �3HJ4�$N(+,PBCHJ4).-.l4 �'BC$ð43$g034)A �3./4M:�4Y,]43HIA84)0 T 43$�&)@EHIA84M$6@+HIA1(+.l4RGg(EH(E, @EA'0 (T ) =
⋃

t∈T
(+,]@+A[0 (t) >%:�4^G6.WBX0'(+,]@+A[0 (T, t) : ! $N@+,]4)HJ(�(+,]@+A[0 (T ∪ {t}) `

��kOàU×^ÕCo¥ÜOnEÜOc3kOeU×%ÕCc3àCî�ÛgfJkOÛgf9h/o3ØJo¥×^×Jàgf Ó c¥×^nEØJk�æ8c�×3p
��� | �U| ��������|���� � @EBCHM, @EBC,_,]4)HIA14 t >R(E, @EA'0 (t) ⊆ S(t) `
��� | �U| ��������|�� w�� @+*-,;(E, @EA'0 (t) = {a1, . . . , an}

`���./@EH70Â*-.�4��O*F0I, 4 α1, . . . , αn ∈ Z \ {0} ,]4).dZ3BU4 t =
∑i=n

i=1 αiai
`

� HJ43B  4 o�ñRc�×dÕCc¥àCîÂÛgfJkOÛgf9h/o3ØJo¥×^×Jk�e¢ØdÕCc�×dm3k�eU×Jo¥å¢àgc¥eUm)c�×^ÕCc Ó nÖÕCo)Ô¨egh»Ø9h/kOe��8ÛUnEÜOc'ÝEø1ÕCc[×xkOàU× YPØJc¥fJæ8c�×× è eOØ7n+îChFåOàUc¥×?c)ØdÕCc Ó n8ÕCo)ÔUeUh»Ø9h/kOe�ÞVÚ;ÕTé nEØJkOæ;c�×3p
�

� c¥æ8n�f9å¢àgkOeU×%å¢àjé h Ó c3îXhF×xØJcYàgegcMhleU×xØ9nEe¨m)cMÕCc Ó n[f9ú3Ü Ó c (GXCD)
o

(GXCD)
T ` t1 . . . T ` tn

T ` t

×JhTc)Ød×Jc3à Ó c3æ8c¥eOØ�×¥é h Ó c3îXhF×xØJcYàgegcMÛgf9c3àUá�cMÕCc
T ` t

å¢àghjejé àCØJh Ó hl×JcDå¢àgc Ó c�×%fJú¥Ü Ó c¥×
(A)
ß
(GX)

ß
(C)
c)Ø

(D)
p

��kOàU×Mhle¢ØJf9kXÕgàghl×Jk�e¨×�àUegc1egk�àUá�c ÓlÓ c;eUkEØJhlk�eQÕCc1Ûgf9c3àUá�c1å¢àgh_m3n�f9nOmIØ9o3f9hl×Jc Ó c¥×DnEØJkOæ;c�×MÕCc¥×Ye��MàUÕg×DÕTé àgegcÛgf9c3àUá�c�p
�B�	���@������|�� y��
� ��� ����� � ~
��| 
 ��� � � ��� $64MG6H94)B  4�:O4 T ` w Z)BC*^$TS BC,P*-.W*F034�Z3BU4Ö.l4I01H�����./4I0 (A) > (C) >
(D) 4), (GX) 4)0I,�BC$N4'G6HJ43B  4 n+Ø9k�æ8hlå¢àgc >�0I*ãGU@+BCHÂ2 �U(�Z3BU4Â$ �RBU:�:�4 T ` u $N@+BX0�(  @+$U0Â(E, @EA'0 (u) ⊆(E, @EA'0 (T,w) `

]+ø
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�`���

�dk�àU×�æ8k�e¢ØJf9k�eU×�ÕgnEe¨×�m3c)ØxØ9c[×Jc¥m)ØJhlk�eÿå¢àgc[Û¨kOàgfdØ9k�àCØ9c'Ûgf9c3àUá�c'ÕCc
T ` w

å¢àgh�ejé àCØJh Ó hF×Jc;å¢àgc Ó c�×df9ú3Ü Ó c�×
(A)
ß
(C)
ß
(D)
c3Ø

(GX)
h Ó c)îChF×²Ø9c�àUegcMÛgf9c3àgáOc�nEØJk�æ8hFå¢àgcMÕCc

T ` w
p

�dk�àU×ãm¥nEf7n�mIØ9o3f9hl×Jk�e¨×jæ1nEhle¢ØJc3e¨nEe¢Ø Ó c¥×LÛUfJc¥àgá�c�×�å¢àghCc3â6c�mIØJàUc3e¢Ø Ó c?Û Ó àU×�Øfb�ØãÛ¨k¢×J×Jh/ë Ó c Ó ndf9ú3Ü Ó c
(GX)

ß+egk�àU×Ó c¥×^n�ÛgÛ6c Ó k�eU×^ÕCc�×^Ûgf9c3àgáOc¥×
⊕ � 47( �¢4)H p

�B�	���@������|�� y �
� ��� ���� �
⊕ � �������	� � � @+*-, P BC$64[GNHJ43B  4\(7G6./(E,=*54�:�4 T ` w ` P 4)07,MBC$N4[G6H94)B  4 ⊕ �

�������
� 0I*_K
� ` � @+BCHM,]@+BC, v *-. �Ö(�(EB[G6.WBX0YBC$64YH � ��./4� Cv � (  472M./(�2).l45& v *-A[A ! :+*5(+,]43A843$U,^(+B � :O4I070IBX0M:�S BC$64DH����E./4

(GX) :�(+$U0 P >
� `[4),Y*-.R$NS �1Gg(+0�:�4�H�����./4 (Dv) � BX0I,]4�(7G6H��)0�BC$N4ÖH�����./4 (GX) (  472�BC$N4�H����E./4 (Cv) (EB � :�4)090IBX0�:�4�.l(H����E.l4 (GX) `
� c¥á�c¥egk�eU×�×xàUf Ó é c3îXc¥æ8Û Ó c6];ÛUnEÜOc �Eö¨p H n1Ûgf9c3æ8h/ú¥fJcMÛUfJc¥àgá�cDc�×²ØY×xhlæ8Û Ó cDæ1nEhF×�egkOe ⊕ � 49( �O43H m3nEf�h Ó�è nÕgc3àCîÖnEÛUÛ Ó hFm3nEØJhlk�eU×?ÕCc Ó n'fJú¥Ü Ó c

(Ck)
nEà�Y ÕCc�×J×JàU×RÕCc Ó nDf9ú3Ü Ó c

(GX)
ß¢n Ó kOf9×RåOàUc Ó n'×Jc¥m3k�eUÕCcdc¥×xØ

⊕ � 47( �¢4)H c�×²Ø×Jhlæ;Û Ó cOp
��� ��
 �M� � y�y � @E*-,R.l(�G6H94)B  4M0IBC*  (+$¨, 4;:�4 T ` b $TS 4)07,jGg(+0 ⊕ � 49( �O43H3`

(Dk)

(GX)

(A)
a+ {b}k

T ` a⊕ {b}k
(A)

{c}k − a

T ` {c}k − a
(Ck)

(A)
c ∈ T

T ` c
(A)

k ∈ T

T ` k

T ` {c}k

T ` {b}k ↓
(A)

k ∈ T

T ` k

T ` b

��.l@+H70'Z)BU4D./(MG6HJ43B  4D0IBC*  (E$U,]4'4)0I, ⊕ � 47( �¢43H3`

(GX)

(Dk)

(GX)

(A)
a+ {b}k

T ` a⊕ {b}k
(A)

{c}k − a

T ` {c}k − a

T ` {b}k + {c}k
(A)

k ∈ T

T ` k

T ` b+ c
(A)

c ∈ T

T ` c

T ` b

wGx��Gx�yzx�� � � ~ �����2| � 
 ~
�8�v| ��� � � � � ����� �	�0x
�dk�àU×�Ûgf9o¥×Jc3e¢ØJkOeU× Ó c¥×ÖØJf7nEeU×xìòk�f9æ1n+ØJhlk�e¨×ÖÕCcÿÛUfJc¥àgá�c�× Ó kXm¥n Ó c¥×�ego¥m3c¥×9×Jn�h/f9c¥×1Û6k�àUf�æ8k�e¢Ø9fJc¥f�å¢àgc\Ø9k�àCØ9cÛUfJc¥àgá�c�Û¨c¥àCØ(q3ØJf9c�Ø9f9n�eU×xìòk�f9æ;o¥c�c¥eÂàgegcMÛgf9c3àgáOc�nEØJkOæ;hFå¢àgc�p

��� | �U|��8���8��|������ @+BC,]4)0Ö./4I0�,=HJ(E$g0ò&)@+HIA1(+,P*5@+$U0Â:O4'G6HJ43B  4)0�: ! 23HI*-,]4I0�:O(+$U0�./4)0 � ��BCHJ4)0��¨` � GU( �¢4����+>���` �GU( �¢4D07BC*  (+$¨, 4;43,��O` �YGU( �¢4M0IBC*  (+$¨, 4R&)@+$¨,%: ! 23HJ@�!-,=HJ4 ��./@��7(+.l4)A14)$¨,%./4D$N@+A �)H94':�4[$ �_BU:+0M:O4[./(�GNHJ4)B  4�`
� H94)B  4 o �dk�àU×�ÕCo¥egkEØ9k�eU×�ÛUnEf

πx

Ó n ×xkOàU× Y Ûgf9c3àgáOcðÕCc
P
nVáOc¥mÂÛ6k�àgf�f7n�m)hlegc

T ` x
p J k�àCØ9c¥×�m)c¥×Ø9f9n�eU×xìòk�f9æ8nEØJhlk�eU×�ÕCc;ÛgfJc¥àgá�c�×�ØJf7nEeU×xìòk�f9æ8c3e¢Ø�àgeUc[Ûgf9c3àUá�c8nVá�c¥m'm)c3fJØ9n�h/eUc¥×�ä è Û6kEØ9ägú¥×Jc¥×�c)ØMàgeUc;m3k�eUm Ó àU×Jhlk�ec¥e�àUegcMÛgf9c3àgáOcYnVáOc¥m Ó c�×%æ6q3æ8c¥×^ä è Û6kEØJäUú¥×Jc¥×%c)Ø Ó n;æ6q3æ8cDm)kOeUm Ó àU×Jh/kOejp

p _�n�eU× Ó n[ÔUÜ�àgf9cYöUp°ÚDÛ¨nEÜ�cDÝ��gßCegkOàU×%k�ëU×Jc3f9á�kOeU×_ì5n�m)h Ó c3æ8c3e¢Ødå¢àgc Ó cMeUk�æ'ëUfJcMÕCcYe �MàUÕU×�ÕCo¥m3fJk �lØ�p
p _�n�eU× Ó nDÔUÜ�àUfJcYÝCp ö'ÛUn�Ü�c�×Jàghlá+nEe¢ØJcOß Ó c�egk�æ[ëgfJc�ÕCc�e��MàUÕg×?h/eUh»Ø9hln Ó c�×²Ø^ÕCc o Σi=m

i=1 |πzi
|+ Σi=n

i=1 |πxi
|+

n|πv |+ n+ 1
c3Ø Ó n;Ûgf9c3àgáOc�Ô¨eUn Ó cMm)k�e¢Ø9h/c¥eOØ

Σi=m
i=1 |πzi

|+ Σi=n
i=1 |πxi

|+ |πv |+ 3
e �Mà¨Õg×3p Ó cYegk�æ[ëgf9cÜ Ó k�ëUn Ó ÕCcYe �MàUÕg×dn;Õgh/æ8hle¢àUoDm3nEf

n ≥ 2
p

] �
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(GX)

(Cv)
T ` x1 T ` v

T ` {x1}v
. . . (Cv)

T ` xn T ` v

T ` {xn}v
(R1)

���
T ` z1

. . .(Rm)

���
T ` zm

T ` α1{x1}v ⊕ . . .⊕ αn{xn}v ⊕ β1z1 ⊕ . . . βm ⊕ zm

⇓

(GX)

(Cv)

(GX)
T ` x1 . . . T ` xn

T ` α1x1 ⊕ . . .⊕ αnxn T ` v

T ` α1{x1}v ⊕ . . .⊕ αn{xn}v (R1)

���
T ` z1

. . .(Rm)

���
T ` zm

T ` α1{x1}v ⊕ . . .⊕ αn{xn}v ⊕ β1z1 ⊕ . . .⊕ βmzm

�������	� � 
������������������� ���! ��#"$��%�&�' ��" (Cv) �(� (GX) ")�*���+�����#"�' �#"��)%�&�' ��"-, Ri . ")�����/ �� 0*1����2�3���#"4 �� (Cv) �2�5")� n ≥ 2 �

(Dv)

(GX)

(R1)
T ` B1

T ` B
′
1

. . . (Rn)
T ` Bn

T ` B
′
n

(Cv)
T ` B T ` v

T ` {B}v

T ` α1B
′
1 ⊕ . . . ⊕ αnB

′
n ⊕ α{B}v = {u}v

T ` v

T ` u

⇓

(Dv)

(GX)

(GX)

(R1)
T ` B1

T ` B
′
1

. . . (Rn)
T ` Bn

T ` B
′
n

T ` α1B
′
1 ⊕ . . . ⊕ αnB

′
n = {c}v

(Cv)
T ` B T ` v

T ` {B}v

T ` {c}v ⊕ α{B}v = {u}v
T ` v

T ` c ⊕ αB = u

⇓

(GX)

(Dv)

(GX)

(R1)
T ` B1

T ` B
′
1

. . . (Rn)
T ` Bn

T ` B
′
n

T ` α1B
′
1 ⊕ . . . ⊕ αnB

′
n = {c}v

T ` v

T ` c T ` B

T ` c ⊕ αB = u

�������*� � � �763� �98�' � :<;������ ���! ��='>����%2&�' � (Cv) �2� (Dv) "�? � '*�(@��>"A���=�B�B�5��%�&+' � (Cv) �C��DE ���"�")�F"� ��=' ����%�&+' � (GX) �2��' ����%2&�' � (Dv)G �F"E�����C8B��%#"$'>�H�HI��9�-��%�&�' � (GX) J ��K���; n ≥ 2 �

ø�÷
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p _�n�eU× 	 e���h/ÜOàgf9c[ÝCp°Ý1ÛUn�Ü�cDÛUfJo�m)o¥Õgc3e¢ØJcOß Ó nÖÛgf9c3àgáOc'hlegh/ØJhFn Ó c'Û6kO×9×xú�ÕCc Σi=n
i=1 |πB′

i
| + |πB | + 2|πv| + 3e �MàUÕg×%c3Ø Ó n[Ûgf9c3àgáOcdÔ¨eUn Ó cMn

Σi=n
i=1 |πB′

i
|+ |πB |+ |πv|+ 3

e �Mà¨Õg×3pCiãn�f%m3k�eU×Jo¥å¢àgc¥e¢Ø¥ß Ó c�egk�æ[ëgf9c�ÕCce �MàUÕg×dÕCo¥m3fJk �lØ^Ü Ó k�ë¨n Ó c3æ8c3e¢Ø¥p
�

{	��
�
�� y � � @E*-, P BC$N4?G6H94)B  4[:O4 T ` w (+.l@+H70M*-.�4 �O*F07,]4MBC$N4?GNHJ4)B  4 ⊕ � 49( �O43H'43,<0I*-A�GN./48:�4 T ` w `
� H94)B  4 o ^ k�h/Ø P àgegc[Ûgf9c3àgáOc'ÕCc T ` w ß6egkOàU×�n�ÛgÛ Ó hlå¢àgkOeU×(V P Ó c�×�Ø9f9n�eU×²ìòkOfJæ1nEØJhlk�eU×�Õgc'f9ú3Ü Ó c¥×�ÕCc¥×Ô¨Ü�àgf9c¥×döUp°Ú8ÛUnEÜOc;Ý��gß6Ýgp ö�ÛUnEÜOc'Ûgf9o¥m3o¥ÕCc¥eOØ9cDc)ØDÝCp°Ý8ÛUn�Ü�c'm3h Y]m)kOe¢ØJf9c'å¢àghãÕCh/æ8hleXàgc3e¢Ø Ó n1Ø7nEh Ó/Ó c[Õgc

|P |
ßTÕCkOeUmÓ é nEÛgÛ Ó hFm3n+Ø9h/kOe1ÕCc�m3c¥×LØ9f9n�eU×²ìòkOfJæ1nEØJhlk�eU×�Ø9c3f9æ;hlegcOpCñRkOæ;æ8c Ó c�egkOæ'ëgf9c�ÕTé kCm3m)àUfJf9c3eUm3c�ÕCcdm¥n�×ãÛgf9k�ë Ó o¥æ8nEØJhFå¢àgcÛ6k�àUfãk�ëCØ9c3eghlfãàgegc^f9ú3Ü Ó c^×Jh/æ8Û Ó c%c)Ø

⊕ � 47( �¢4)H ÕCo¥m3fJk �lØão¥ÜOn Ó c3æ8c¥eOØ�ß+egk�à¨×Lk�ëCØ9c3egkOeU×Lëgh/c¥e1nEà[ÔUeUn Ó àgegc%Ûgf9c3àgáOc
⊕ � 47( �O43H c)Ød×Jhlæ;Û Ó cDÕCc T ` w p �
wGx��Gx�yzx � { ��
�
�� �U| � � �v~ ����� � �

(D)
x

H cdÛ6k�hleOØ%m Ó c)ì�ÕCc�m)c�f9n�hl×Jk�egeUc3æ8c3e¢Ø_m)kOeU×Jhl×xØJc(V'æ8k�e¢ØJf9c3f Ó c Ó c3æ8æ8c�×Jàghlá+nEe¢Ø?å¢àghNn�×9×xàUfJc�å¢àgc�Û¨kOàgf<Ø9k�àCØ9cf9ú3Ü Ó c?ÕCc%ÕCo¥m7ägh/âNfJc¥æ;c¥e¢Ø�ÕTé àge;æ;c�×J×9nEÜOc_m7ägh/â6f9o
{m}k

ß Ó c�×�nEØJkOæ;c�×�Õgc?m3cRæ8c¥×9×9nEÜ�cR×xkOeOØLc3e'ì5nEh/ØLÕgc¥×�o Ó o3æ8c3e¢Ø7×Õgc¥×^n+Ø9k�æ8c¥×^Õgc¥×^m)kOegeUn�hl×9×Jn�eUm)c�×?h/egh/ØJhFn Ó c¥×^Õgc Ó é h/e¢Ø9fJàU×¥p
{	��
�
�� y � � @E*-, P BC$N4?G6H94)B  4 ⊕ � 47( �¢43H'4),_07*-AdG6.l4;:O4 T ` u :O4'.l(�&)@+HIA14'0IBC*  (E$U,]4'K

(D)

(R)

```
T ` {u}v ↓ = r

```
T ` v ↓

T ` u(E./@+H70'(E, @EA'0 ({u}v) ⊆ (+,]@+A[0 (T ) `
� H94)B  4 o ��kOàU×%f7nEhF×xkOegegk�e¨×RÛ¨nEf%h/e¨ÕCàUmIØ9h/kOeð×²Ø9fJàUm)ØJàgf9c ÓlÓ cY×Jàgf P pH cDm3n�×^Õgc�ë¨n�×JcYm3k�f9fJc�×xÛ6k�e¨Õ�V Ó n;f9ú3Ü Ó c

(A)
ß Ó c Ó c¥æ8æ;cMc�×²Ø^áXf7nEhjÕgn�eU×^m)cDm¥n�×¥p

�dk�àU×�m)k�e¢Ø9h/eXàgkOeU×%egkEØ9fJcDn�eUn Ólè ×xcDÕgcDm3n�×�c3eðf9c3ÜOn�f9ÕUnEe¢Ø Ó nÖÕCc¥fJeUh/ú¥fJc
(R)
ÕCc Ó nÖ×Jk�à¨× Y Ûgf9c3àgáOc�ÕCc

P
å¢àgh×Jc�ØJc¥fJæ8hlegcD×xàUf

{u}v ↓
p

p (R)
c¥×xØ

(A)
o H cYfJo�×xà Ó Ø7n+Ød×JcYÕgo¥ÕCàgh/ØdÕCc Ó n8ÕCo)ÔUeUh»Ø9h/kOeÂÕgc Ó n8f9ú3Ü Ó c

(A)
p

p (R)
c�×²Ø�àgegcDf9ú3Ü Ó c'Õgc[m7ägh/â6f9c3æ8c¥eOØ

(C)
oNm)c;m3n�×�c¥×xØ�hlæ;Û6kO×9×Jh/ë Ó c'm¥nEf�×Jk�h/Ø

(C)
c¥×xØ Ó n1f9ú3Ü Ó c

(Cv)
m3cå¢àghjm)kOeOØ9fJc�ÕChlf9n�h»Ø Ó n;×xhlæ8Û Ó hlm3h»Ø9oYÕgc

P
ßC×Jk�h/Ø

(C)
c¥×xØ Ó n;fJú¥Ü Ó c

(Cv′ )
ÕCk�e¨m

{u}v = {u′}v′

nVá�c�m
v 6= v′m)cDå¢àghTc�×²Ø�hlæ8Û¨k¢×J×Jh/ë Ó cOp

p (R)
c¥×xØ�àUegc fJú¥Ü Ó c

(D)
Ø9c ÓlÓ c å¢àgc o T ` {{u}v}v′ T ` v′

T ` {u}v

p�iãnEf�ä è Û¨k�ØJägú�×xc ÕTé h/e¨ÕCàUmIØ9h/kOe
n+Ø9k�æ1×

({{u}v}v′) ⊆
n+ØJkOæ1×

(T )
ß?c)Ø�Û¨nEfÂÕCo)ÔUeUh»Ø9h/kOe ÕTé n+ØJkOæ1×�egkOàU×�×JnVáOk�eU×Öå¢àgc�n+Ø9k�æ1×

({u}v) ⊆n+Ø9k�æ1×
(T )
p

p (R)
c¥×xØ Ó n;fJú¥Ü Ó c

(GX)
o H c¥×^ÕCh/âNo3f9c3e¢ØJc�×RÛ6kO×9×Jh/ëgh Ó h»Ø9o¥×?Û¨kOàgf Ó c¥×?fJú¥Ü Ó c¥×%nEà�Y ÕCc�×J×JàU×?ÕCc Ó n;f9ú3Ü Ó c

(GX)×xkOe¢ØRÕCo¥m3fJh/ØJc�×<Õgn�eU× Ó nYÔUÜ�àUfJcdÝgp �YÛUn�Ü�c^×Jàgh/á+n�eOØ9c�p ��k�à¨×_nEe¨n Ólè ×Jk�e¨× Ó c�×<ÕCh/â6o¥fJc¥eOØ7×_m¥n�×ãÛ6kO×9×xhlë Ó c¥×ãÛ6k�àUfÓ c�×^f9ú3Ü Ó c¥×
(Ri)

o
��kOàU×Öæ8k�e¢Ø9fJkOeU×1å¢àgc\m7äUn�å¢àgc\nEØJkOæ;c\Õgc

{u}v ↓
c�×²Ø�ÕgnEeU×�n+ØJkOæ1×

(T )
p ^ kOh»Ø

a ∈
n+ØJkOæ1×

({u}v ↓)
ßegk�à¨×�c3e\Õgo¥ÕCàghF×Jk�eU×�åOàUc

a
c�×²ØYÕCc Ó n8ìòk�f9æ8c

{a′}v
ß¨c3Ødh Ó c3îXhF×xØJcDàge

i
ØJc Ó å¢àgc

a ∈
nEØJkOæ8×

(ui)
p ��k�à¨×o3eXàgæ8o3f9k�e¨×?ØJk�à¨× Ó c�×^m3n�×%Û6kO×9×Jh/ë Ó c¥×%Û6k�àUf

(Ri)
o

p (Ri)
c¥×xØ Ó n[f9ú3Ü Ó c

(A)
ßgÛ¨nEf�m)kOeU×Jo¥å¢àgc3e¢Ø

a ∈
n+Ø9k�æ1×

(T )
p

p (Ri)
c¥×xØ Ó n[f9ú3Ü Ó c

(Dv′)
ØJc ÓlÓ cDåOàUc

(Dv′)
T ` {w1}v′ T ` v′

T ` w1 = ui

p
iãn�f�hleUÕCà¨mIØJhlk�eQn+Ø9k�æ1×

({w1}v′) ⊆
nEØJkOæ8×

(T )
ßTnVá�c¥m Ó nÂÕCo3ÔUegh/ØJhlk�eQÕTé n+ØJkOæ1×�eUk�àU×Ym)kOeUm Ó àgkOeU×YåOàUcnEØJkOæ8×

(ui) ⊆
n+Ø9k�æ1×

(T )
c)ØdÕCkOeUm

a ∈
n+ØJkOæ1×

(T )
p

øgÞ
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(Dv)

(GX)

(R1)

���
T ` u1

... (Rn)

���
T ` un

T ` {u}v ↓

���
T ` v ↓

T ` u ↓

rXs�tUuTÝgp � p 	]Ó/Ó àU×xØJf7n+Ø9h/kOe�ÕCà Ó c3æ8æ8c1Þ3ö8ÛUnEÜOc�ÛUfJo�m)o¥Õgc3e¢ØJcOp
p (Ri)

c¥×xØ Ó n;f9ú3Ü Ó c
(Cv)

k�à
(GX)

o 	 æ;Û6kO×9×Jh/ë Ó cMm3n�f Ó n;Ûgf9c3àgáOcYc¥×xØ
⊕ � 47( �O43H c)Ødn�Û Ó n+ØJhlc�p

p (Ri)
c¥×xØ Ó n�fJú¥Ü Ó c

(Cv′)
nVá�c�m

v 6= v′
ß<n Ó k�f7×

ui = {u′}v′ ↓
pRñRk�æ8æ8c

v′ 6= v
nEà¨m)àge o Ó o3æ8c3e¢ØÕCc1nEØJk�æ1×

({u′}v′ ↓)
ejé c¥×xØMo3ÜOn Ó V

a
ßNØJkOàU×Mm)c�×Yn+ØJkOæ8c¥×Y×xkOe¢ØYo Ó hlæ8h/eUo¥×YÛUn�fYÕjé n�àCØJf9c¥×�kCm3m3àgfJf9c3e¨m)c¥×ÕCà�æ6q3æ8c8n+ØJkOæ8c;Õgn�eU×�àge�n�àCØJf9c
uj
nVáOc¥m

j 6= i
p�ñRkOæ;æ8c Ó n�Ûgf9c3àgáOc[c�×²Ø

⊕ � 47( �¢4)H c3ØYn�Û Ó nEØJhlc[h Óejé c¥×xØdÛUnO×�Û6kO×9×xhlë Ó c'å¢àgc Ó c¥×�nEàCØ9fJc�×%ØJc¥fJæ8c¥×�×xkOh/c¥e¢Ø�hl×9×xà¨×dÕTé àgegcDf9ú3Ü Ó c
(GX)

kOà\ÕTé àUegcDf9ú3Ü Ó c
(C)
ßÛUn�fdm)kOeU×Jo¥å¢àgc3e¢Ø Ó c¥×�n�àCØJf9c¥×%Ø9c3f9æ8c¥×^×Jk�e¢Ø�hl×9×JàU×^àgeghFå¢àgc3æ8c¥eOØ�ÕCc¥×^f9ú3Ü Ó c�×

(A)
k�à

(D)
p�[dh/eU×Jh�ÕUnEeU×Ó cÖÛgf9c3æ8hlc3f'm¥n�× Ó c¥×[n+ØJkOæ8c¥×D×Jk�e¢Ø[ÕCkOeUm1Õgn�eU×'nEØJk�æ1×

(T )
ß�ÕgnEe¨× Ó c�×xc�m)k�e¨Õ�m¥n�×'egk�àU×'nEÛgÛ Ó hFåOàUk�eU×Ó é ä è Û6kEØJäUú¥×JcYÕgcMfJo�m)àgf9fJc¥eUm)cOßXÛ¨kOàgf�m)kOeUm Ó àgf9cYå¢àgcMnEØJk�æ1×

(ui) ⊆
n+ØJkOæ1×

(T )
p

�

wGx��Gx�yzx � {R|G}'~��v����� �U|�� � � �	�6~
��| 
 �	�0x
��kOàU×jÛ6kO×9×Jo¥ÕCkOeU×Næ1nEhleOØ9c3eUn�e¢ØjØJkOàU× Ó c¥×jo Ó o¥æ8c3e¢Ø9×TÛ6k�àUf�ÕCo¥æ;kOe¢ØJf9c3f Ó é c3îXhF×xØJc3e¨m)c_ÕTé àgegc_ÛgfJc¥àgá�c<nEØJkOæ;hFå¢àgc�ßc3Ø�ÕCk�e¨m<Ûgf9k�àgáOc3f Ó c¥×�ÕCc3àgî Ó c3æ8æ8c¥×�×xàUf Ó c¥×�m Ó c3ì5×�Õgc¥×jÛUfJc¥àgá�c�×jhleUÕChF×xÛ6c3eU×9nEë Ó c�×jÛ6k�àgf�n�×9×xàgf9c3f Ó n�Õgo¥ÕCàUm)ØJhlëgh Ó h/ØJoc¥e�àgeUcMo)Ø9n�Û¨cDÕgc Ó n8f9ú3Ü Ó c

(GXCD)
Õgn�eU× Ó n8ÛgfJkCm7äUn�h/eUc�×Jc¥m)ØJhlk�ejp

{	� 
 
�� y�w�� @EBC, 4^G6HJ43B  4M0I*-AdG6./4843, ⊕ � 47( �¢4)H'4)0I,?(E, @EA[*5Z3BU4¥`
� HJ43B  4 o��dk�àU×^ÛUfJkCm)o�ÕCk�e¨×%ÛUnEf^hleUÕCàUm)ØJhlk�e\×xØJf9àUmIØ9àgf9c ÓlÓ cM×Jàgf Ó n8ÛgfJc¥àgá�c P c)Ø^ì5n�hl×Jk�e¨×^àgegcDÕChF×xØJhleUmIØ9h/kOeÕCcMm¥n�×%Û6k�àgf Ó n8ÕCc3f9eghlú3f9c�f9ú3Ü Ó c

(R)
ÕCc
P
àgegcYÛgf9c3àgáOcM×xhlæ8Û Ó cMc3Ø

⊕ � 49( �O43H ÕCc T ` u o
p (R)

c¥×xØ
(A)

o
P
c¥×xØ�àgegcMÛgf9c3àUá�cYn+ØJkOæ8hlå¢àgcOp

p (R)
c�×²Ø Ó nÿf9ú3Ü Ó c

(D)
ØJc Ó/Ó cÂåOàUc T ` {u}v T ` v

T ` u

pO_'é nEÛUfJú�× Ó é ä è Û6kEØ9ägú¥×Jc�Õjé hleUÕCàUm)ØJhlk�e Ó n�Ûgf9c3àgáOc
P1
åOàUhR×Jc1ØJc¥fJæ8hlegcÖÛUn�f

T ` {u}v
c)Ø Ó nðÛgf9c3àgáOc

P2
å¢àgh_ÜOo3egú¥fJc

T ` v
×Jk�e¢Ø'nEØJk�æ8hFå¢àgc¥×¥ß�m�é c�×²Ø VÕCh/f9cÖå¢àgc8ØJkOàU× Ó c¥×Me��MàUÕg×

T ` w
ÕCc

P1
ßjf9c¥×JÛjp

P2
ß�×Jk�e¢ØMØ9c Ó ×Då¢àgcÖn+Ø9k�æ1×

(w) ⊆
nEØJk�æ1×

(T, {u}v)
ßfJc�×xÛjpjnEØJkOæ8×

(w) ⊆
n+ØJkOæ1×

(T, v)
p���f Ó n�ÛgfJc¥àgá�c

P
c¥×xØ
⊕ � 49( �O43H ß�ÕTé nEÛgf9ú¥× Ó c Ó c3æ8æ8cðÞ3öÂÛUnEÜOc8ÛgfJo\Ym)o¥Õgc3e¢ØJcDeUk�àU×�×9nVá�kOeU×^å¢àgc'nEØJk�æ1×

({u}v) ⊆
nEØJk�æ1×

(T ) ⊆
nEØJkOæ8×

(T,w)
p ��kOàU×�m)kOeUm Ó àgkOeU×�ÕCkOeUmMå¢àgcn+ØJkOæ1×

(w) ⊆
nEØJk�æ1×

(T, u)
Û6k�àgf%Ø9k�àU×%e �Mà¨Õg×

T ` w
ÕCc
P
p

p (R)
c�×²Ø�àgegc'f9ú3Ü Ó c[ÕCc[m7ägh/âNfJc¥æ;c¥e¢Ø

(C)
o¨eUk�àU×�nVá�kOeU×�ÕCkOeUm

u = {u1}u2

ØJc Ó å¢àgc T ` u1 T ` u2

T ` {u1}u2

p
H é ä è Û6kEØ9ägú¥×Jc�ÕTé hleUÕCàUm)ØJhlk�e n�×9×xàgf9c�å¢àgc Ó n�Ûgf9c3àgáOc

P1
å¢àgh^×Jc�Ø9c3f9æ8h/egc�ÛUn�f Ó c�e��MàUÕ

T ` u
c)Ø Ó nÛgfJc¥àgá�c

P2
å¢àgh^×Jc�Ø9c3f9æ;hlegc�ÛUnEf Ó c�e �Mà¨Õ

T ` v
×xkOe¢Ø;ÕCc¥àCîûÛgf9c3àgáOc¥×;n+ØJkOæ8hlå¢àgc�×3ßLnEhleU×JhRØ9k�àU× Ó c¥×e �MàUÕg×

T ` w
ÕCc

P1
ßLf9c¥×JÛjp

P2
ßL×Jk�e¢Ø;ØJc Ó ×8å¢àgc�nEØJkOæ8×

(w) ⊆
n+ØJkOæ1×

(T, u1)
ß�f9c¥×JÛjpLn+Ø9k�æ1×

(w) ⊆n+ØJkOæ1×
(u2)
p ��k�à¨×�m3k�eUm Ó àUk�eU×�ÛUnEf Ó cRì5nEh/Ø�å¢àgc%n+Ø9k�æ1×

(T, u1) ⊆
n+ØJkOæ1×

(T, {u1}u2
)
c)Øãn+ØJkOæ1×

(T, u2) ⊆n+ØJkOæ1×
(T, {u1}u2

)
p

p (R)
c¥×xØ�àgegcYfJú¥Ü Ó c

(GX)
ØJc Ó/Ó cDå¢àgc6o

(GX)

(R1)

ppp
T ` u1

... (Rn)

ppp
T ` un

T ` u

øOÚ
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iãnEfÂh/e¨ÕCàUmIØ9h/kOe m7äUnOå¢àgcÿÛgf9c3àUá�c
Pi
å¢àghM×xcÿØJc3f9æ8h/eUc�ÛUn�f

T ` ui
c¥×xØðn+ØJkOæ8hlå¢àgcOß%n�h/e¨×xh�ØJkOàU× Ó c�×e �MàUÕg×

T ` w
Õgc

Pi
×Jk�e¢Ø%ØJc Ó ×^å¢àgcMnEØJk�æ1×

(w) ⊆
n+Ø9k�æ1×

(T, ui)
p���kOàU×%æ8k�e¢ØJf9k�e¨×?å¢àgcMnEØJk�æ1×

(ui) ⊆n+Ø9k�æ1×
(T, u)

Û6k�àUf�Ø9k�àU× Ó c¥×
i
p ��kOàU×�fJc¥ÜOn�f9ÕCkOeU× Ó c�×�Õgh»âNo3f9c3e¢Ø9×Mm¥n�×�Û6kO×9×xhlë Ó c¥×�Û¨kOàgf Ó c�×YfJú¥Ü Ó c¥×

(Ri)ÕCc Ó n[ÛUfJc¥àgá�c
Pi
p

p (Ri)
c¥×xØ

(GX)
o 	 æ8Û6kO×9×xhlë Ó cDm3n�f

P
c¥×xØ
⊕ � 49( �O43H ßUÕCkOeUmYnEÛ Ó n+Ø9h/cOp

p (Ri)
c¥×xØ

(A)
ß
(D)

oCiãnEf Ó c Ó c¥æ;æ8c1Þ¥ö[ÛUn�Ü�cMøgÞOßgn+Ø9k�æ1×
(ui) ⊆

nEØJkOæ8×
(T ) ⊆

n+Ø9k�æ1×
(T, u)

p
p (Ri)

c¥×xØ
(Ck)

o ^ k�h/Ø
a ∈
n+ØJkOæ1×

(ui)
ßTc)ØM×JàgÛgÛ6kO×Jk�eU×Yå¢àgc

a 6∈
n+Ø9k�æ1×

(T, u)
p�ñRk�æ8æ8c

u
c�×²ØYhl×9×JàÕgc Ó é nEÛgÛ Ó hFm3nEØJhlk�eÂÕCc Ó n;f9ú3Ü Ó c

(Ck)
eUk�àU×^×9nVá�kOeU×Rå¢àgc

a
c�×²ØdÕgc Ó n[ìòk�f9æ8c

{a′}k
pñRkOæ8æ;c

a 6∈
n+ØJkOæ1×

(u)
ß Ó cÂØ9c3f9æ8c

a
c¥×xØ�í�o Ó hlæ;hlegoÿï ÛUn�f1àge nEàgØJf9cÂØJc3f9æ8c

uj
ß
j 6= i

ß_nVá�c�m
a ∈
n+ØJkOæ1×

(uj)
p�ñRk�æ8æ8c8egk�àU×MnVáOk�eU×Y×JàgÛgÛ6kO×Jo1åOàUc

a 6∈
n+ØJkOæ1×

(T )
egkOàU×Yc3e�ÕCo�ÕCàghF×xkOeU×Yå¢àgc Ó nÕgc3f9egh/ú¥fJc�f9ú3Ü Ó c

(Rj)
ÕCc Ó n[Ûgf9c3àgáOc

Pj
eUc�Û6c3àgØXq3ØJf9cYegh

(A)
ßgegh

(D)
ßgc3Ø^egh

(C)
pUiLn�f^m)k�e¨×xo�åOàUc3e¢Ø¥ß

Rj
c�×²ØYàgegc;fJú¥Ü Ó c[ÕCc8m7ägh/â6f9c3æ8c¥eOØ

(C)
pTi Ó àU×�Ûgf9o¥m3hl×Jo3æ8c¥eOØ�ßTm)k�æ8æ8c

a = {a′}k
egkOàU×Y×JnVáOk�eU×�å¢àgc

Rj
c¥×xØ

(Ck)
ß6egk�àU×�k�ëCØ9c3egkOeU×dÕCkOeUmMÕCc¥àCîÂn�ÛgÛ Ó hlm¥n+Ø9h/kOeU×dÕCc Ó n8f9ú3Ü Ó c

(Ck)
nEà�Y ÕCc�×J×JàU×�Õjé àgeUc'f9ú3Ü Ó c

(GX)
ßUm3cDå¢àghjm)kOeOØ9fJc�ÕCh/Ø Ó é ä è Û6kEØ9ägú¥×JcMåOàUc

P
×Jk�h/Ø�àgegcYÛgf9c3àgáOc

⊕ � 47( �¢43H p
�

�B�	���@������|�� y
w � � � � 
������ �R| ��������|�� }0� � ��� � $8,]4)HIA14 v 4)07,j43$ Û¨k¢×xh/ØJhlk�eDm Ó c3ì :�S BC$;,]43HIA84 w 4)$%&)@+HIA14$N@+HIA1(+./4D0gS *-.�4 �O*F07,]4'BC$ð, 43HIA84 t ,]4).�Z3BU4 {t}v ∈ S(w) `
{	��
�
�� y � � @E*-, P BC$N4dG6HJ43B  4 ⊕ � 47( �¢43H;43,%07*-AdG6.l4�:�4 T ` w ` � @EBX0'./4)0[,]4)HIA14I08Z)BC*%(9G�GU(+H9(+*F07034)$¨,�43$GU@V0I*-,P*5@+$�2).l45&D:O(+$g0MBC$\$ �RBU:�:�4 P 03@+$¨,?:�(E$g0 S(T,w) `

� H94)B  4 o ^ k�h/Ø P àgegc[ÛgfJc¥àgá�c ⊕ � 49( �O43H c)ØM×Jh/æ8Û Ó c;Õgc T ` w p ^ hLàge\Ø9c3f9æ;c k n�ÛgÛUnEf7n��FØdc¥eÿÛ6kO×Jh»Ø9h/kOem Ó c3ìRÕTé àge\Ø9c3f9æ8c
t
å¢àghãnEÛgÛ¨nEf7n��FØ�ÕgnEe¨× Ó nÖÛgf9c3àUá�c

P
n Ó kOf9×�mEé c¥×xØ�àUe�×Jk�àU×gY=Ø9c3f9æ8c'× è e¢Ø9nEîChlå¢àgc'Õjé àge�n+Ø9k�æ8cÕgc

t
p ý f9þOm)c'n�à Ó c¥æ;æ8c�Þ�Ý8Û¨nEÜ�c'ÛgfJo�m)o�ÕCc3e¢ØJcOßUàge�×xkOàU× YPØJc¥fJæ8c

t
c�×²Ø�àge\àge�n+ØJkOæ8c[ÕCc

T,w
p6ô<eÿàgØJh Ó hF×Jn�e¢ØÓ n;Ûgf9k�Û6kO×Jh»Ø9h/kOe�ö1ÛUn�Ü�c�]+øgßCeUk�àU×%kOëCØJc¥egk�eU×

k ∈ S(T,w)
p
�H c Ó c3æ8æ8cÂÞ ��egk�à¨×YÛ¨c¥fJæ8c)ØDÕCc8f7n �1egc¥f Ó n�egkEØ9h/kOe�ÕCc\í�æ8nOm)f9kÂïÿf9ú3Ü Ó c8m)k�e¢Ø9c3eUn�eOØ

(GX)
ß
(C)
nEe¨Õ

(D)
pIo

�B�	���@������|�� y � ����� ��� ~ ��� � � � � � � ����� � � � $ (+H �3HJ4�:�41G6HJ43B  4 P 4)07,[BC$ ý ñ _(Y n�fJëgf9cðÕCcðÛgf9c3àgáOc.JS 4)$U0)43A �)./4 L :O4_&)43BC*-.-./4)07>R.xS 43$g0343A �3./4 K :�4)0'2).l45&907>?43,?(E.�HJ(O2)*-$N4 u 0I*_K
� ` P 27@+$g0I*F0I,]4[43$\BC$\BC$¨*5Z)BU4D$ �RBU: T ` u 4), L = {u} > K = ∅ >
� ` P 4)07,ã:�4�./(R&)@+HIA14 (C)

P T ` k

T ` u

@�� P 4I0I,LBC$	� �
 � (EH �)H94�:O4<G6HJ43B  4Y(  472�HJ(�23*-$64 u′ >L4)$U0)43A �)./4:�4?&)43BC*-.-./4I0 L 4),%4)$U0)43A �)./48:O4[23./4=&90 K ′ > K = K ′ ∪ {k} >_4), {u′}k ↓ = u >
� ` P 4I0I,ã:�4�./(R&)@+HIA14 (D)

P T ` k

T ` u

@�� P 4)0I,�BC$� �
 � (+H �3HJ4Y:�4<G6H94)B  4�(  472�HJ(O2)*-$N4 u′ >L4)$U0)43A �)./4:�4?&)43BC*-.-./4I0 L 4),%4)$U0)43A �)./48:O4[23./4=& K ′ > K = K ′ ∪ {k} >_43, {u}k ↓ = u′ >
�¨` P 4)0I,R:�4D./(^&)@EHIA84 (GX)

P1 · · · Pn

u

(  472 n ≥ 1 ,]43.TZ3BU4D2��g(OZ)BU4 Pi
4I0I,<BC$�� �
 � (EH �)H94D:�4%G6HJ43B  4(  472HJ4)0=GU472),P*  4)A14)$¨,THJ(�23*-$64 ui

>T4)$U034)A �).l4^:�4N&)43BC*-.-./4I0 Li
>N43,T43$g0343A �3./4^:O4^2)./4=&90 Ki

>N43, K =
⋃n

i=1 Ki∪K ′4), L =
⋃n

i=1 Li
`

ô<eðÛ¨nEfJØJhFm)à Ó h/c¥f¥ß Ó c¥×^hleU×xØ9n�eUm)c�×^ÕCc¥×%f9ú3Ü Ó c�×
(GX)

ß
(C)
ßUkOà

(D)
c¥×xØ�àge ý ñ _(Y n�fJëgf9cYÕCcMÛgf9c3àgáOc�p

ø�Ù
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cXd �Xd�� � � 	���y���y �²t�� ��� 	 � �gv���v��xv � ��y	� 	
��y �	�Ct �My �Mr
	�w
(GXCD)

d
��kOàU×%æ8k�e¢ØJf9k�e¨× Ó n8ÕCo�ÕCàUmIØ9h/ëUh Ó h»Ø9oMc3eÂàgegcMo3Ø9n�Û¨cMÛ6k�àgf Ó n;fJú¥Ü Ó c

(GXCD)
p

�B�	���@������|�� y  � � � � 
 � �@�����@}-��� � � � ~
��| 
 � � � � 
 �	�%��� � @E*-, w BC$ð,]4)HIA14D43$D&)@+HIA14D$N@+HIA1(+./4)> w 4I0I,ÕCo�ÕCàUm)ØJhlë Ó cÂn+Ø9k�æ8hFåOàUc3æ8c3e¢Ø ��Gg(EHI,=*-HÂ:jS BC$ 4)$U034)A �).l4 � $¨*�:�4�,]43HIA84)0 L 0gSj*-.�4��O*F0I,]4�BC$ � �
 � (EH �)H94\:�4GNHJ4)B  48:�@E$U,^./4)0_&)4)BC*-.-.l4I0[0)@E$U, L′ ⊆ L >_.xS 43$g034)A �3./4Ö:�4)0;23./4=&90'BC,=*-.»*F0 ! 4)0 K ⊆ L >?43,?.l(�H9(�23*-$64 w >%, 43.°0[Z3BU4GU@+BCHY,]@+BX0M./4)0Y$ �RBU:V0 T ` t :�4'./(YG6HJ43B  4'$6@EBX0'(  @+$g0'Kã(E, @EA'0 (t) ⊆ (+,]@+A[0 (L,w) `
��kOàU×�m)k�e¨×xhFÕCo3f9k�e¨×dÕTé nEë6k�f7Õ Ó c;m¥n�×�ÕCà íÖk�à\c3îCm Ó à¨×xh/ì?ï\nVáOc¥mMàUe�m7ägh/â6f9c3æ8c¥eOØMÕChF×²Ø9fJhlëgàCØ9h»ì²ß Ó c[f9o¥×Jà Ó Ø9nEØc�×²Ø8àgegcðm)kOeU×Jo¥å¢àgc3e¨m)c�h/æ8æ8o¥ÕChFn+Ø9cðÕCà f9o¥×Jà Ó Ø9nEØ1×Jàgf Ó c¥×;Ûgf9c3àgáOc¥×8n+Ø9k�æ8hlå¢àgc�×8ÕCc Ó n�×xc�mIØ9h/kOe Ûgf9o¥m3o¥ÕCc¥e¢ØJc�pô<e¨×xàgh/ØJc�egk�à¨×Öf9c3ÜOn�f9Õgk�eU× Ó cÿm3nO×Öë6c¥n�àUm)kOàgÛ�Û Ó àU×�m3k�æ8Û Ó c)îCcÿÕCc Ó nQØ9ägo3kOfJhlc\o�åOà¨n+ØJhlk�eUegc ÓlÓ c L�T

{.}.
ß?m3nEfÓ c¥×�m)kXc��Öm3h/c¥eOØ7×�ÕCc�×ÖØ9c3f9æ8c¥×�Û¨c¥àgá�c¥eOØBq)Ø9fJc�Û¨k�ØJc3e¢Ø9h/c Ó/Ó c3æ8c3e¢ØÂh/egÔUeghlæ;c¥e¢Ø�ÜOf9n�eUÕg×¥p_Û6k�àgf�fJo�×xkOàUÕCf9cÿm)c3ØxØJcÕCh �Öm)à Ó ØJoOßgegkOàU×%àCØJh Ó hl×Jk�eU× Ó n8egk�ØJhlk�eÂÕCc

Z
YPæ8kCÕCà Ó c�p

wGx��Gx��Gx�y �������
{.}.
x

_�nEeU× Ó cÖm3nO×�Õgà�í�k�à�c)îgm Ó àU×Jh/ì%ï�egk�à¨×YàCØJh Ó hF×Jk�eU× Ó c8fJo�×xà Ó Ø9nEØDÕCc Ó kCm3n Ó h/ØJo1nEØJk�æ8hFå¢àgc8Û¨kOàgfDm)kOeU×²Ø9fJàUh/f9càgeUc�Ûgf9kXm3o¥ÕCàUfJc�å¢àgh6Û¨c¥fJæ8c3Ø?ÕCcdm¥n Ó m)à Ó c3f Ó é c3eU×Jc3æ[ë Ó c�ÔUegh6ÕCc�Ø9k�àCØ9c¥× Ó c�×<Ûgf9c3àgáOc¥×ãÛ6kO×9×Jh/ë Ó c¥×¥p�iãn�fRÕCo3ÔUegh/ØJhlk�ejßÓ c¥×_e �MàUÕg×?ÕTé àge ý ñ _(Y n�fJëgf9cdÕCc�Ûgf9c3àgáOcd×xkOe¢ØRÕCc Ó nMìòkOfJæ8c
a1⊕ . . .⊕an

kOü
ai ∈

nEØJkOæ8×
(L,w)

c)Ø
ai 6= ajÛ6k�àgf

i 6= j
p ý f7þ�m3c;n�à�f9o¥×Jà Ó Ø9nEØYÕCc Ó kCm3n Ó h/ØJo8n+ØJkOæ8hlå¢àgcOßTh Ó ejé è n�å¢àjé àUe�egkOæ'ëgf9c;c)îCÛ¨kOegc3e¢Ø9h/c Ó ÕCc8e �MàUÕg×Û6kO×9×xhlë Ó c1õ5Õgn�eU× Ó n[Ø7nEh Ó/Ó cDÕCc

|L|+ |w|
ùIßUÛUnEf�m3k�eU×Jo¥å¢àgc¥eOØ^àgeÂegkOæ'ëgf9c�ÔUegh�ÕCcMÛUfJc¥àgá�c�×RÛ6kO×9×Jh/ë Ó c¥×¥p

	]Ó f9c¥×xØJcRn Ó kOf9×@V�ÛgfJkOàgá�c¥f Ó n�Õgo¥ÕCàUm)ØJhlk�e;c3e[àgegc%o)Ø7nEÛ6cRÛ6k�àgf Ó c¥×�f9ú3Ü Ó c¥×
(D)
ß
(C)
c3Ø

(GX)
p ^ c¥à Ó c Ó ndf9ú3Ü Ó c

(GX)
c�×²Ø?ÛgfJkOë Ó o3æ1n+Ø9hlå¢àgcOp H n[ÕCo�ÕCàUm)ØJhlk�eÖc¥e�àgegc�o)Ø7nEÛ6c�Û6k�àUf Ó nDf9ú3Ü Ó c

(GX)
ÕgnEe¨×Rm3c�m¥n�×Rc¥×xØ?o�åOàUh/á+n Ó c3e¢Ø

V Ó nYfJo�×xk Ó àCØ9h/kOe;Õjé o�åOà¨n+ØJhlk�e¨×ãÕCh/kOÛgäUn�eOØ9h/c¥egegc�× Ó hlego�nEhlfJc�×ã×xàgf
Z/2Z[h]

ß�m)kOæ;æ8c^egkOàU× Ó é nVáOk�eU×ãÕCo3Ø9n�h ÓlÓ o¥c^Û¨kOàgf
L�NMS^Õgn�eU× Ó nd×Jc¥m)ØJhlk�e[Ýgp/ÞOp/ÞOp Ú^ÛUnEÜOcX]EÚgpVñRc3ØxØJc%nEÛUÛgfJkCm7ägc_c¥×xØL×Jh/æ8h Ó n�h/f9cRV Ó ndæ8o)ØJäUkXÕgc?m Ó nO×J×Jhlå¢àgc¥æ8c3e¢Ø�àCØ9h Ó hl×Jo3cÕgn�eU×^m)cMÕCkOæ1nEhlegc F ñ H ^ ÷�ÙCßNñ � � J ÷OÙ�KPp
wGx��Gx��Gx�� ���

{.}.
x

H c1f7nEhF×Jk�egegc¥æ8c3e¢ØDåOàUc1egk�àU×'nVá�k�e¨×dì5n�h»Ø'×Jàgf Ó cÿí�k�àQc)îgm Ó àU×Jh/ì^ï�egcÖ×¥é nEÛgÛ Ó hFåOàUc1ÛUn�×MÕgn�eU× Ó cÖm3nO×MÕCc¥×ÜOfJkOàgÛ¨c�×Rn�ë¨o Ó hlc3e¨×?m¥nEf%egkOàU×?egcYÛ¨kOàgá�kOeU×Rn;Ûgf9hlk�f9h¨ë6k�f9egc3f Ó c¥×%m)kXc �1m3h/c¥e¢Ø9×%ÕCc¥×%o Ó o¥æ8c3e¢Ø9×%ÕTé àgegcM×Jk�æ8æ8c�ÕCcØ9c3f9æ;c�×
Σi=n

i=1αiai
p �dk�àU×^Û6kO×Jk�e¨× nEØJkOæ8×

(L,w) = {a1, . . . , an}

� e;Ø9c3f9æ;c t c¥×xØãÕgh»Ø (L,w) � (+,]@+A;*5Z)BU4 ×Jhgn+ØJkOæ1× (t) ⊆ n+Ø9k�æ1× (L,w)
p ý f7þ�m3c V Ó n�ÛUfJkOÛ¨k¢×xh/ØJhlk�e8ÝdÛ¨nEÜ�ca]+øUßàge'ØJc¥fJæ8c

(L,w)
Y]n+Ø9k�æ8hlå¢àgc

t
Û6c3àCØ<×¥é o�m)f9h/f9c_×Jk�àU× Ó n^ìòkOfJæ8c

α1a1+. . .+αnan
nVáOc¥m

αi ∈ Z
p ��kOàU×LnEÛgÛ6c Ó k�eU×Ó c[áOc¥m)ØJc3àUf

t = (α1, . . . , αn) ∈ Z
n

Ó n�f9c3Ûgf9o¥×Jc3e¢Ø9nEØJhlk�eÿÕgc
t
c)ØDÕCc;æ8n�eghlú3f9c[eUnEØJàgf9c ÓlÓ c

t1 + t2 = t1 + t2
ßc3Ø

−t = −t
ßCk�ü Ó é nOÕgÕCh/ØJhlk�e�ÕgcDÕCc3àCî�fJc¥ÛgfJo�×xc¥e¢Ø9n+Ø9h/kOeU×?×3é c)âNc¥m)ØJàgcMm)kOæ8Û¨k¢×Jn�eOØ9c�Û¨nEf^m)kOæ;Û6kO×9nEe¢Ø9c�p
_dcYÛ Ó àU×¥ßÛUn�f^ÕCo)ÔUeUh»Ø9h/kOejß

ai = ei
kOü

ei
c�×²Ø Ó c

i
Y ú3æ8cYá�c�mIØ9c3àgf^àgeUh»Ø9o�p

��kOàU×�f9n�ÛgÛ6c Ó k�eU×�åOà�é àge
Z � A8@�:+BC.l4 ß+kOà'×xhlæ8Û Ó c3æ8c3e¢ØLàge A1@¥:EBC./4 ß�c�×²ØLàge[Ü�f9k�àgÛ6cRn�ë¨o Ó hlc3e M æ[àgeghCÕTé àgegcæ[à Ó Ø9h/Û Ó hFm3nEØJhlk�e�ÛUnEfM×9m3n Ó nEhlf9c'Ø9c ÓlÓ c1å¢àgc

α(x + y) = αx + αy
c)Ø
α(−x) = −αx

Û6k�àgfYØ9k�àCØ
α ∈ Z

nEeUÕ
x, y ∈M

p �dk�àU×_ØJf7nVá+nEh Ó/Ó k�e¨×_nVá�c�m^àge�æ;kCÕCà Ó c�×xàgf
Z

n ß¢k�ü Ó n'æ'à Ó ØJhlÛ Ó hlm¥n+ØJhlk�e�ÛUnEfRàge�c¥e¢ØJhlc3f?c¥×xØ%ÕCo3ÔUeghlc�ÕCcæ1nEeUh/ú¥fJc�àU×Jàgc ÓlÓ cOpiLk�àgf
x1, . . . , xm ∈ Z

n eUk�àU×�ÕCo3eUkEØJkOeU×ÖÛ¨nEf 〈x1, . . . , xm〉
Ó c�×Jk�à¨× Y æ8kXÕgà Ó c\Õgc

Z
n c¥egÜ�c¥eUÕCf9o\ÛUnEf

x1, . . . , xm
ß *5`-4�`

〈x1, . . . , xm〉 = {α1x1 + . . . αmxm | αi ∈ Z}
	]Ó c¥×xØ�ÕCo�m)hFÕgnEë Ó c%ÕCcR×9nVá�kOh/f�×xh

y ∈ 〈x1, . . . , xm〉
o)Ø7nEe¢ØãÕCk�egeUo

y, x1, . . . , xm
ß+m3n�f�m3c)ØxØ9c?å¢àgc�×²Ø9h/kOeDf9c3áXh/c¥e¢Ø

V;f9o¥×Jk�àUÕCf9c�àgeð× è ×xØJú3æ8c Ó h/ego�nEhlfJcYÕTé o¥å¢àUnEØJhlk�eU×^×Jàgf
Z
p
øEö
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�dk�àU×1m3k�eU×xØJf9àghF×xkOeU×'Û6k�àUf;àUe c¥eU×xc¥æ'ë Ó c�ÔUegh
L
c)ØÖàge ØJc¥fJæ8c

w
ß<àge c3eU×Jc3æ[ë Ó c�ÔUeUhdÕCc�Ü�o3eUo3f7n+ØJc¥àgf7×Û6k�àUf Ó é c¥eU×xc¥æ'ë Ó c'ÕCc�×^Ø9c3f9æ;c�×

(L,w)
Y nEØJkOæ;hFå¢àgc¥×dåOàUh�×Jk�e¢ØdÕCo�ÕCàUmIØ9h/ë Ó c�×�ÕCc

L
p �dk�àU×dæ8k�e¢ØJf9k�eU×dåOàUc'm)c3ØxØJcm3k�eU×xØJf9àUm)ØJhlk�e'nOÕCæ8c)Øãàge'Û6k�hle¢ØLÔgîCc?å¢àghCc�×²Øãn�m¥m)c¥×9×Jh/ë Ó c_c¥e[àUe'egkOæ'ëgf9c_Ô¨eghCÕTé o3Ø9n�Û¨c�×3p+iLk�àUfLm3c Ó n�egkOàU×LnVá�kOeU×ë6c¥×Jk�hleðÕTé o)ØJc¥eUÕCf9cMàgeð×xkOàU×gYPæ8kCÕCà Ó cMÛUnEf^àUeðegk�àgáOc¥n�à�ÜOo3ego¥f9nEØJc3àUf¥ßCm)c�m)hjàUeghlå¢àgc¥æ8c3e¢Ø�×Jh Ó cMÜOo3ego¥f9nEØJc¥àgf%c¥×xØeUo¥m)c�×J×9nEhlf9c�p H c_×xkOàU×gYPæ8kCÕCà Ó c<f9o¥×Jà Ó Ø7nEe¢Ø�ÕCkOh»Ø q)ØJf9c<æ8hlegh/æ1n Ó ×Jc Ó k�eMàge[m)c3fJØ9n�h/eMkOf9ÕgfJcOp ��kOàU×�ÛUfJo�m)hF×xkOeU× Ó é kOf9ÕCf9cm3k�eU×JhFÕCo3f9oMÕCc Ó n8æ8n�eghlú3f9cD×xàghlá+nEe¢ØJc o¨iLk�àgf

x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Z
n eUk�àU×^eUkEØJkOeU× x E y×Jh

|xi| ≤ |yi|
Û¨kOàgf%ØJkOàCØ

i
ßgc)Ø

x / y
×xh
xE y

c)Ø
x 6= y

p
�B�	���@������|�� y�� �

Ext((x1, . . . , xn), x, l)
� � @+*-, l1 = (x1, . . . , xn) 43, l2 :�43B �8.W*F0I, 4)0 � $U*54)0�:jS ! . ! A143$U,=0Y:�4

Z
n >R43, x ∈ Z

n >R./(1HJ43./(E,=*5@E$ Ext((x1, . . . , xn), x, l) 4)0I,?: !�� $¨*548:�(+$U0M./4I0'27(V0Y0IBC*  (+$U,=0DK
� x ∈ 〈x1, . . . , xn〉

43, l = (x1, . . . , xn) `
� x 6∈ 〈x1, . . . , xn〉

43, l = (x1, . . . , xn, y)
@�� y 4I0I,[A[*-$¨*-A8(E.ãGU@+BCHÂ.xS @+H9:+HJ4 E , 43.�Z3BU4 y ∈ x +

〈x1, . . . , xn〉
`

� c¥æ1nEf7åOàUk�eU×�å¢àgc;ÕgnEe¨× Ó c'ÕCc3àgîXhlú3æ8c;m3n�×dÕCc[m3c)ØxØ9c[ÕCo3ÔUegh/ØJhlk�ejß6h Ó Û6c3àCØ è nVáOk�hlf�ÕCh/â6o¥fJc¥eOØ7×dm7ägkOh»îÂÛ6kO×gY×Jhlë Ó c�×%Û¨kOàgf
y
ßUm)c�×^m7ägk�h/î�ÕCh/âNo3f9c3e¢Ø^àgeghFåOàUc3æ8c3e¢Ød×Jàgf Ó cD×JhlÜ�egcMÕCc�×^m)k�æ8Û6kO×9nEe¢Ø9×¥p

�dk�àU×df9n�ÛgÛ¨c Ó kOeU×^å¢àgc Ó é n�fJh/ØJäUæ;o3ØJhFå¢àgc'ÕCcDi_fJc�×xëgàUfJÜOc3f^c¥×xØ Ó n;ØJägo¥k�f9h/cDÕgàðÛgfJc¥æ8h/c¥f�k�f7ÕCf9cDÕCc
(Z,+, >)

ßå¢àgh_c¥×xØ[ÕCk�e¨m1ÕCo¥m3hlÕgn�ë Ó c�p H nÂá+n Ó c3àgf'n�ëU×Jk Ó àgc1ÕCc
y ∈ Z

c¥×xØ[ÕCo)Ô¨egh/c�ÛUnEf Ó n�ìòk�f9æ'à Ó c1c¥e�àCØJh Ó hF×9nEe¢Ø
z
àgegcá+n�fJhFnEë Ó c Ó h/ëgf9c o

(y ≥ 0 =⇒ z = y) ∧ (y < 0 =⇒ z = −y)
p H é c3îCÛgfJc�×J×Jhlk�e

x E y
c¥×xØ'o3Ü¢n Ó c3æ8c3e¢ØÕgo)ÔUeghF×9×Jn�ë Ó c%ÛUn�fãàgegc%ìòkOfJæ[à Ó c^ÕCc%i<f9c¥×Jëgàgf9Ü�c¥f¥p H é n�ÛgÛUnEfJØJc¥eUnEe¨m)c%ÕCc

x
n
〈x1, . . . , xn〉

×3é c)îCÛgf9h/æ8c%Ü�f7þ�m3c V Ó nìòkOfJæ[à Ó cd×xàUh/á+nEe¢Ø9c
∃α1, . . . , αn (x = Σiαixi)

p
_dc�Û Ó àU×
x 6∈ 〈x1, . . . , xn〉

c¥×xØ?×Jh/æ8Û Ó c3æ8c3e¢Ø Ó nDego3Ü¢n+ØJhlk�eÖÕgcÓ n'ìòk�f9æ'à Ó c�ÛUfJo�m)o¥Õgc3e¢ØJcYÕTé nEÛgÛUn�fxØ9c3eUn�eUm)cOp H é c¥eU×Jc3æ'ë Ó cYÕCc¥×?o Ó o¥æ;c¥e¢Ø9×%æ8h/eUh/æ1nEàgîNßC×Jc Ó k�e Ó é k�f7ÕCf9c
E
ß
x
ÕgnEeU×àUe\c3eU×Jc3æ[ë Ó c

S ⊆ Z
n c¥×xØ�ÕCo3ÔUeghLÛUn�f Ó n1ìòk�f9æ'à Ó c'Õgc'i<f9c¥×Jëgàgf9Ü�c¥f�o x ∈ S ∧ ¬(∃y (y ∈ S ∧ y E x))

pNô<em3k�æ[ëgh/e¨nEe¢Ø_Ø9k�àCØ9c¥×%m)c�×<ìòkOfJæ[à Ó c�×_c¥eU×Jc3æ'ë Ó cOß¢eUk�àU×%ÕCo3ÔUeghF×J×Jk�eU×_ØJkOàU× Ó c�×
l2
ØJc Ó ×%å¢àgc

Ext(l1, x, l2)
Û¨kOàgf?àgec¥eU×Jc3æ'ë Ó cDÕCkOegego

l1
c3Ødàge

x
p ��kOàU×^Û6k�àgáOk�eU×dÕCk�eUmMm¥n Ó m)à Ó c3f�ì5n�m)h Ó c3æ8c3e¢Ø�àgegc Ó hF×²Ø9cDÛUn�fxØ9hlm3à Ó hlú3f9c

l2
ß¨ÛUnEf9æ8hØ9k�àCØ9c¥×^m3c ÓlÓ c�×%c3eXáXhl×9nEÜOc¥nEë Ó c�×3p

�dk�àU×Rf9n�ÛgÛ6c Ó k�eU× Ó c Ó c¥æ;æ8cYÕCc!_�hFm��X×Jk�e F _�hlm�Þ¥Ù�K ßXÕgnEeU×?m)c Ó c¥æ8æ;c Ó c�×<Ø9àgÛ Ó c¥×?×xkOe¢Ø?ÕCc�×<Ø9àgÛ Ó c¥×?ÕTé c¥e¢ØJhlc3f7×e¨n+ØJàUfJc Ó ×¥p
{	��
�
�� y  � {	��
�
�� � � �B��}�� ��| � � � @+BCH�2��g(OZ)BU4�0 ! Z)BU43$6274�*-$ � $¨*54 t1, t2, . . . :O4 n � ,PB�G6.l4I0Ö:+*F0I,P*-$623,50:�S 4)$¨,=*543H70M$6(E,=BCHJ43.°0Y*-.�4 �O*F07,]4 i < j , 43.�Z3BU4 ti / tj `

�dk�àU×^æ8kOeOØ9fJkOeU×%å¢àjé h Ó ejé è n;ÛUnO×^ÕCcDm7äUn��-egcYhleCÔUeghlcDÕgnEe¨× Ó cMf9c Ó n+Ø9h/kOe
Ext

o
{	��
�
�� y�� � @E*-, x1, . . . , xi, . . . ∈ Z

n BC$N4;0IBC*-, 48*-$ � $¨*54I> l0 ./(�0IBC*-,]4  *5:�4)>�4), Ext(li, xi+1, li+1)
GU@+BCH,]@+BC, i ` ��.l@+H70M*-.�4 �O*F07,]4MBC$ i ,]4).�Z)BU4 li = lj

GU@+BCHM,]@+BC, j ≥ i `
� HJ4)B  4 o ^ àgÛgÛ6kO×Jk�e¨×�å¢àgc Ó n�×xo�åOàUc3eUm3c (li)i∈N

egcD×xkOh»Ø�ÛUn�×�×xØ9nEØJhlk�ege¨nEhlfJcOp�[ Ó k�f7×^egk�à¨×^Û¨kOàgá�kOeU×^c3î¢Ø9f9n�h/f9càUegc�×Jk�àU×gY]×xàgh/ØJc�ÕCc
(li)i∈N

Ø9c ÓlÓ c�å¢àgc�m7äUnOå¢àgc�ÕCc¥fJeghlc3f[o Ó o3æ8c3e¢Ø;Û¨k¢×J×Jú¥ÕCc Ó c�æ1q¥æ8c�×Jh/ÜOegc�õ5h Ó ejé è å¢àgc
2nÛ6kO×9×Jh/ëgh Ó h»Ø9o¥×7ùIp ��kOàU×ãm7ägkOhl×Jhl×9×Jk�eU×�n Ó k�f7×�àgegc^×xkOàU×gY ×Jàgh/ØJc%ÕCc�m)c3ØxØJc?ìòkOfJæ8c%egk�e8×xØ9n+Ø9h/kOegeUn�h/f9c�p ý f7þ�m)c%nEà Ó c3æ8æ8cÕgca_dhFm��C×xkOe[h Ó c)îChF×²Ø9c

li
ß
lj
Õgn�eU×ãm)c3ØxØJc�×Jk�à¨× Y]×xàUh»Ø9cRØ9c ÓlÓ c�å¢àgc

i < j
c3Ø
liE lj

p��dk�àU×<Õgo¥m)kOæ8Û¨k¢×xkOeU×
li = l′i ·x

′
ic3Ø

lj = l′j · x
′
j

ßXk�ü
x′i
c¥×xØ Ó c�Õgc3f9egh/c¥fRo Ó o¥æ8c3e¢Ø?ÕCc

li
c)Ø
x′j
c�×²Ø Ó cYÕCc3f9eghlc3f?o Ó o3æ8c3e¢Ø%ÕCc

lj
pXiãnEf?m)kOeU×²Ø9fJà¨mIØJhlk�e�ß

li
c�×²ØMàge�ÛgfJo3ÔgîCc1ÕCc Ó nÂ×xàUh»Ø9c

l′j
ßTc3ØMÕgk�eUm

x′i ∈ 〈l
′
j〉
p�ñRk�æ8æ8c

x′j ∈ xj + 〈l′j〉
Û¨kOàgfMàge

xj
ßjm3c Ó n�×Jh/ÜOegh/ÔUcå¢àgc

x′j −x
′
i ∈ xj + 〈l′j〉

Û¨nEf^ÕCo)Ô¨egh»Ø9h/kOe�ÕCc
〈l′j〉
p ��f

x′i
c)Ø
x′j
kOe¢Ø Ó c�æ6q¥æ;cY×Jh/ÜOegcdÛUn�f^m)k�e¨×²Ø9fJàUm)ØJhlk�ejßXÕCkOeUm

x′j −x
′
i

c�×²Ø%×²Ø9fJhFmIØ9c3æ8c3e¢Ø_Û Ó àU×RÛ6c)ØJh/Ø?å¢àgc
x′j
ß¢×xc Ó kOe Ó é k�f7ÕCf9c

E
pXñRcdå¢àghNm)kOeOØ9fJc�ÕCh/Ø Ó nDæ;hleghlæ1n Ó h»Ø9o�ÕCc

x′j
ÕgnEe¨×Ó n8ÕCo)Ô¨egh»Ø9h/kOeðÕCc

Ext
p
�

�dk�àU×ãàgØJh Ó hF×xkOeU× Ó c¥×
Z
Y æ8kXÕgà Ó c�×ãÛ6k�àgfãf9c3Ûgf9o¥×Jc3e¢Ø9c3f�ØJkOàU× Ó c¥×LØ9c3f9æ;c�×ãå¢àgc Ó n�f9ú3Ü Ó c

(GX)
Û6c3àgØRm)kOeU×²Ø9fJàUh/f9cÕUnEeU× Ó c;m3n�×�ÕCc Ó n1Ø9ägo3kOfJhlc�L�TUS¢p �dk�àU×�nEeUn Ó/è ×Jk�eU×^Û Ó àU×�Ûgf9o¥m3hl×Jo3æ8c3e¢ØYm)k�æ8æ8c3e¢Ø Ó c¥×�Ü�o¥ego3f7n+Ø9c3àgf7×�ÕTé àge

Z
Yæ8kCÕCà Ó cD×Jk�e¢Ø^æ;kCÕCh/ÔUo�×%ÛUnEf Ó é n�ÛgÛ Ó hlm¥n+Ø9h/kOe�ÕCc Ó n;fJú¥Ü Ó c

(Dk)
ÕgnEe¨× Ó c H c3æ8æ8c1Þ �[ÛUnEÜOcY×Jàghlá+nEe¢ØJcOp

øOÝ
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�� y � � @+*-, g1, . . . , gm ∈ Z
n `��[@+BX0?GU@+B  @+$g0'27(+.l2)BC./43HMBC$�43$g0343A �3./4 � $U*<:O4 � ! $ ! HJ(+,]4)BCH70D:�4

Dk(g1, . . . , gm) = {t | {t}k ∈ 〈g
1, . . . , gm〉}

� HJ43B  4 oÂi<f9c3æ8h/ú¥fJc¥æ8c3e¢Ø^egk�àU×^m¥n Ó m)à Ó k�e¨× Ó é c3eU×Jc3æ[ë Ó cDÕgc�ÜOo3ego¥f9nEØJc¥àgf9×%ÕCc
Kk(g1, . . . , gm) = {{t}k | {t}k ∈ 〈g

1, . . . , gm〉}

^ kOh»Ø
Ik

Ó é c¥eU×Jc3æ'ë Ó cDÕCc�×%h/e¨ÕChlm3c¥×^m3k�f9fJc�×xÛ6k�eUÕUnEe¢Ø9×%nEàgî�n+Ø9k�æ8c¥×%m7ägh/â6f9o¥×%Û¨nEf Ó n;m Ó c3ì
k
ß *5`-4¥`

Ik = {i | ∃j
ØJc Ó åOàUc

ai = {aj}k}kOü
(a1, . . . , an)

c¥×xØDàgegc1o¥e¢àUæ;o¥f9nEØJhlk�eQÕCc¥×Do Ó o3æ8c3e¢Ø9×'ÕCcÖn+Ø9k�æ1×
(L,w)

m7ägk�hF×xhF×MnEà�ÕCo¥ëgàCØ[Õgc Ó nð×Jc¥m)ØJhlk�ejp
� eûØJc¥fJæ8c (L,w)

Y]n+Ø9k�æ8hFåOàUc
t
ßãÕCkOeOØ Ó nÿf9c3Ûgf9o¥×Jc3e¢Ø7n+ØJhlk�e

t
c¥×xØ

(α1, . . . , αn)
ßãc¥×xØ1ÕCc Ó nÿìòk�f9æ;c

{u}k
×xhc3ØM×Jc3à Ó c¥æ;c¥e¢ØY×Jh

αi = 0
Û6k�àUfDm7äUn�å¢àgc

i 6∈ Ik
pTiãn�fYm3k�eU×Jo¥å¢àgc¥e¢Ø¥ß

(α1, . . . , αn) ∈ Kk(g1, . . . , gm)
×Jhãc)Ø×Jc3à Ó c3æ8c¥eOØ�×Jh

{

(α1, . . . , αn) = β1g
1 + . . .+ βmg

mc3Ø
αi = β1g

1
i + . . . βmg

m
i = 0

Û6k�àgf�m7ä¨n�å¢àgc
i ∈ IkH é c¥eU×xc¥æ'ë Ó c[Õgc¥×

m
YPØJàUÛ Ó c�×

(β1, . . . , βm)
×JnEØJhF×²ì5n�hl×9nEe¢Ø�m3c;× è ×²Ø9ú3æ8c8ÕTé o�å¢àUn+Ø9h/kOeU×�m3k�eU×xØJh/ØJàUc[ëghlc3e�àge�×xkOàU× Yæ8kCÕCà Ó c'ÕCc

Z
m p ��kOàU×dm¥n Ó m)à Ó k�eU×dàge\c¥eU×xc¥æ'ë Ó cMÔUeUh B ÕCc'ÜOo3ego¥f9nEØJc3àUf9×^ÕCc;m)c'×Jk�à¨× Y æ8kXÕgà Ó c�oTñRäUnOå¢àgc βi×¥é o�m)f9h»Ø

γi−δi
k�ü
γi, δi ≥ 0

p8_�k�eUm Ó c�×jo¥å¢àUnEØJhlk�eU×
β1g

1
i +. . . βmg

m
i = 0

Û6k�àUf
i ∈ Ik

Õgo)ÔUeghF×9×xc¥eOØ�àge'× è ×xØJú¥æ8cägkOæ8k�Ü�ú¥egcÂõ5b�ùMk�ü Ó c�×Yh/e¨m)k�eUe¢à¨×
γi, δi

nEÛgÛ¨nEfJØJhlc3egegc¥e¢Ø*V
N
p � e 2m

Y=Ø9àgÛ Ó c
(γ1, . . . , γm, δ1, . . . , δm)

c�×²ØàgeUc;×Jk Ó àCØJhlk�e�ÕCc�õ=b�ù�×JhLc)ØD×xc¥à Ó c3æ8c3e¢ØM×xhLmEé c¥×xØ�àUegc1m)k�æ[ëghleUnEhF×xkOe Ó hlego�nEhlfJc;nVá�c¥m[m)kXc��Öm3h/c¥eOØ7×YÕgnEeU×
N
ÕCc×Jk Ó àCØJhlk�e¨×_æ8hlegh/æ1n Ó c�×RÕCc8õ5b�ùIp J k�àCØ9c�m3k�æ[ëgh/e¨nEhF×xkOe Ó hlego�nEhlfJcnV'm)kXc �1m3h/c¥e¢Ø9×%ÕgnEe¨×

Z
c¥×xØ%n�àU×J×Jh6àgegcY×xk Ó àCØ9h/kOeÕCcYõ5b�ùIp J k�àCØ9c?×Jk Ó àCØ9h/kOe

β
×¥é c)îCÛgf9h/æ8cRm3k�æ8æ8cRàUegc?m3k�æ[ëgh/e¨nEhF×xkOe Ó hlego�nEhlfJc V�m3k¢c �Öm)hlc3e¢Ø9×�ÕgnEe¨×

Z
ÕTé o Ó o¥æ8c3e¢Ø9×ÕCc Ó é c¥eU×Jc3æ'ë Ó cYÔUeUh

B = {(γµ
1 − δ

µ
1 , . . . , γ

µ
m − δ

µ
m) | (γµ

1 , . . . , γ
µ
m, δ

µ
1 , . . . , δ

µ
m)
×Jk Ó àCØJhlk�e�æ8h/eghlæ1n Ó cDÕCcÖõ5b�ù

}

� o�m)hlÛgf9kXå¢àgc¥æ8c3e¢ØRØ9k�àCØ9cDm)kOæ'ëghleUnEhF×Jk�e Ó hlego¥n�h/f9cnV8m3k¢c �Öm)hlc3e¢Ø9×^Õgn�eU× Z
ÕTé o Ó o¥æ8c3e¢Ø9×�Õgc

B
c�×²Ø^àgegcD×Jk Ó àCØ9h/kOeÕCc Ó é c¥eU×Jc3æ'ë Ó cMkOfJhlÜ�hleUn Ó ÕTé o¥å¢àUnEØJhlk�eU×¥p
[�hleU×Jh

B
c¥×xØ�àgeÂc3eU×Jc3æ[ë Ó c�Ô¨egh�ÕCcYÜ�o¥ego3f7n+Ø9c3àgf7×¥p

��kOàU×%k�ëgØJc3eUk�eU×
G = {b1g

1 + . . .+ bmg
m | (b1, . . . , bm) ∈ B}c�×²Ø^àgegcMc¥eU×Jc3æ'ë Ó c�ÔUegh�ÕCcMÜ�o¥ego3f7n+Ø9c3àgf7×RÕgc

Kk(g1, . . . , gm)
p

��kOàU×8k�ëgØJc3eUk�eU×8ÕCkOeUm�àge c¥eU×Jc3æ'ë Ó c�ÔUegh�Õgc�ÜOo3ego¥f9nEØJc¥àgf9×;ÕCc
Dk(g1, . . . , gm)

c¥eÈí�ÕCo¥m¥n Ó nEe¢ØÖï Ó c¥×o Ó o¥æ;c¥e¢Ø9×^ÕCc
G
p ^ k�h/Ø

shiftk(α1, . . . , αn)
àgeÂáOc¥mIØ9c3àgf

(β1, . . . , βn)
ÕCo3ÔUeghjÛUn�f

βi =

{

αj
×xh
{ai}k = aj ∈

n+ØJkOæ1×
(L,w)

0
×xh
{ai}k 6∈

n+ØJkOæ1×
(L,w)

H é c¥eU×xc¥æ'ë Ó c�ÔUegh�Õgc�ÜOo3ego¥f9nEØJc¥àgf9×%ÕCc
Dk(g1, . . . , gm)

c¥×xØdÕCk�eUm
shiftk(G)

p
�H c Ó c3æ8æ8cDÚE÷8m)kOfJf9c¥×JÛ6k�eUÕkV Ó é nEeUn Ó kOÜ�àgcYÕCà Ó c¥æ8æ;c1Þ �'Û6k�àUf Ó n;f9ú3Ü Ó c

(Dk)
p

{	� 
 
�� � 
 � @+*-, g1, . . . , gm ∈ Z
n `�$N@+BX0?GU@+B  @+$g0'27(+.l2)BC./43HMBC$�43$g0343A �3./4 � $U*<:O4 � ! $ ! HJ(+,]4)BCH70D:�4;K

Ck(g1, . . . , gm) = {{t}k | t ∈ 〈g
1, . . . , gm〉, (E, @EA'0 ({t}k) ⊆ (+,]@+A[0 (L,w)}

� H94)B  4 o H nQÛgf9c3àgáOc�ìòkOeUmIØ9h/kOegegcÿÕgc Ó nQæ6q3æ8c\æ1n�egh/ú¥fJc\å¢àgc\m3c ÓlÓ c�ÕCà Ó c¥æ;æ8cûÞ �gpUZÿnEhleOØ9c3eUn�e¢ØÖegk�àU×m3k�eU×xØJf9àghF×xkOeU× Ó é c3eU×Jc3æ[ë Ó c�Ô¨egh
B
ÕCcYÜ�o¥ego3f7n+Ø9c3àgf7×%ÕCc Ó é c¥eU×xc¥æ'ë Ó c

K−1
k (g1, . . . , gm) = {t | t ∈ 〈g1, . . . , gm〉

c3Ødn+Ø9k�æ1×
({t}k) ⊆

n+Ø9k�æ1×
(L,w)}

ø��
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ñRc Ó nÂf9c3Ûgf9o¥×Jc3e¢Ø9c Ó é c¥eU×Jc3æ'ë Ó c1ÕCc�×YØJc¥fJæ8c¥×MÕgk�e¢Ø Ó cÖm7äUh»âNfJc¥æ8c3e¢ØDnVá�c¥m
k
c¥×xØDc3eUm3k�f9c[àgeQØ9c3f9æ8c

(L,w)
YnEØJkOæ;hFå¢àgc�p H é c3e¨×xc¥æ'ë Ó c Ô¨egh\ÕCc¥× Ü�o¥ego3f7n+Ø9c3àgf7× ÕCc

Ck(g1, . . . , gm)
c¥×xØ kOëCØJc¥e¢à ÛUnEf

shift−1
k (B)

ß1kOü
shift−1

k (α1, . . . , αn)
c¥×xØ Ó cYáOc¥mIØ9c3àgf

(β1, . . . , βn)
ÕCo3ÔUeghjÛUn�f

βi =

{

αj
×xh
ai = {aj}k

nVá�c�m
aj ∈

nEØJkOæ8×
(L,w)

0
×xh
ai
ejé c¥×xØ�ÛUnO×^ÕCc Ó n[ìòkOfJæ8c

{aj}k
k�ü

aj ∈
n+Ø9k�æ1×

(L,w)

�

{	��
�
�� �3y �'@EBX0?Gg@EB  @E$g0'27(+./23BC./43H7> ! , (E$U,^:�@+$¨$ ! BC$�43$g0343A �3./4 � $¨*_:�4[, 43HIA14I0 L 43,?BC$ÿ,]4)HIA14 w >RBC$43$g0343A �3./4 � $U*^:�4 � ! $ ! HJ(E, 43BCH708:O41.xS 43$g0343A �3./4�:O4I08,]4)HIA14I0 (L,w) � (E, @EA[*5Z3BU4)0ÖZ3BC*R0)@E$U,�: ! :+BU23,=*�3./4)0Ö(  472.l(1H�����./4 (GXCD) :O4 L `
� HJ4)B  4 o ^ k�h/ØRn+Ø9k�æ1× (L,w) = {a1, . . . , an}

c)Ø
L = {t1, . . . , tp}

ß�egk�àU×_ÕCo)ÔUeUhl×9×xkOeU×ãàgeUc�fJc Ó nEØJhlk�e
Φ
c¥e¢ØJf9cÕgc¥× Ó hl×xØJc�×%ÔUeghlc¥×^ÕCcMáOc¥m)ØJc3àUf9×%ÕCc Ó æ1n�egh/ú¥fJcM×JàghláVn�e¢ØJc6o

� Ø7nEe¢ØdÕCkOegegoYàgeÂc3eU×Jc3æ[ë Ó c�Ô¨egh�ÕCcYá�c�mIØ9c3àgf7×
l
ßC×Jk�h/Ø

x1, . . . , xp

Ó é àgeUh/kOe�ÕCc�×^c3e¨×xc¥æ'ë Ó c¥×RÔUeghF×�ÕCcYÜOo3ego\Yf7n+Ø9c3àgf7×YÕCc
Dk(l)

nVáOc¥m
k ∈ L

m¥n Ó m)à Ó o¥×YÛUn�f Ó c Ó c3æ8æ8c�Þ ��ÛUnEÜOc;m3h Y]m)kOeOØ9fJcOßNc)Ø
xp+1, . . . , xq

Ó é àgeghlk�e�ÕCc�×c¥eU×Jc3æ'ë Ó c�×�ÔUeghF×_ÕCc^ÜOo3ego¥f9nEØJc3àUf9×LÕCc
Ck(l)

nVá�c�m
k ∈ L

hF×J×JàU×<ÕCà Ó c3æ8æ8c�ÚE÷�ÛUn�Ü�c^Ûgf9o¥m3o¥ÕCc¥eOØ9c�ßEn Ó kOf9×
Φ(l, l′)c3îChl×xØJc8×xhãc3ØD×xc¥à Ó c¥æ8c3e¢ØY×¥é h Ó c3îXhF×xØJc1ÕCc¥× Ó hl×xØJc�×�ÔUeghlc¥×YÕCc8á�c�mIØ9c3àgf7×

l0, . . . , lq
ØJc ÓlÓ c¥×Yå¢àgc

l = l0
ß
l′ = lq

ßTc3Ø
Ext(li−1, xi, li)

Û6k�àgf%Ø9k�àCØ
i
p

^ kOh»Ø
l0 = (tp, . . . , tp)

ß<c3Ø
Φ(li, li+1)

Û6k�àgf8Ø9k�àCØ
i
pãiãnEf Ó c Ó c¥æ;æ8cQÞ¥ø�ÛUn�Ü�cÂøOÝCßãh Ó c)îChF×²Ø9cÂàge

i
Ø9c Óå¢àgc

li+1 = li
pUiãn�f�m)kOeU×xØJf9àUmIØ9h/kOe\m)c

li
c¥×xØ�àge\c¥eU×Jc3æ'ë Ó cMÔ¨egh�Õgc'Ü�o¥ego3f7n+Ø9c3àgf7×^ÕCc Ó é c3eU×Jc3æ[ë Ó c'ÕCc¥×dØJc¥fJæ8c�×

(L,w)
Y]n+ØJkOæ8hlå¢àgc�×^åOàUhj×xkOeOØ�nEØJk�æ8hFå¢àgc3æ8c3e¢ØdÕCo�ÕCàUm)ØJhlë Ó c�×WV8ÛUnEfJØJhlf^ÕCc

L
p
�

cWd��Xd�� � t�� ��v ��tãvxwgy d
�dk�àU×�àCØ9h Ó hl×Jk�e¨×dàge�fJo�×xà Ó Ø7n+ØMÕCc[f9o3o�m)f9h»Ø9àgf9cDÛgf9o)ÔgîCc'Û6k�àUf�kOëCØJc¥eghlf�àge�fJo�×xà Ó Ø7n+Ø�c¥e\Ø9c3æ8ÛU×�Û¨k Ó/è egkOæ8hln ÓÕUnEeU× Ó c'm¥n�×�ÕTé àgegc[Ûgf9c3àgáOcMëgh/e¨nEhlfJcOp���kOàU×dÕCo3ÔUeghF×J×Jk�e¨×�ÕTé nEë6k�f7Õ�àUegcDÛgf9c3àgáOcMëghleUnEhlfJcMÛ6k�àUf Ó c'm3nO×WLOT

{.}.
ßÛUàghl×Degk�àU×Dæ;kOe¢ØJf9k�eU×Må¢àjé àgegcÖÛUfJc¥àgá�c1ÕCc

T ` w
kOü�ØJk�à¨× Ó c¥×Mo Ó o¥æ;c¥e¢Ø9×DÕCc

T
c3Ø
w
×xkOe¢ØDëgh/e¨nEhlfJc�×Mn Ó k�f7×h Ó c)îChl×xØJc�àgegc�Ûgf9c3àgáOc�ÕCc

T ` w
k�üûØ9k�àU× Ó c¥×[e �MàUÕg×;×xkOe¢Ø[ëghleUnEhlf9c¥×¥p�iLk�àUf;m3k�eUm Ó àgf9c�eUk�àU×[àCØJh Ó hl×Jk�eU× Ó nf9o3o�m)f9h»Ø9àgf9c�Ûgf9o)ÔUîXcYÛ6k�àgf^æ8kOeOØ9fJc¥f Ó n1ÕCo�ÕCàUm)ØJhlk�e�c3eÂàgegcMo3Ø9nEÛ6cDÕCc Ó n[f9ú3Ü Ó c

(GCD)
p

wGx��Gx �Ix�y �k�	� � ���8��|����'x
�B�	���@������|�� y�� � � � � 
�� � ��� ~�� � ����� ���`� � �`�6� � � 
�� ~ � �M� ��� � � �@~�� � � � � @E*-, t BC$\,]4)HIA14'43$'&)@EHIA84$N@+HIA1(+./4)> t 4)0I, ëghleUnEhlf9c1c3e�Øfq3ØJc 07* t 4I0I,�./(�:E* � ! HJ4)$N274�:O4Â:�43B �ÿ,]43HIA84)0�:+*F0I,=*-$N2),=0Ö$6@E$ 43$ê,��),]4�(  492 +$¨*R(  472 − ` � $�,]4)HIA1484I0I, nEàðÛ Ó àU×�ëgh/e¨nEhlfJc 0I*_,]@+BX0[274I0M03@EBX0 � ,]43H7A14)0M0��+$¨, ( �O*5Z)BU4)0M03@+$U,?03@+*-, �3*-$6(E*-HJ4)0843$,��3, 4)>�03@E*-,R$¨*L43$\,��),]4D(  472 + $U*<(  472 − ` � $ÿ43$g0343A �3./4[:�4M,]43HIA84)0M4)0I, nEà�Û Ó àU×%ëUh/eUn�h/f9c 0I*<2 �U(�23BC$�:�4[294)0
! . ! A843$U,=0D.xS 4)0I, ` � $�(+H �3HJ4Ö:O4dG6HJ43B  4 P :�4 T ` u 4I0I,d(EB1G6.»BX0 �)*-$N(+*-HJ4807*R, @EBX0M034I0'$ �RBU:V0D03@+$¨,�(+B1GN.WBX0
�3*-$6(E*-HJ4)0)`
��� ��
 �M� � y� ./4D, 43HIA84 a− b 4I0I,R(EB'GN.WBX0 �)*-$N(+*-HJ4%Gg(EH'29@E$U,PHJ4Y./4)0Y, 43HIA84)0 2a 43, 3a− 2b $N4Y./4Y03@E$U,NGU(V03`

� c¥æ1nEf7åOàUk�eU×Öå¢àgc�×xh�àge c¥eU×xc¥æ'ë Ó c�ÕgcðØJc¥fJæ8c T c�×²Ø�nEà Û Ó àU×�ëgh/e¨nEhlfJcÿn Ó kOf9× Ó é c3eU×Jc3æ[ë Ó c S(T )
ÕCc¥××Jk�à¨× YPØJc¥fJæ8c¥×%× è eOØ7n+îChFåOàUc¥× Ó é c¥×xØ�o3Ü¢n Ó c3æ8c3e¢Ø�p

�dk�àU×RÛgf9k�Û6kO×Jk�eU×ãàUegc�Ûgf9kCm)o¥ÕgàgfJc�ÕCc�ÕCo�m)hF×xhlk�e1c¥e1ØJc¥æ8ÛU×_Û6k Ólè egk�æ8hFn Ó Û¨kOàgf Ó cdÛgf9k�ë Ó ú¥æ;c�ÕCcdÕCo�ÕCàUmIØ9h/kOeÕgc Ó é h/e¢ØJf9àU× Ó k�f7×9åOàUc Ó é c¥eU×Jc3æ'ë Ó cMÕCc�×^ä è Û6kEØ9ägú¥×Jc¥×%c3Ø Ó n1m3k�eUm Ó àU×Jhlk�e�×Jk�e¢Ø�ÕCc�×%ØJc¥fJæ8c¥×^n�à�Û Ó àU×�ëgh/e¨nEhlfJcOp
ø`]
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��������� ���!�#" �$�%�����'&(����)*������+-,�.%/0�1���2�#�3�����

wGx��Gx �Ix�� ��� ����� ����~ � �M� ��� � � �@~�� � ���0x
��kOàU×�æ8kOeOØ9fJkOeU×�m3k�æ8æ8c3e¢Ø�ØJf7nEe¨×²ìòkOfJæ8c3fdàgegcDÛgf9c3àUá�c'ÕCkOe¢Ø Ó c�×�ä è Û¨k�ØJägú�×xc�×�c3Ø Ó n�m)k�e¨m Ó àU×xhlk�e\×Jk�e¢Ø�n�àÛ Ó àU×%ëghleUn�h/f9c¥×%c¥e�àUegcYÛgfJc¥àgá�cMn�à�Û Ó àU×^ëUh/eUn�h/f9c1õòÛgf9c3àUá�cYk�ü�ØJkOàU× Ó c�×^e �MàUÕU×^×xkOeOØ�n�à�Û Ó àU×^ëUh/eUn�h/f9c¥×7ùIp

��� ��
 �@� � y�� � ('GNHJ43B  4107BC*  (+$¨, 4�:�4 {c}k − {b}k @�� L = {a − b, c − d, {d}k − {a}k}
43, K = {k}$TS 4)07,jGg(+0'(+B[G6.WBX0 �3*-$6(E*-HJ4¥`

(GX)

(C)

(GX)

(A)
a − b ∈ T

T ` a− b
(A)

c− d ∈ T

T ` c− d

T ` a− b+ c− d
(A)

k ∈ T

T ` k

T ` {a}k − {b}k + {c}k − {d}k
(A)
{d}k − {a}k ∈ T

T ` {d}k − {a}k

T ` {c}k − {b}k

�[@+BX0Y,=HJ(E$g0ò&)@+HIA1@+$U0'2943,P, 4%G6HJ43B  4;43$\BC$64%G6HJ43B  4;(+B;GN.WBX0 �)*-$N(+*-HJ4�`

(GX)

(C)

(A)
a − b ∈ T

T ` a− b
(A)

k ∈ T

T ` k

T ` {a}k − {b}k
(C)

(A)
c − d ∈ T

T ` c− d
(A)

k ∈ T

T ` k

T ` {c}k − {d}k
(A)
{d}k − {a}k ∈ T

T ` {d}k − {a}k

T ` {c}k − {b}k
	 e¢ØJàgh/ØJhlá�c¥æ8c3e¢Ø¥ß

〈U〉
c¥×xØ Ó é c¥eU×Jc3æ'ë Ó c;ÕCcDØ9c3f9æ;c�×�c¥eðìòk�f9æ8c'egkOfJæ1n Ó c�V1Û¨nEfJØJhlf�ÕCc�×Jå¢àgc Ó ×�egk�à¨×�Û6k�àgáOk�eU×ÕCo�ÕCàghlfJc�Ø9k�àU× Ó c¥×�×Jk�à¨× Y c3eU×Jc3æ[ë Ó c¥×?ÕCc

U
c¥eðnEÛgÛ Ó hFåOà¨nEe¢Ø^àgeghFåOàUc3æ8c3e¢Ø Ó n[f9ú3Ü Ó c

(GX)
p

�B�	���@������|�� � 

�
〈U〉

��� @E*-, U BC$�4)$U0)43A �)./48:O4',]43HIA84)0M$6@+BX0D: ! $6@E, @E$g0%GU(+H 〈U〉 .xS 43$g0343A �3./41:O4D,]4)HIA14)0,]4).�Z3BU4;K
〈U〉 = {(α1u1 + . . .+ αnun) ↓ | α ∈ Z , ui ∈ U}

_�nEeU× Ó c�m3nO×OLON�PRQ
{.}.
ß Ó n'Ûgf9k�Û6kO×Jh»Ø9h/kOe�]Mc¥×xØ_Û Ó àU×?×xhlæ8Û Ó cnVDkOëCØJc¥egh/fRc)ØRìòk�eUm)ØJhlk�egegc�×xàUf Ó nMæ6q3æ8cdhFÕCo3cÕCc�ÕCo¥m3k�àgÛ¨nEÜ�c�ÕCcdÛgf9c3àUá�c�pgñRcdf9o¥×Jà Ó Ø9nEØRegkOàU×_Û6c3f9æ8c)Ø%ÕCc�ÛUfJkOàgá�c¥fRå¢àgc�Ø9k�àCØ9cdÛgf9c3àUá�c�Õgk�e¢Ø Ó c¥×Rä è Û6kEØ9ägú¥×Jc¥×c3Ø Ó n;m)k�e¨m Ó àU×xhlk�e�×xkOe¢Ø^n�à�Û Ó àU×%ëghleUn�h/f9c¥×?Û6c3àCØaq3ØJf9c�Ø9f9n�eU×xìòk�f9æ;o¥cdc¥e�àgeUc�ÛUfJc¥àgá�cYnEà�Û Ó àU×%ëghleUnEhlfJcYnVá�c�m Ó c¥×æ6q3æ8c�×%ä è Û6kEØ9ägú¥×JcYc)Ø Ó n[æ6q¥æ;cDm3k�eUm Ó à¨×xhlk�ejß Õgn�eU× Ó c Ó c3æ8æ8c'Ú�Ú'ÛUnEÜOcMm)h Y m3k�e¢ØJf9c�p

��� | �U| ��������|�� �� @+*-, U BC$�4)$U034)A �).l4 � $U*_:�4',]4)HIA14I0'(EB'GN.WBX0 �)*-$N(+*-HJ4)0[43, u ∈ 〈U〉 `���./@+H70M*-.�4 �O*F0I, 4;:�4)0,]4)HIA14)0M(EB;G6.WBX0 �)*-$N(+*-HJ4)0 v1, . . . , vk ∈ 〈U〉
@�� u ∈ 〈v1, . . . , vk〉

4),%(+,]@+A[0 (v1, . . . , vk) ⊆ (+,]@+A[0 (u) `
� HJ43B  4 o �dk�àU×ãc3â6c�mIØ9àgk�eU×_àgegc^Ûgf9c3àUá�c^ÛUn�fãh/eUÕgàUmIØ9h/kOeÖ×xàgf Ó c^egkOæ'ëgf9c�ÕTé o Ó o3æ8c3e¢Ø7×<ÕCc U pXñ?n�×<ÕCc^ë¨n�×Wo^ h
u = 0

n Ó k�f7×degkOàU×Mm7ägkOhl×Jhl×9×Jk�eU×
k = 0

p ^ h/egkOe�h Ó c)îChF×²Ø9c8àge
a ∈
nEØJkOæ8×

(u)
ßTc)ØDàUeÿØ9c3f9æ;c

u0 ∈ U
ØJc Ó ×å¢àgc

a ∈
n+ØJkOæ1×

(u0)
p ^ kOh»Ø

α

Ó c�ì5nOmIØJc¥àgf^nVá�c�m Ó c¥å¢àgc Ó
u0
nEÛgÛUn�f9n �lØ^Õgn�eU× Ó c�ØJc¥fJæ8c

u
ßCn�h/eU×Jh

u = αu0 + u′
kOü

u′ ∈ 〈U \ {u0}〉
piãnEf^ä è Û¨k�ØJägú�×xcDÕjé hleUÕCàUm)ØJhlk�eÂh Ó c)îChF×²Ø9cMÕCc¥×%Ø9c3f9æ8c¥×�n�à�Û Ó àU×�ëgh/e¨nEhlfJc�×

v′1, . . . , v
′
l ∈ 〈U \ {u0}〉

ØJc Ó ×�å¢àgc
u′ ∈ 〈v′1, . . . , v

′
l〉
c)Ø�n+Ø9k�æ1×

(v′1, . . . , v
′
l) ⊆

n+Ø9k�æ1×
(u′)
p

��kOàU×^ÕChF×²Ø9h/eUÜ�àgkOeU×?ØJf9k�hF×^m3nO× o
ÞOp
u0
ejé c¥×xØDÛUnO×Yc3e�Øfq)Ø9c�nVá�c�m

+
ßjn�h/e¨×xh

u0 = a
p ��k�à¨×YÛgfJc¥egk�e¨×

k = l + 1
ß
vi = v′i

Û6k�àgf
i < k

ßjc)Ø
vk = u0

p ��f
ui ∈ 〈U \ {u0}〉

Û¨kOàgf
i < k

eUk�àU×^kOëCØJc¥egk�e¨×
ui ∈ 〈U〉

Û6k�àgf
i < k

ß¨c)Ø
vk ∈ 〈U〉

m¥nEf
u0 ∈ U

piLn�f m3k�eU×xØJf9àUmIØ9h/kOejß
u ∈ 〈v1, . . . , vk〉

ß;c)Ø m)k�æ8æ8c
a ∈

n+Ø9k�æ1×
(u)
egk�àU× nVá�kOeU×ûn+Ø9k�æ1×

(u) =n+ØJkOæ1×
(u′) ∪ {a}

p�iãnEf1m)kOeU×xo�å¢àgc3e¢Ø¥ßãnEØJk�æ1×
(vi) ⊆

nEØJk�æ1×
(u′) ⊆

n+Ø9k�æ1×
(u)
Û6k�àgf

i < k
ÛUn�f;ä è YÛ¨k�ØJägú�×xcDÕTé hleUÕCàUm)ØJhlk�ejßgc3Ødn+Ø9k�æ1×

(vk) = {a} ⊆
nEØJkOæ8×

(u)
ÛUnEf^m7ägkOh»î�ÕCc

a
p

ø�ø
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ÚCp
u0 = a − b

kOà
u0 = b − a

Û6k�àgf
b ∈
n+Ø9k�æ1×

(u)
p�ñRc�m3nO×Mc¥×xØ'×Jc3æ'ë Ó n�ë Ó cÖn�à�Ûgf9c3æ8h/c¥fDm3nO× o�egkOàU×m7ägk�hF×Jhl×9×xkOeU×

k = l + 1
ß
vi = v′i

Û6k�àgf
i < k

ß�c3Ø
vk = u0

pRñRk�æ8æ8c�ÛUfJo�m)o¥Õgc3æ8æ8c3e¢Ø¥ß
ui ∈ 〈U〉Û¨kOàgf

i ≤ k
ßLnEhleU×Jh_egkOàU×DkOëCØJc¥egk�eU×

u ∈ 〈v1, . . . , vk〉
p<ñRk�eUm3c3f9eUnEe¢Ø Ó c¥×;n+Ø9k�æ8c¥×[ÕCc

u
egk�àU×[nVá�kOeU×n+Ø9k�æ1×

(u) =
n+ØJkOæ1×

(u′) ∪ {a, b}
c)ØdÕCkOeUmYn+Ø9k�æ1×

(v1, . . . , vk) ⊆
nEØJk�æ1×

(u)
p

Ùgp
u0 = a− b

kOà
u0 = b− a

Û6k�àgfdàge\n+Ø9k�æ8c
b
ßgc3Ø

b 6∈
n+ØJkOæ1×

(u)
p ��k�à¨×�×xàUÛgÛ¨k¢×xkOeU×�×9nEeU×�Û¨c¥f9ÕCf9cMÕCcÜ�o¥ego3f7n Ó h»Ø9oMåOàUc

u0 = a− b
p

ñRäUn�å¢àgc
v′i
nVá�c¥m

1 ≤ i ≤ l
Û¨c¥àCØ<×3é o¥m3fJhlf9c

v′i = λia+γib+v
′′
i

k�ü
a, b 6∈

n+ØJkOæ1×
(v′′i )
p ��kOàU×Lm7ägk�hF×Jhl×9×xkOeU×

k = l
ßCc3Ø

vi = (λi + γi)a+ v′′i
Û6k�àgf

1 ≤ i ≤ k
p

iLk�àgf%Ø9k�àCØ
i
h Ó c3îXhF×xØJcDÕCc¥àCî�n+Ø9k�æ8c¥×^n�à�Û Ó àU×�ëgh/e¨nEhlfJc�×?ÕUnEeU×

v′′i
m3n�f

v′i
c¥×xØdnEà�Û Ó àU×^ëghleUnEhlf9c�p

p ^ h v′′i m3k�e¢ØJhlc3e¢ØdÕCc¥àCî�nEØJk�æ8c�×^n Ó k�f7× λi = γi = 0
ßCc3Ø

vi = v′i
c¥×xØdnEà�Û Ó à¨×^ëghleUnEhlfJcOp

p ^ h/egkOejß�×Jh v′′i m3k�e¢ØJhlc3e¢ØLàge1n+Ø9k�æ8c^nEà'Û Ó àU×<ëgh/e¨nEhlfJcOßVn Ó kOf9× v c�×²Ø_n�à[Û Ó àU×LëghleUn�h/f9c?m¥nEf b 6∈ nEØJkOæ8× (vi)
piLk�àgf%Ø9k�àCØ

i
ß
v′i + γiu0 = (λi + γi)a+ v′′i = vi

ßgc)ØdÕCkOeUm
vi ∈ 〈U〉

p
iãnEf�m)kOeU×xØJf9àUmIØ9h/kOejßgn+Ø9k�æ1×

(vi) ⊆
n+ØJkOæ1×

(v′i) ∪ {a} \ {b} ⊆
nEØJkOæ8×

(u)
p

��kOàU×1æ8k�e¢ØJf9k�e¨×;Õgk�eUmðå¢àgc
u ∈ 〈v1, . . . , vk〉

p ^ k�h/Ø
u′ = Σi=n

i=1αiv
′
i

p � c3æ1nEf7å¢àgk�eU×1Õjé n�ë¨kOf9Õ å¢àgcm)kOæ;æ8c
u = αu0 + Σi=n

i=1αiv
′
i = αa − αb + Σi=n

i=1 (λia + γib + v′′i )
ß
b 6∈
nEØJkOæ8×

(u, v′′1 , . . . , v
′′
n)
c3Ø

α = Σi=n
i=1αiγi

ßgegkOàU×%k�ëCØ9c3egkOeU×^ÕCkOeUm1o
Σi=n

i=1αivi = Σi=n
i=1αi(v

′
i + γiu0) = Σi=n

i=1αiv
′
i + (Σi=n

i=1αiγi)u0 = u′ + αu0 = u

�

{	��
�
�� � ��� @E*-, P BC$ � �
 � (+H �3HJ48:�4^G6HJ43B  48(  472'.xS 4)$U034)A �).l4;:O4?&)4)BC*-.-./4)0 L ><.xS 43$g0343A �3./48:�4823./4=&90 K >43,�./(DH9(�23*-$64 r ` � * L 4), r 03@+$U,ã(+BMG6.WBX0 �3*-$6(+*-H94I0�(E./@+H70�*-.N4��O*F0I,]4�BC$ � �
 � (+H �3HJ4Y:�4<G6H94)B  4�(EBYG6.»BX0 �3*-$6(E*-HJ4
P ′ (  472[43$g0343A �3./4;:�4R&)4)BC*-.-.l4I0 L′ ⊆ L >R4)$U0)43A �)./4;:�4 K ′ ⊆ K ><43,?HJ(�23*-$64 r `
� HJ4)B  4 o � c3æ1nEf7å¢àgk�eU×;ÕTé nEë6k�f7Õêå¢àgc�ØJkOàCØJc�×;h/eU×xØ9n�eUm)c�×8ÕCc Ó n�fJú¥Ü Ó c (C)

kOà
(D)
ßãÛ6c3àUá�c3e¢Ø q)Ø9fJc�áXàgc¥×m3k�æ8æ8cDàge\m¥n�×d×JÛ6o¥m)hFn Ó ÕTé àge ý ñ _(Y n�fJëgf9cDÕCcDÛUfJc¥àgá�cOß Ó n1f9nOm)hlegcMc¥×xØ�n�àðÛ Ó à¨×dëghleUn�h/f9c�×xh�c)Ø�×Jc3à Ó c¥æ;c¥e¢Ø�×JhÓ c¥×�ìòc¥àgh Ó/Ó c¥×R×xkOeOØ<n�à[Û Ó àU×ãëUh/eUn�h/f9c¥×¥pEiãnEf<m3k�eU×Jo¥å¢àgc¥e¢Ø¥ßE×JhCØJkOàU× Ó c�×ãf9o¥×Jà Ó Ø7n+Ø7×ãÕCc¥×ãhleU×xØ9n�eUm)c�×ãÕCc Ó n�f9ú3Ü Ó c

(GX)ÕUnEeU×^àUegcDÛgf9c3àgáOc
P
×Jk�e¢Ødn�à�Û Ó àU×dëghleUnEhlfJc�×�n Ó k�f7×

P
c¥×xØ�nEàÂÛ Ó àU×�ëUh/eUn�h/f9c�ßUc3eð×xàUÛgÛ¨k¢×Jn�e¢ØdåOàUc Ó é c3e¨×xc¥æ'ë Ó cÕgc�ìòc¥àgh Ó/Ó c¥×

L
ß Ó é c3e¨×xc¥æ'ë Ó cDÕCcMm Ó c)ì5×

K
ßCc)Ø Ó n;f9nOm)hlegc

r
×xkOh/c¥e¢Ø^n�àÂÛ Ó à¨×%ëgh/e¨nEhlfJc�×3p

^ hlegkOejßTh Ó c3îXhF×xØJc;àgegc;h/eU×xØ9n�eUm)c8ÕCc Ó n�f9ú3Ü Ó c
(GX)

ÕCk�e¢Ø Ó c8f9o¥×Jà Ó Ø7n+Ø�ejé c�×²ØMÛUnO×�n�àÿÛ Ó àU×YëghleUn�h/f9c'c3ØYkOüØ9k�àCØ9c¥× Ó c¥×?ìòc3àUh ÓlÓ c�×^×xkOe¢Ø%n�à�Û Ó àU×%ëghleUnEhlf9c¥×¥pgñRkOæ8æ;c Ó n'f7n�m3h/eUc�ÕCc
P
c�×²Ø�n�à�Û Ó àU×?ëghleUnEhlf9c�ÛUn�f9n[ä è Û¨k�ØJägú�×xcOßÓ c'm7ägc¥æ8h/e\ÕCc Ó n1f7n�m3h/eUcDÕCc

P
V Ó n�m)k�e¨m Ó àU×xhlk�eðÕCc Ó n1f9ú3Ü Ó c

(GX)
egkOe\nEàðÛ Ó àU×�ëUh/eUn�h/f9cMÛUnO×J×JcYìòk�f7m)o¥æ;c¥e¢ØÛ¨nEf^àgegcMn�àCØJf9cYfJú¥Ü Ó c

(GX)
p�[dh/e¨×xh Ó n;Ûgf9c3àgáOc�c�×²ØdÕCc Ó n[ìòk�f9æ8cY×Jàghlá+nEe¢ØJc6o

�������

������� T ` u1 · · · T ` un

�����
	��

�����
	�� T ` u
õ
∈ 〈u1, . . . , un〉

ùppp
T ` u′ P1 · · · Pn

P

kOü
(C,D)

c�×²Ø�ejé hlæ8Û¨kOfxØ9c�å¢àgc Ó/Ó cÿhleU×xØ9nEe¨m)cÿÕCc�fJú¥Ü Ó c
(C)

k�à
(D)
ß%c)Ø�k�ü Ó c¥×�m Ó c)ì5×�×xkOe¢Ø�k�æ8hF×xc�×ÖÛ6k�àgfÛ Ó àU×�ÕCc�m Ó nEfJØJo�p ý f7þ�m)c V Ó nûÛgf9k�Û6kO×Jh»Ø9h/kOe ]QÛUn�Ü�c\ÛUfJo�m)o¥Õgc3e¢ØJc�h Ó c)îChF×²Ø9c�ÕCc�×ÖØ9c3f9æ;c�×�n�à Û Ó àU×�ëgh/e¨nEhlfJc�×

v1, . . . , vk ∈ 〈u1, . . . , un〉
Ø9c Ó ×_å¢àgc

u ∈ 〈v1, . . . , vk〉
c)Ø_nEØJkOæ8×

(v1, . . . , vk) ⊆
nEØJkOæ8×

(u)
pOiLn�f<m)kOeU×xo�å¢àgc3e¢Ø¥ßeUk�àU×Rk�ëCØ9c3egkOeU×Ràgegc�ÛgfJc¥àgá�c�ÕCc Ó n'ìòk�f9æ8c�×Jàgh/á+n�eOØ9c�ß¢k�ü�egk�àU×Regk�ØJk�e¨×_ÛUn�f

T ` U
Ó é c¥eU×xc¥æ'ë Ó c�Õgc¥×%×xo�å¢àgc3e¢Ø9×

ø��



���������
	�������������������
��������� ���!�#" �$�%�����'&(����)*������+-,�.%/0�1���2�#�3�����

{T ` z | z ∈ U}
o

�������

� �����
������� T ` U

T ` v1 · · ·

������� T ` U
T ` vn

�����
	��

�����
	�� T ` u
õ
∈ 〈v1, . . . , vn〉

ùppp
T ` u′ P1 · · · Pn

P

_�nEeU×?m)c3ØxØJc�nEf9ëgf9c�ÕCcdÛgf9c3àUá�c^egkOàU×R×9nVá�kOeU×ãå¢àgc�ß¢Û6k�àgf_ØJk�àgØ
i
ß
vi ∈ 〈U〉

c¥×xØ_àgeÖØJc3f9æ8c�n�à1Û Ó à¨×_ëghleUn�h/f9c�p
�dk�àU×RÛ¨kOàgá�kOeU×?ÕCk�eUm�m)kOæ;æ[àCØJc¥f Ó n'fJú¥Ü Ó c

(GX)
nVá�c�m Ó n'f9ú3Ü Ó c

(C)
×Jàghlá+nEe¢ØJcOßXm¥nEf?h Ó c�×²Ø?ØJkOà��²k�àgf7×RÛ¨k¢×J×Jh/ë Ó cÕCcYì5n�h/f9cMàgeðm7ägh/â6f9c3æ8c¥eOØdnVá+n�eOØ�àUegcMfJú¥Ü Ó c

(GX)
pTñRk�æ8æ8cDn+Ø9k�æ1×

(vi) ⊆
nEØJkOæ8×

(u)
Û¨kOàgf

1 ≤ i ≤ k
egkOàU×Û6k�àgáOk�eU×%n�àU×J×Jhjm)kOæ8æ'àCØ9c3f�m)c3ØxØ9cDnEÛgÛ Ó hFm3n+Ø9h/kOe�ÕCc Ó n;fJú¥Ü Ó c

(GX)
nVá�c�m Ó n;fJú¥Ü Ó c

(D)
×JàghláVn�e¢ØJc�p�[dh/e¨×xhjeUk�àU×kOëCØJc¥egk�eU×?àgeUcMÛgfJc¥àgá�cMÕCc Ó n[ìòk�f9æ8cY×Jàghlá+nEe¢ØJc6o

�������

������� T ` U

�����
	�� T ` v1

�����
	��
ppp

T ` u′1

������� T ` U

�����
	�� T ` vn

�����
	��
ppp

T ` u′n P1 · · · Pn

P

kOü
u′ ∈ 〈u′1, . . . , u

′
n〉
p��dk�àU×^m3k�eUm Ó àgkOeU×%c3eðn�ÛgÛ Ó hlå¢àUn�eOØ Ó é ä è Û6kEØJäUú¥×JcYÕjé hleUÕCàUm)ØJhlk�e V8m)c3ØdnEf9ëgfJcYÕCcMÛgf9c3àUá�c�ßm¥nEf Ó cMeUk�æ'ëUfJcMÕTé nEÛgÛ Ó hFm3nEØJhlk�eU×%ÕCc Ó n8fJú¥Ü Ó c

(GX)
n8ÕCh/æ8hleXàgoMc)Ø^Ø9k�àU× Ó c¥×%eUk�àgáOc¥nEàgîÖe �MàUÕg×�×Jk�e¢Ø�nEà�Û Ó àU×ëghleUn�h/f9c¥×¥p

�
��kOàU×%ÕCo)Ô¨eghl×9×Jk�eU× Ó n[f9ú3Ü Ó c

(GCD)
m)k�æ8æ8c�àgegc�h/eU×xØ9n�eUm)cYÕCc�×_f9ú3Ü Ó c�×

(GX)
ß
(C)
c)Ø

(D)
m)c3ØxØ9c�ìòkOfJæ8cOp

�B�	���@������|�� �Gy�� � � � � �
(GCD)

� � (�H����E./4 (GCD) 27@+$¨,=*543$U,d4 �X(�23, 43A843$U,^BC$N48*-$g0I,](+$N2941:O4 (GX) >�@��,]@+BC,]4I0�./4)0Y*-$U0I, (E$6274I0D:�4 (C) 0)@E$U,R(EB � :�4)0707BX0D:�4'./(ÖH����E./4 (GX) >R4),R, @EBC, 4)0�.l4I0Y*-$g0I,](+$6274)0M:O4D.l(1H�����./4 (D)03@+$¨,?(EB � :�4)0903@EBX0D:O4D.l(1H�����./4 (GX) `
�B�	���@������|�� ��� �

S⊕2(T )
� � @+*-, T BC$�43$g0343A �3./4 :�4 , 43HIA84)0 43$ &)@EHIA84 $6@EHIA8(E./4I>\$N@+BX0�: !�� $U*F0703@+$U0

S⊕2(T ) Gg(EH'K
S⊕2(T ) = (+,]@+A[0 (T ) ∪ {a1 − a2 | a1, a2 ∈

(E, @EA'0 (T ), a1 6= a2}

� c¥æ8n�f9å¢àgkOeU×%å¢àgc S⊕2(T )
×xcYm3n Ó m3à Ó c�c¥e�Ø9c3æ8ÛU×^Û6k Ólè e�b�æ8hFn Ó c3e

T
plp �dk�àU×?Ûgf9k�àUá�k�e¨×_æ1nEhle¢ØJc¥eUnEe¢Ø^àgegcf9o¥×Jà Ó Ø9n+Ø�ÕCc Ó kCm3n Ó h/ØJoYÛ¨kOàgf Ó c¥×%Ûgf9c3àUá�c¥×?f9c3Ûgf9o¥×Jc3e¢Ø9o3c¥×?ÛUn�f^àge ý ñ _aY]nEf9ëgf9c�ÕgcMÛgfJc¥àgá�cOp

{	� 
 
�� � � � @+*-, P BC$ � �
 � (EH �)HJ4�:�4MG6H94)B  4�(  472Â27@+A;A84�43$g034)A �3./4�:O4�&)43BC*-.-./4)0 L >d:�4�2).l45&90 K >�43,27@+A;A14�HJ(�23*-$64 r ` � * L∪{r} ∈ S⊕2(T ) GU@+BCH�BC$Â43$g0343A �3./4M:O4Y, 43HIA14I0 T (+./@EH70�*-.T4��O*F0I, 4�BC$ð(+H �3HJ4_GNHJ4)B  4,]4).�Z3BU4', @EBX0�./4)0M$ �RBU:V0Y03@+*543$U,^:�(E$g0 S⊕2(T ) `
� H94)B  4 o H c Ó c¥æ8æ;c[Þ¥ÙMÛ¨nEÜ�c�øgÞdnO×J×Jàgf9c Ó é c)îChF×²Ø9c3eUm3c�ÕTé àgegc�ÛgfJc¥àgá�c�×xhlæ8Û Ó c�c)Ø ⊕ � 47( �O43H p �dk�àU×RnEÛgÛ Ó hFåOàUk�eU×n Ó kOf9× Ó n8ØJf7nEe¨×²ìòkOfJæ1n+Ø9h/kOeðÕCcDÛgf9c3àgáOcDÕCo¥m3fJh/ØJc[ÕgnEeU× Ó c Ó c¥æ8æ;c;Ú�Ú8ÛUn�Ü�cMÛgf9o¥m3o¥ÕCc¥e¢ØJc�ß6nEhleU×JhTØJkOàU× Ó c¥×�e �MàUÕg×ÕCc Ó n[Ûgf9c3àgáOc�×Jk�e¢Ø?Õgk�eUm�nEà�Û Ó àU×?ëghleUn�h/f9c¥×¥pCñRkOæ8æ;c

P
c¥×xØ^×xhlæ8Û Ó cOß Ó n[×xc¥à Ó c�Û6kO×9×xhlëgh Ó h/ØJo�c3e¢ØJf9c�Õgc3àCîÖf9ú3Ü Ó c�×

(GX)
c�×²ØDÕCc;ØJf9k�àUá�c3f�àge�×xo�åOàUc3eUm3c;ÕCc8f9ú3Ü Ó c�×

(D)
×xàUh/áXhlc;ÕTé àgegc1×Jo¥å¢àgc¥eUm)c8ÕCc8fJú¥Ü Ó c¥×

(C)
p H nÖìòf9k�e¢Ø9h/ú¥fJcc¥eOØ9fJc[ÕCc3àCî\hleU×xØ9n�eUm)c�×�ÕCc Ó n�fJú¥Ü Ó c

(GCD)
×JcDØ9c3f9æ;hlegc[ìòk�f7m)o¥æ;c¥e¢Ø�ÛUn�fdàgegc8×Jo¥å¢àgc3e¨m)c[Õjé n�ÛgÛ Ó hlm¥n+ØJhlk�e¨×dÕCcÓ n8fJú¥Ü Ó c

(D)
pNñRk�æ8æ8c

r ∈ S⊕2(T )
ÛUn�f^ä è Û6kEØ9ägú¥×Jc�ßUegk�àU×d×JnVáOk�eU×%ÕCkOeUmMå¢àgc

vi ∈ S⊕2(T )
m3n�f^Û¨kOàgf^Ø9k�àCØ

��÷



�`� ����� ���������������%� �z�������������������
�`���

i
ß
atoms(v) ⊆

nEØJkOæ8×
(u)
c3Ø
vi
×Jk�e¢Ø�ÕCc�×�Ø9c3f9æ8c¥×�nEà\Û Ó àU×�ëghleUnEhlfJc�×3p6iãn�×�m)kOeU×xo�å¢àgc3e¢Ø¥ßUØJkOàU×�Ø9c3f9æ8c¥×�hl×9×xà¨×Õjé àgeUc'×xo�å¢àgc3eUm3cDÕCc[Õgo¥m7ägh/â6f9c3æ8c¥eOØ(VÖÛUnEfJØJhlfdÕCc

vi
×xkOe¢ØdÕCk�eUm'ÕgnEeU×

S⊕2(T )
ß6nEhleU×JhjØJkOàU× Ó c¥×de �MàUÕg×�ÕCc Ó nÛUfJc¥àgá�cY×xkOe¢Ø^ÕUnEeU×

S⊕2(T )
p
�	]Ó eUcMfJc�×²Ø9c�Û Ó àU×^å¢àjé n;æ8k�e¢ØJf9c3f Ó n8ÕCo¥ÕCà¨mIØJhlëgh Ó h/ØJo'c3e�àgegcMo)Ø7nEÛ6cMÛ¨kOàgf�m)c3ØxØ9cMfJú¥Ü Ó c�p

wGx��Gx �Ix � � ����} � ��� � � � � � �	� � � �U|�� � ��~ �@�����@}-��� � ���v���8����� ��� � �`��~� � � �
(GCD)

x
_�nEeU×�m3c)ØJØJc ×xc�mIØJhlk�euegkOàU×�egkEØ9c3f9k�eU×¥ß�Û6k�àUf�Û Ó àU×�Õgc m Ó n�fxØ9o�ßYàgegc�×Jo¥å¢àgc3e¨m)c ÕCc m7äUh»âNfJc¥æ8c3e¢Ø9×�ÛUn�f

{m}x1···xn

V Ó n;Û Ó nOm)cDÕCc
{· · · {m}x1

· · · }xn

p
�dk�àU×%ÕCc¥á�k�e¨×Ræ1n�h/e¢ØJc¥eUnEe¢Ø^ÕCo¥m3hlÕgc3f Ó n;ÕCo�ÕCàUmIØ9h/ëUh Ó h»Ø9oYc3e�àgegc�o)Ø9n�Û¨cMÕCc Ó n[f9ú3Ü Ó c

(GCD)
ßUÕCo)Ô¨egh»Ø9h/kOe�ÚgÞÛ¨nEÜ�c�m)h Y m3k�e¢ØJf9c*o � Ø9nEe¢Ø%ÕCk�egeUo�àgeÖc¥eU×xc¥æ'ë Ó c

U
Õgc�ØJc¥fJæ8c�×_nEà�Û Ó à¨×_ëghleUn�h/f9c¥×ãc3ØRàgeÖØJc3f9æ8c�n�à1Û Ó à¨×_ëghleUn�h/f9c

r
ßTc3îXhF×xØJc�YPØgY h Ó àgeUc[f9ú3Ü Ó c

(GCD)
nVá�c�m Ó c�×�ìòc3àgh Ó/Ó c¥×�c3Ø Ó c¥×�m Ó c)ì5×Ym3k�e¢ØJc¥e¢àUc¥×�ÕgnEeU×

U
c)Ø Ó n�f9nOm)hlegc

r � �dk�àU×Õghl×xØJhlegÜ�àUk�eU×^ÕCkOeUm�ØJf9k�hF×^m3nO×%Û¨k¢×J×Jh/ë Ó c�× o
Þ�p
r
ejé c�×²Ø\Û¨n�×ðc¥eÈØfq)Ø9cênVá�c�m

+
ßdc)Ø\h Ó c)îChF×²Ø9c�àgegcê×Jàgh/ØJcêÕgcQØJc3f9æ8c¥×\n�àÈÛ Ó à¨×\ëghleUnEhlf9c¥×

({ai}vi
−

{bi}vi
)i=1,...,N

ØJc Ó/Ó cÿå¢àgcOßRÛ6k�àgf�ØJkOàCØ
i
×xkOh»Ø

{ai}vi
− {bi}vi

×Jk�h/Ø
{bi}vi

− {ai}vi

c¥×xØ�Õgn�eU×
U
ßàgeðØ9c3f9æ;c

aN+1 ∈ U
egk�eðc¥eÂØfq)Ø9c'nVá�c�m

+
ßUc3Ødàgegc'×Jàgh/ØJc

(hi)i=0,...,N+1
ÕCc'æ;k�Ø9×�Õgc

U∗ Ø9c ÓlÓ c;å¢àgc
{r}h0

= {a1}v1h1

c3Ø
{bi}vihi

= {ai+1}vi+1hi+1

Û6k�àgf%Ø9k�àCØ
i = 1, . . . , N

p
ÚCp
r
c�×²Ø�àUeÂØJc3f9æ8cDnEàÂÛ Ó àU×^ëghleUn�h/f9c

r1 − r2
ßgc3Ødh Ó c)îChl×xØJcDÕgc3àCî�h/eU×xØ9n�eUm)c�×^ÕCc Ó n;fJú¥Ü Ó c

(GCD)
m3k�æ8æ8cÕgnEe¨× Ó cMÛgf9c3æ8hlc3f�m¥n�×^nVá�c�mdf7n�m3h/eUc¥×

r1
ßgf9c¥×JÛjp

r2
ßgc)ØdnVáOc¥m Ó n;æ6q3æ8cD×Jàgh»Ø9cDÕCcMm Ó c)ì5×

hi
p

Ùgp
r
c¥×xØ�àge ØJc¥fJæ8cÿn�à�Û Ó àU×ÖëghleUn�h/f9c

r1 − r2
ß_c3Ø�h Ó c)îChF×²Ø9c\àgegc�×xàgh/ØJc�ÕCcðØJc¥fJæ8c�×�nEà Û Ó àU×�ëgh/e¨nEhlfJc�×

({ai}vi
−{bi}vi

)i=1,...,N
Ø9c ÓlÓ cYå¢àgc�Û6k�àUf_Ø9k�àCØ

i
×xkOh»Ø
{ai}vi

−{bi}vi

×Jk�h/Ø
{bi}vi

−{ai}vi

c�×²Ø^ÕgnEe¨×
U
ß�c3Ø_àgegc�×xàUh»Ø9c

(hi)i=0,...,N
Õgc�æ8kEØ9×

U∗ Ø9c ÓlÓ c�åOàUc {r1}h0
= {a1}v1h1

ß
{bi}vihi

= {ai+1}vi+1hi+1Û¨kOàgf
i = 1, . . . , N − 1

ßCc)Ø
{bN}vNhN

= {r2}h0

p

(D)

(D)

(GX)

(C)

(C)

(C)

(C) (C)

(C)

(C)

(C)
...− −

−

−

− −

r s�tRuTÝCp ] p 	]Ó/Ó àU×xØJf7n+ØJhlk�e�ÕCà�ØJf9k�hF×xhlú3æ8cMm3nO×3p
�dk�àU×LØ9f9n�h»Ø9k�eU×LÕgn�eU× Ó nY×xàgh/ØJc�Õgc�m)c)ØJØJc�×Jc¥m)ØJhlk�e;àgeghFåOàUc3æ8c3e¢Ø Ó c�ÕCc3f9eghlc3fãm3nO×3ß+h Ó/Ó àU×xØJf9o�ÕgnEe¨× Ó n�ÔUÜOàgfJc�Ýgp ]CßÓ c¥×%ÕCc¥àCî�Ûgf9c3æ8hlc3f7×%m3n�×?o3Ø9nEe¢Ø^×xc¥æ'ë Ó nEë Ó c�×3p
_�nEeU×^m3c)ØxØ9c�ÔUÜ�àgf9c�ß Ó n[×Jàgh/ØJcMÕCcMm Ó c)ì5×^ÕgcYm7äUh»âNfJc¥æ8c3e¢Ø?e�é c�×²Ø^ÛUnO×ÛUfJo�m)hF×xo¥c�p���kOàU×%nVá�k�e¨×_àge�Ø9c3f9æ;c�ëghleUnEhlf9cYm3k�æ8æ8c�m3k�eUm Ó à¨×xhlk�e�ÕCc Ó n;f9ú3Ü Ó c

(GX)
ßg×Jàgf Ó c¥å¢àgc Ó àUegcM×xàgh/ØJcMÕCcf9ú3Ü Ó c�×

(D)
c�×²Ø%nEÛgÛ Ó hFåOàUo3c�ß¢c)Ø%àgegc�×xàUh»Ø9c�ÕCcdØJc¥fJæ8c¥×RëghleUnEhlf9c¥×?m)k�æ8æ8cdä è Û6kEØJäUú¥×Jc¥×_Õgc Ó nDf9ú3Ü Ó c

(GX)
ßCÕCkOeOØm7ä¨n�å¢àgc[ØJc3f9æ8c[ëUh/eUn�h/f9c;c¥×xØYhF×9×xàQÕTé àgegc1×xo�å¢àgc3eUm3c;Õjé n�ÛgÛ Ó hlm¥n+ØJhlk�e¨×�Õgc Ó n�fJú¥Ü Ó c[ÕCc1m7ägh/âNfJc¥æ;c¥e¢Ø

(C)
pI_�nEeU×m3c)ØJØJcM×xàUh»Ø9c�ÕCc�Ø9c3f9æ;c�×3ß Ó c¥×^nEØJk�æ8c�×R×¥é o Ó hlæ8h/eUc3e¢Ø�ÕCc3àCîBV[ÕCc¥àCî�õ5fJc¥ÛgfJo�×xc¥e¢ØJo¥×RÛUn�f Ó c¥×%n�f9m¥×RÕCc Ó nDÔ¨Ü�àgf9c�ù)ß¢eUcÛUfJo�×xc¥fJá+nEe¢Ø%àgeghFå¢àgc3æ8c3e¢Ø Ó cYÛgfJc¥æ8h/c¥f^c)Ø Ó cDÕCc3f9eghlc3f?ØJc¥fJæ8cDÕgn�eU× Ó cMf9o¥×Jà Ó Ø9nEØ^Õgc Ó n;fJú¥Ü Ó c

(GX)
pH é hFÕCo3c\Õgc\egkEØ9fJcðn�ÛgÛgf9kXm7äUcÂm3k�eU×JhF×²Ø9c VQf9n�æ;c¥egc3f Ó nQÕCo¥ÕgàUmIØ9h/kOe�c3e àgegc\o3Ø9n�Û¨c\ÕCc Ó nQf9ú3Ü Ó c

(GCD)n�àÿÛgf9k�ë Ó ú¥æ;c8ÕTé n�m¥m)c¥×9×Jh/ëgh Ó h»Ø9o�õ9í1f9c¥n�m7ä¨nEëgh Ó h/Ø è ïgù�ÕgnEe¨× Ó c¥×Y× è ×²Ø9ú3æ8c¥×YÕCc8f9o3o¥m3fJh/ØJàUfJc[ÛgfJo3ÔgîCc�ßNo)Ø9àUÕChlo¥×�ÛUn�f
_[p6ñ?n�àUm3n ÓOF ñ?n�à��OÚ8K pH c¥×LØ9c3f9æ;c�×ãm7ägh/â6f9o¥×ãm3k�æ8æ8c

{a}xyz
×xc¥fJkOe¢ØLeUkEØJo�×

axyz
ß+kOü

a
ejé c�×²Ø<Û¨n�×Lc3e;Ø q)ØJc^eUhUnVá�c�m_àge

+
ßEeUhUnVá�c�màUeÿ× è æ[ë¨k Ó cDÕCc;m7ägh/â6f9c3æ8c3e¢Ø�pNñRc)ØJØJc[egkEØ7n+ØJhlk�eðc�×²Ø�á¢àUc[m)kOæ8æ;c'àgegc'm7äUn �FeUc'ÕCc[m¥nEf7n�m)ØJú3f9c¥×%kOü Ó c'ÛgfJc¥æ8h/c¥f

�gÞ
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Ø9c3f9æ;c'fJc¥ÛgfJo�×xc¥e¢ØJc Ó c'æ8c¥×9×Jn�Ü�cDm7ägh/âNfJo;×xàghláXh�ÕCc Ó n�×xàUh»Ø9c'ÕCc[m7äUh»âNfJc¥æ8c3e¢Ø9×�nEÛgÛ Ó hFåOàUo¥×�ÕCà\Û Ó àU×�ÛgfJk�ìòk�eUÕðn�àÛ Ó àU×L×JàgÛ¨c¥fxÔ6m)hlc Ó pEñRc�m)hXÛ6c3àCØ<nEà¨×J×Jh0q3ØJf9cRáXà;m)k�æ8æ8c?àgegc%m)k�egÔUÜ�àgf7n+Ø9h/kOeDÕTé àge;n�àCØJkOæ1n+ØJc VdÛUh Ó c�õ9í�ÛUàU×xä¨ÕCk��^eÛgf9kCm)c�×J×Yïgù�nVá�c¥m
a
m)kOæ8æ;c;o)Ø7n+ØYc)Ø

xyz
m)k�æ8æ8c8Ûgh Ó cOß Ó n�m Ó c)ì Ó n�Û Ó à¨×�f9o¥m3c3e¢ØJc8×Jc'Ø9fJkOàgá�c;nEà�×Jk�æ8æ8c)ØMÕCcÛgh Ó c�p

��kOàU×LÛgf9o¥×Jc3e¢ØJkOeU×LÕTé nEë6k�f7Õ Ó n�m3k�eU×xØJf9àUm)ØJhlk�e8ÕgnEeU×LàUe;m¥n�×ã×Jh/æ8Û Ó h»Ô¨o�p ^ hgeUk�àU×LhlÜ�egkOfJkOeU×�Û¨kOàgf Ó c%æ8k�æ8c¥eOØÓ c¥×dh/eU×xØ9n�eUm)c�×dÛ6kO×9×Jh/ë Ó c¥×�ÕCc Ó n1f9ú3Ü Ó c
(D)
ßNc3ØY×Jh�eUk�àU×�×xàgÛUÛ¨k¢×xkOeU×�n�àU×9×xh�åOàUcDØJkOàU× Ó c�×�Ø9c3f9æ;c�×�c¥eÿÛ6kO×Jh»Ø9h/kOem Ó c3ì6Õgn�eU×Làge;ØJc¥fJæ8c^ÕCc

U
×xkOeOØ<n�àU×J×JhCm)kOeOØ9c3eXàU×ãÕgn�eU×

U
p ��kOàU×ãm)kOeU×xØJf9àghl×Jk�e¨×�n Ó kOf9×L×Jh/æ8Û Ó c3æ8c¥eOØ Ó c�× è ×xØJú¥æ;cÕCc1f9o3o�m)f9h»Ø9àgf9c[Ûgf9o)ÔUîXcÖå¢àgh_Û¨kOàgfMØJkOàU×YØ9c3f9æ;c�×YëghleUnEhlfJc�×
{a}v − {b}w ∈ L

ßjfJo¥o¥m3fJh/ØYØJk�à¨×YØJc¥fJæ8c¥×
avx

c3e
bwx
ßgc)Ø�f9o¥m3h/ÛUfJkCå¢àgc3æ8c¥eOØ o

{av → bw | {a}v − {b}w ∈ U
k�f
{b}w − {a}v ∈ U}

^ hRegk�àU×[×xkOàgäUn�h»Ø9k�eU×YáOo3f9h»ÔUc¥f Ó é c3îXhF×xØJc3e¨m)cÖÕCc Ó nðf9ú3Ü Ó c
(GCD)

nVá�c�m;f9nOm)hlegc
{a}v − {b}w

n Ó kOf9×Degk�àU×nVáOk�eU× �²àU×xØJc�V;á�o¥fJh/ÔUc3f�×Jh Ó n;m7ä¨n��-egc
av
×JcYfJo¥o¥m3fJh/Ø^c3e

bw
ÕgnEeU× Ó cM× è ×xØJú¥æ;cDÕgc�f9o3o�m)f9h»Ø9àgf9c�Ûgf9o)ÔUîXcOp

��� ��
 �@� � y � � @E*-, U = {a− {b}12, {b}1 − {c}3, 1, 2, 3, 4}
><43, r = {a}4 − {c}324

� $6@EBX0MBC,=*-.W*F03@E$g0D*523*27@+A;A14M:�(+$U0d.xS 4 �X4)AdG6./4 � �;$N@+A �)HJ4)0�27@+A;A14M2)./4=&90 � `��).N4 �O*F0I, 4�BC$ GCD � (+H �3HJ4D:O4RG6HJ43B  4M(  492<&)4)BC*-.-./4)0Y43,23./4=&90D:O(+$U0 L 4),R./(1H9(�23*-$64 r K

(GX)

(C4)
T ` a− {b}12

T ` {a}4 − {b}124
(C4)

(C2)
T ` {b}1 − {c}3

T ` {b}12 − {c}32

T ` {b}124 − {c}324

T ` {a}4 − {c}324
� 4Y0	�V0I,��3A14[:O4DH ! ! 23HI*-,=BCHJ4%G6H !�� �X4;@��3, 43$UB �YGg(EHI,=*-H':O4 L 4I0I,?K

{a→ b12, b12→ a, b1→ c3, c3→ b1}

�[@+BX0D@��3, 43$6@E$g0':�@E$62
a4 7→ b124 7→ c324

��*-$g0I*ã./4',]4)HIA14 {a}4 − {c}324 4I0I,^: ! :+BU23,P*�)./4;43$ÿBC$64 ! ,](9GU4^Gg(EHD./(1H � ��./4 (GCD) `
H n\ÛgfJc¥æ8h/ú¥fJc�Õgh �Öm)à Ó Ø9o�c¥×xØ[å¢àgc�m)c3fJØ9n�h/eUc¥×Dm Ó c3ì5×'Û6c3àgáOc3e¢Ø'egc�ÛUn�×�q)ØJf9c�m3k�e¢ØJc¥eXàgc¥×DÕUnEeU×

U
p�iLkOàgf'm)cì5n�h/f9c�ß¢egk�à¨×Rf9o3o�m)f9h/áOk�eU×

avx
c3e
bwx

×xc¥à Ó c¥æ8c3e¢Ø%å¢àUn�eUÕ
x ∈ U∗ ß *5`-4�` å¢àUnEeUÕ x c¥×xØ?àgeUcY×Jàgh/ØJcYÕCcY× è æ'ë6k Ó c¥×ÕCc

U
p ��k�à¨×�n��²kOàCØJkOeU×?àgeðæ1nEf7åOàUc3àgf�ßXfJc¥ÛgfJo�×xc¥e¢ØJoYÛUnEf Ó cD× è æ[ë¨k Ó c

#
ßUÕgn�eU× Ó c¥×?Ø9c3f9æ;c�×^Û6k�àgf�×JcD×xkOàgá�c¥eghlfå¢àgc�ØJkOàU× Ó c¥×�× è æ'ë6k Ó c¥×%nEà
Y]ÕCc�×J×Jk�àU×%ÕCc

#
ÕgnEe¨× Ó n;Ûgh Ó cD×Jk�e¢Ø�Õgn�eU×

U
p

�gkOfJæ8c Ó/Ó c3æ8c3e¢Ø�ß�×xkOh»Ø .l45&7, (x) c)Ø HI* � �X, (x) ß�Û6k�àgfMØ9k�àCØ9cÖm7äUn��-egc x ßjØJc Ó/Ó c�å¢àgc x = ./45&7, (x) · HI* � �X, (x) ß�c3ØHI* � �X, (x) c¥×xØ Ó cM×Jà �8îXcMæ1nEîXhlæ1n Ó x Õgn�eU× U∗ pgegkOàU×^m)kOeU×xØJf9àghl×Jk�e¨×?n Ó kOf9× Ó cM× è ×xØJú3æ8cDÕCcYf9o3o�m)f9h»Ø9àgfJcMm3k�æ8æ8c×Jàgh/Ø o
{ a .l45&7, (v)# HI* � �C, (v)→ b ./45&7, (w)# HI* � �C, (w) |

{a}v − {b}w ∈ U
kOf
{b}w − {a}v ∈ U }

��� ��
 �@� � y�w �'@EBX0;(9GOG6.W*5Z3BU@+$U012743,=,]4;$6@EB  43.-./4Ö27@+$U0I,=HIBU23,=*5@E$�07BCH[.xS 4 �¢43AdG6./4 � �û@���$6@EBX0��+,]@+$U0'./(ð23./4=&
1 :O41.xS 43$g0343A �3./4 U ` �[@+BX0Ö@��3, 43$6@E$g08./41A �3A84 � � �
 � � (EH �)H94�:�4MG6H94)B  4�Z3BU4Ö:�(E$g01.xS 4 �X4)AdG6./4 � � 27(+H8./42��X* �^H94)A14)$¨,TGU(+H 1 $NS 4)0I,TGU(V0MBC,P*-.W*F0 ! :O(+$g0'2743,=,]4%GNHJ43B  4�` � 4D0	�V0I,��3A84[:�4[H ! ! 2)HI*-,PBCHJ4[:�4  *543$U,^:�@+$N2[K

{a#→ b1#2, b1#2→ a, b1#→ c#3, c#3→ b1#}

�[@+BX0RGg@EB  @E$g0'(+./@EH70DH ! ! 2)HI*-HJ4 a#4 4)$ c#324 GU(+HM./(10 ! Z3BU4)$N274M0IBC*  (+$U,]4'K
a#4 7→ b1#24 7→ c#324

�OÚ
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�).T4 �O*F0I, 4 �3*54)$ðBC$N4_G6HJ43B  4D:+B�, 43HIA84 {a}4−{c}324 4)$ÂBC$64 ! ,](9GU4D(  472Y./(;H�����./4 (GCD) ` � (+HM27@+$U,PHJ4)>0I*ã$N@+BX0�07B�GOG6HI*-A1@+$U0D./(�23./4=& 2 :�4 U ./4D0	�V07,��3A84[:�4[H ! ! 2)HI*-,PBCHJ4':O4  *543$U,^K
{a#→ b12#, b12#→ a, b1#→ c#3, c#3→ b1#}

�[@+BX0%$64�GU@+B  @+$U0�Gg(+0^(  472�294�0	�V0I,��3A84�H ! ! 2)HI*-HJ4 a#4 43$ c#324 *-.g$TS 4I0I,�:O@+$62ãGU(V0�Gg@+0707*�3./4Y:�4�: ! :EBC*-HJ443$\BC$N4 ! , (7Gg4 (GCD) ./4[, 43HIA14 {a}4 − {c}324 `
ñRkOeU×xhFÕCo¥fJkOeU×Læ1nEhleOØ9c3eUn�e¢Ø Ó c�m¥n�×ãÜOo3ego¥f9n Ó k�ü Ó c�f9o¥×Jà Ó Ø7n+Ø_ÕTé àgegcdfJú¥Ü Ó c

(GCD)
c�×²Ø<hF×9×xàÖÕTé àgegc�×xo�åOàUc3eUm3cÕgc�f9ú3Ü Ó c�×

(D)
nEÛgf9ú¥× Ó n�f9ú3Ü Ó c

(GX)
p ��kOàU×8×xo¥ÛUnEf9k�e¨× Ó cÂÛgfJkCm3c¥×9×xàU×8ÕCcÂf9o3o�m)f9h»Ø9àgfJc�c3e ÕCc3àgîêÛgf9kXm3c¥×9×xà¨×m3k�eU×Jo¥m3àCØJh/ì5×¥p H kOf9×_ÕCc Ó nMÛgf9c3æ8h/ú¥fJc^o3Ø9n�Û¨c�egk�àU×RnVá�kOeU×Làgegc�Ûgh Ó c

x
c)ØR×Jk�àgä¨nEh/ØJk�e¨×<nEÛgÛ Ó hFå¢àgc3fRàgegc�f9ú3Ü Ó cdÕgk�e¢ØÓ cdm\bEØJo^Ü¢nEàUm7äUc�m)k�e¢Ø9h/c¥eOØ

x
m)kOæ;æ8c�ÛUfJo3ÔgîCc�n Ó k�f7×Legk�àU×_h/e¨×Jm3fJhlá�kOeU× Ó c�× è æ'ë6k Ó c

a
×Jàgf Ó nYÛgh Ó c�ßO×Jh Ó cd× è æ'ë6k Ó c

a
c�×²Ø%æ1nEeUå¢àUn�e¢Ø¥pUñRc)ØJØJc�egkEØ9nEØJhlk�e�Û¨c¥fJæ8c)Ø�ÕCcYÕChF×²Ø9h/eUÜ�àgc¥f%m Ó n�h/f9c3æ8c¥eOØ Ó c�×%ÕCc3àCîÖo3Ø9n�Û¨c�×?Õghl× �²k�hle¢ØJc¥×¥ßXegkEØ9k�eU×å¢àgc\×Jh

x = x1 · · ·xn
n Ó k�f7×

x = xn · · ·x1
pR_�nEeU× Ó c\×Jc¥m)kOeUÕ ÛgfJkCm3c¥×9×xàU×¥ßãegkOàU×1c)âNc¥m)ØJàgkOeU× Ó é kOÛ¨o¥f9nEØJhlk�ehleXá�c¥f9×Jc��g×Jh�egkOàU×�f9c3eUm3k�e¢ØJf9k�e¨×%àge\× è æ[ë¨k Ó cDeUo3ÜOnEØJh/ì<nEàð×xkOæ8æ;c3Ø�ÕCc[Ûgh Ó cDc3Ø�×xh�àgeÿm\bEØJoDÕgfJkOh»Ø�Õjé àgeUc'f9ú3Ü Ó cÕgcdf9o3o¥m3fJh/ØJàUfJc^Ûgf9kCÕCàgh/Ø?m3c¥×?× è æ'ë6k Ó c¥×¥ßOn Ó kOf9×<egk�àU×RÕCo3ÛUh Ó k�eU×?m)c�×_× è æ'ë6k Ó c¥×<eUo3ÜOnEØJh/ì5×RÕgà�×xkOæ8æ;c3Ø?ÕCc Ó nDÛgh Ó c�pH cM× è æ'ë6k Ó c

⊥
ÕCo¥egkEØ9c Ó n[ÔUeðÕTé àgegcDm7ä¨n��-egc1õ *5`-4�` ß Ó n'Ô¨eÂÕgc Ó n;Ûgh Ó cVùIp

�B�	���@������|�� � � ����� � �`��� �	� � � �[@+BX0D: !�� $¨*F0903@E$g0M./4)0ã&)@E$623,=*5@E$g0M0I,](Ö4),�
O4 �V0M,]4).-./4)0'Z)BU4;K
� 0I, ( ({t}k) = 0I,]( (t) >
� 0I, ( (t) =

⋃

a∈ �������� (t)
0I,]( (a) >

� 0I, ( (t) = {t} 0I* t $TS 4I0I,TGU(V0'43$ÿ,��),]4'(  472 + 4),R$U*_:�4'./(d&)@+HIA14 {x}y `
� 
O4 �V0 ({t}k) = 
�4 �V0 (t) ∪ {k}
� 
O4 �V0 (t) =

⋃

a∈ �������� (t)

�4 �V0 (a) >

� 
O4 �V0 (t) = ∅ 0I* t $TS 4I0I,TGU(V0[43$\,��),]4'(  472 + 4),?$U*<:O4'.l(�&)@+HIA14 {x}y `
�[@+BX0 ! , 43$6:O@+$U08274I0[$6@+,P*5@+$U08(EB �\4)$U034)A �).l4I01:�48,]4)HIA14)0 T GU(+H[0I, ( (T ) =

⋃

t∈T
0I, ( (t) 4),�
O4 �V0 (T ) =

⋃

t∈T

O4 �V0 (t) `

��� ��
 �M� � y � � @E*-, T = {{a}bc − {d}e, {d}ce}
>R(+./@EH70�0I,]( (T ) = {a, d} 43,�
O4 �V0 (T ) = {b, c, e} `

^ kOh»Ø
U
àgeðc3eU×Jc3æ[ë Ó cDÕCcMØJc¥fJæ8c�×�nEàÂÛ Ó àU×�ëUh/eUn�h/f9c¥×�c)ØdàgeÂØ9c3f9æ8c

r
n�à�Û Ó àU×dëghleUnEhlfJcOßgegkOàU×�ÕCo3ÔUeghF×J×Jk�eU×Õgc3àCî�× è ×²Ø9ú3æ8c¥×^ÕgcMfJo¥o¥m)f9h/ØJàgf9c�ÛUfJo3ÔgîCc�p ^ kOh»Ø

Q = 0I,]( (U, r) c)Ø C = 
O4 �V0 (U, r) pÞ�p H cD× è ×²Ø9ú3æ8cMÕCcMfJo¥o¥m3fJh/ØJàgf9c�ÛgfJo3ÔgîCc ���
1
c¥×xØ�ÕCo)Ô¨eghjÛUn�f*o

{ a ./4=&7, (v)# HI* � �C, (v)→ b .l45&7, (w)# HI* � �X, (w)

a ./4=&7, (v)#v1γ → b .l45&7, (w)# HI* � �C, (w)v2γ |

{a}v − {b}w ∈ U
k�f
{b}w − {a}v ∈ U,

v1v2 = HI* � �X, (v),
γ ∈ {⊥} ∪ {u | u ∈ U} }

ÚCp H cD× è ×²Ø9ú3æ8cMÕCcMfJo¥o¥m3fJh/ØJàgf9c�ÛgfJo3ÔgîCc ���
2
c¥×xØ�ÕCo)Ô¨eghjÛUn�f*o

{ â ./4=&7, (v)# HI* � �C, (v)→ b̂ ./4=&7, (w)# HI* � �X, (w)

â ./4=&7, (v)# HI* � �C, (v)w2 → b̂ ./4=&7, (w)#w1 |

{a}v − {b}w ∈ U
k�f
{b}w − {a}v ∈ U,

w1w2 = HI* � �X, (w) }

��Ù
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ñRc¥×LÕCc¥àCî[× è ×²Ø9ú3æ8c¥×LÕCc%f9o3o¥m3fJh/ØJàUfJc?×xkOeOØã× è æ8o3ØJf9hlå¢àgc�× Ó é àge;Õgc Ó é nEàCØ9fJcOßVn�à;Õgo)Ø9n�h Ó Ûgf9o¥×Lå¢àgc Ó c%× è æ'ë6k Ó c
γÕgn�eU× Ó cR× è ×²Ø9ú3æ8c ���

1
n�×9×xàgf9c<å¢àjé nEàUm3àgeD× è æ[ë¨k Ó c<eUo3ÜOnEØJh/ìCejé n�ÛgÛUn�f9n �lØIV^Ü¢nEàUm7äUc<ÕTé àUe'× è æ[ë¨k Ó cãegkOeMego3Ü¢n+Ø9h»ì²pH c�× è ×²Ø9ú3æ8c ���

2
ÛgfJo�×xc¥fJáOc�m3c)Ø%h/eXá+nEf9hln�e¢Ø%m¥nEf?h Ó egc�Û6c3àCØ�Û6k�àU×9×Jc3f%ÕCcM× è æ'ë6k Ó c�ego3Ü¢n+ØJh/ì²p � c3æ1n�f9å¢àgkOeU×Rå¢àgcegkOàU×dnVáOk�eU×dÕgnEeU× Ó c'Ûgf9c3æ8hlc3f�m¥n�×�àgegc[fJú¥Ü Ó c'ÕCc'f9o3o�m)f9h»Ø9àgf9cDÛ¨kOàgf�Ø9k�àCØ9c¥×�ÕCo¥m3k�æ8Û6kO×Jh»Ø9h/kOeU×dÕCc HI* � �X, (v) c3e

v1
c3Ø
v2
ß¨c3Ø�ÕgnEe¨× Ó c'×xc�m)kOeUÕðm3nO×3ßgàUegc'f9ú3Ü Ó cDÕCc'fJo¥o¥m)f9h/ØJàgf9cMÛ¨kOàgf�Ø9k�àCØ9c¥×�ÕCo¥m3k�æ8Û¨k¢×xh/ØJhlk�e¨×dÕCc HI* � �X, (w)

c3e
w1
c)Ø
w2
p

��kOàU×^ÕCo3ÔUeghF×J×Jk�eU×^Õgk�eUm Ó cD× è ×xØJú3æ8cMÕCcMf9o3o�m)f9h»Ø9àgfJcYm)kOæ8Û Ó c3ØdÕCc Ó n8æ1n�egh/ú¥fJcY×Jàgh/á+n�eOØ9c o
���

1 ∪
���

2 ∪ {a→ â | a ∈ Q}

��� ��
 �@� � y �� @E*-, U = {{a}12 − b, {b}34 − c, c − {d}234, 1, 2, 3, 4}
>_4), r = a− {d}1

` �'@EBX0[:�@+$¨$6@E$g0BC$¨*5Z)BU43A843$U,?./4)0'H�����./4I0[:O4;H ! ! 2)HI*-,PBCHJ4�Gg43HI,P*-$643$U,]4I0%GU@+BCH[2743,�4��X43A�GN./41K � 4[0	�V07,��3A84 ��� 1
27@+$¨,=*543$U,�GU(+HIA;*034)0�H����E.l4I07>Y./(�H����E.l4 a#⊥ → b#21⊥ 43,M./(�H����E.l4 b#2 → c#432 ` � 4�0	�V0I,��3A84 ��� 2
27@+$¨,=*543$U,M./(�H � ��./4

ĉ#432→ d̂# ` � (EH'27@+$g0 ! Z3BU4)$¨,5><$N@+BX0D@��3, 43$6@E$g0M./(80 ! Z3BU4)$N294[:�4'H ! ! 2)HI*-,PBCHJ4Y0IBC*  (+$¨, 4;K
a#⊥ 7→ b#21⊥ 7→ c#4321⊥→ ĉ#4321⊥→ ĉ#1⊥

�B�	���@������|�� � � �����@~�� � � ~ � 
 � � �8� � � � ��� , (E$U,^:�@E$U$ ! Q,C,U >_BC$N4'2��g( !-$N414I0I, nOÕCæ8hl×9×xhlë Ó c 0I*_43.-./484I0I,:O4D./(d&)@+HIA14 qx1#x2x3⊥
@��

� *-.�4 ��*F0I,]4DBC$ a ∈ Q ,]43.�Z)BU4 q = a @EB q = â
� 03@+*-, x1 = ε @EB x1 ∈ C

∗(C \ U)
� x2, x3 ∈ U∗

��� | �U| ��������|�� � � 4ð0	�V0I,��)A14Q:�4�H ! ! 2)HI*-,PBCHJ41G6H !�� �X4�:�4�./(û0)4723,=*5@E$ �O` � ` � GU( �¢4��	��H ! ! 23HI*-,;./4I0�2��g(�!-$64)0(O:+A;*F090I*�3./4)0[4)$Q2 �U( !-$64)0[(�:EA[*F070I*�3./4I03`-`
� H94)B  4 o ñRc)ØJØJc�ÛgfJkOÛ¨k¢×xh/ØJhlk�e ÕCo¥m3k�à Ó c�hlæ8æ;o�ÕChFn+ØJc¥æ8c3e¢Ø8Õgc Ó nÿÕCo3ÔUegh/ØJhlk�e ÕCc�m7ä¨n��-egc�nOÕCæ8hl×9×Jh/ë Ó c�c3Ø8Õgà× è ×²Ø9ú3æ8cMÕCcYfJo¥o¥m)f9h/ØJàgf9cYÛgfJo3ÔgîCc�p

�H n�Ûgf9k�Û6kO×Jh/ØJhlk�e ×xàghlá+nEe¢ØJc Ó hl×xØJc Ó c¥×ÖÛgfJkOÛgf9h/o3ØJo¥×8×Jh/æ8Û Ó c¥×�ÕCc Ó é hle¢áOc3f7×xhlk�e c)Ø�ÕCc Ó nQÕCo¥m3k�æ8Û6kO×Jh»Ø9h/kOe ÕCcm7äUn �FeUc�ßCegkOàU× Ó c�×%àCØJh Ó hl×Jk�eU×^×9nEe¨× è ì5nEhlf9c�f9o)ìòo¥fJc¥eUm)cYÕgn�eU× Ó n1×Jàgh/ØJcOp
��� | �U| ��������|�� � � @EBCHM, @EBC, x, y ∈ (C ∪ U)∗ K

� ` xy = y x
� ` � * y ∈ U∗ (+./@EH70M./45&7, (xy) = ./4=&7, (x) 4),?HI* � �X, (xy) = HI* � �C, (x)y
H c�×^ÕCc3àgî Ó c3æ8æ8c¥×^×Jàgh/á+n�eOØ7×^æ8k�e¢ØJf9c3e¢Ø Ó n8ÛUfJkOÛgfJhlo)Ø9o�m3c3e¢ØJf7n Ó cMÕCcMm)c�×�ÕCc3àgî�× è ×xØJú¥æ;c�×^ÕCcMf9o3o¥m3fJh/ØJàUfJcOp

{	� 
 
�� � � � 4)0d(V07034)HI,P*5@+$U0^07BC*  (+$¨, 4)0%03@+$U, ! Z)BC*  (+.l4)$¨, 4)0LGg@EBCH^, @EBC, a, b ∈ Q > x1, y1 ∈ {ε}∪C
∗(C \U) >

x2, y2, y3 ∈ U∗ K
� ` �I. ��(ÖBC$64Y0 ! Z3BU4)$N294[:�4[H ! ! 2)HI*-,PBCHJ4%G6H !�� �X4?GU(+H ��� 1

ax1#x2⊥ 7→
∗ by1#y2y3⊥

� `M0)@E*-, a = b > x1 = y1
> x2 = y2

> y3 = ε >0)@E*-,j*-.U4 ��*F0I,]4?BC$64?0 ! Z3BU4)$N294^:O4%,]4)HIA14I0 �)*-$N(+*-HJ4)0 {ai}vi
−{bi}wi

∈ U > i = 1, . . . , n >j4),TBC$N4?0 ! Z)BU43$6274:�4;2 �U( !-$64 hi ∈ U
∗ > i = 1, . . . , n ><,]43.-./4[Z3BU4

�²( � {a}x1x2y3
= {a1}v1h1

� � � {bi}wihi
= {ai+1}vi+1hi+1

GU@+BCH i = 1, . . . , n− 1

�]2 � {bn}wnhn
= {b}y1y2

�Eö



�`� ����� ���������������%� �z�������������������
�`���

4),�GU@+BCHMBC$ i ./4^G6.WBX0M./@E$ �Ö07B�� �X4'27@+A;A;BC$�4)$¨,=H94 y3 4), hi
0)@E*-, ε `

{	��
�
�� ��w � 4I0d(V070343HI,=*5@E$g0%0IBC*  (E$U,]4I0%03@+$¨, ! Z3BC*  (E./4)$¨, 4)0LGU@+BCH^,]@+BC, a, b ∈ Q > x1, y1 ∈ {ε}∪C∗(C \U) >
x2, y2, y3 ∈ U∗ K

� ` �I. ��(ÖBC$64M0 ! Z3BU4)$N274[:O4DH ! ! 23HI*-,=BCHJ4%G6H !�� �X4%Gg(EH ��� 2

âx1#x2x3⊥ 7→
∗ b̂y1#y2⊥

� `M03@+*-, a = b > x1 = y1
> x2 = y2

> y3 = ε >03@+*-,�*-.g4 �O*F07,]4%BC$N4R0 ! Z3BU4)$N274^:�4%,]4)HIA14)0 �3*-$6(+*-H94I0 {ai}vi
−{bi}wi

∈ U > i = 1, . . . , n >j43,jBC$64R0 ! Z)BU43$6274:�482��g( !-$N4 hi ∈ U
∗ > i = 1, . . . , n ><, 43.-./4;Z)BU4

�²( � {a}x1x2
= {a1}v1h1

� � � {bi}wihi
= {ai+1}vi+1hi+1

GU@+BCH i = 1, . . . , n− 1
�²2 � {bn}wnhn

= {b}y1y2x34),�GU@+BCHMBC$ i ./4^G6.WBX0M./@E$ �Ö07B�� �X4'27@+A;A;BC$�4)$¨,=H94 y3 4), hi
0)@E*-, ε `

� H94)B  4 o � c¥æ1nEf7åOàUk�eU×YÕTé nEë6k�f7Õ�å¢àgcÖm3c¥×DÕgc3àCîQ× è ×xØJú3æ8c�×MÕCc1fJo¥o¥m3fJh/ØJàgf9c;ÛgfJo3ÔgîCc����
1
c3Ø ���

2
×Jk�e¢Ø× è æ8o)ØJf9hFåOàUc¥×;õ H c1×Jc3à Ó ëgàgØMÕgc¥×�kCm3m)àUfJf9c3eUm3c¥×�ÕCc

γ
ÕUnEeU× ���

1
c�×²ØMÕCc8ÜOn�f9n�eOØ9h/f Ó é n�Õgæ;hF×9×xhlëgh Ó h/ØJo8ÕCc;ØJkOàCØJc�×Ó c¥×�m)kOeCÔUÜ�àUf9nEØJhlk�eU×�nOm3m3c¥×9×xhlë Ó c¥×7ùIpUiãn�f�m)kOeU×Jo¥å¢àgc3e¢Ø�ßUegkOàU×�Ûgf9k�àUá�k�e¨×^àgeghFå¢àgc3æ8c3e¢Ø Ó c Ó c¥æ;æ8c8Ú+öÖÛUn�Ü�cDÛUfJo\Ym3o¥ÕCc¥e¢ØJc�ßgm3k�f9fJc�×xÛ6k�e¨ÕgnEe¢Ø^nEàÂ× è ×xØJú3æ8cMÕCcMf9o3o�m)f9h»Ø9àgfJc ���

1
piLk�àUfDÛgf9k�àgáOc3f1õ²ÞVù�h/æ8Û Ó hlå¢àgc\õPÚ�ù)ßjegk�à¨×Yf9n�hl×Jk�egeUk�eU×�ÛUn�fMh/eUÕgàUmIØ9h/kOeQ×Jàgf Ó n Ó kOegÜ�àUc3àgfDÕCc Ó nÂ×xo�å¢àgc3eUm3cÕgc1fJú¥Ü Ó c;ÕCc1f9o3o�m)f9h»Ø9àgf9c�p ^ h Ó n Ó kOegÜ�àUc3àgfMc�×²ØMeXà ÓlÓ cÖn Ó kOf9×
a = b

ß
x1 = y1

ß
x2 = y2

ßjc3Ø
y3 = ε

p ^ é h Ó<è nc3îgn�mIØ9c3æ8c3e¢Ø^àgegcMo3Ø9n�Û¨cMÕCcMf9o3o�m)f9h»Ø9àgfJc�h Ójè n1ÕCc¥àCî�m3nO×%Û¨k¢×J×Jhlë Ó c�× o
Þ�p H n;f9ú3Ü Ó cMÕCcMf9o3o¥m3fJh/ØJàUfJc�c¥×xØ�ÕCc Ó n[ìòkOfJæ8c6o

a ./4=&7, (r)# HI* � �X, (r)→ b ./4=&7, (s)# HI* � �C, (s)n Ó k�f7×?h Ó c3îChl×xØJcYàge
u
ØJc Ó å¢àgc

x1 = ./4=&7, (r) y1 = ./4=&7, (s)
x2 = HI* � �X, (r)u y2 = HI* � �X, (s)u

y3 = ε

��kOàU×�m)kOeUm Ó àgkOeU×?c3eðm7ägk�hF×Jhl×9×Jn�e¢Øno
{a1}v1

⊕ {b1}w1
:= {a}r ⊕ {b}s

h1 := uegk�à¨×%k�ëCØ9c3egkOeU×^ÕCk�e¨m
{a}x1x2y3

= {a}x1x2
= {a}ru = {a1}v1h1

{b1}w1h1 = {b}su = {b}y1y2ÚCp H cD× è ×²Ø9ú3æ8cMÕCcMfJo¥o¥m3fJh/ØJàgf9c�c¥×xØ^Õgc Ó n[ìòk�f9æ8c6o
a ./4=&7, (r)#r1⊥ → b ./4=&7, (s)# HI* � �C, (s)r2⊥nVá�c�m HI* � �X, (r) = r1r2

p ��kOàU×�nVáOk�eU×?n Ó k�f7×
x1 = ./4=&7, (r) y1 = ./45&7, (s)
x2 = r1 y2 = HI* � �C, (s)

y3 = r2,
Õgk�eUm

y3 = r2

�OÝ
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��k�à¨×^m)k�e¨m Ó àgk�eU×%c¥eðm7ägk�hF×xhF×9×Jn�eOØno
{a1}v1

⊕ {b1}w1
:= {a}r ⊕ {b}s

h1 := εegk�àU×%kOëCØJc¥egk�e¨×^ÕCk�eUm
{a}x1x2y3

= {a}r = {a1}v1h1

{b1}w1h1
= {b}s = {b}y1y2

_�nEeU× Ó c¥×^Õgc3àCîÂm3n�×¥ß Ó c�Û Ó àU× Ó kOegÜ1×xà �8îCcMm)kOæ;æ[àgeðÕCc
h1
c3Ø
y3
c¥×xØ

ε
p

^ é h ÓTè n
N
o)Ø7nEÛ6c¥×^ÕCcYf9o3o¥m3fJh/ØJàUfJc8õ

N > 1
ùIß Ó n;m7ä¨n��-egc�kOëCØJc¥eXàgc�n�Ûgf9ú¥×

N − 1
o3Ø9nEÛ6c¥×^Õgc�f9o3o�m)f9h»Ø9àgf9cdc¥×xØÕTé nEÛUfJú�× Ó n'ÛUfJkOÛ¨k¢×xh/ØJhlk�e�ø'ÛUn�Ü�c �Eö;n�ÕCæ8hF×J×Jh/ë Ó cOp¢iãn�f%m3k�eU×Jo¥å¢àgc¥e¢Ø¥ßXh ÓTè n

b ∈ Q
ß
y1 ∈ {ε} ∪C∗(C \U)

ßCc)Ø
y2, y3 ∈ U∗ Ø9c Ó ×�å¢àgc6o

ax1#x2⊥ →
∗ by1#y2y3⊥ → cz1#z2z3⊥iãnEf8ä è Û¨k�ØJägú�×xcðÕTé hleUÕCàUm)ØJhlk�ejßãh Ó c)îChF×²Ø9cÂàgegcð×xo�å¢àgc3eUm3cðÕCc�ØJc3f9æ8c¥×8ëghleUn�h/f9c¥×

{ai}vi
⊕ {bi}wi

∈ U
ß
i =

1, . . . , n
ßCc3Ø�àgegcD×Jàgh»Ø9cMÕCcDm7äUn��-egc�×

hi ∈ U∗ ß i = 1, . . . , n
ßXØJc Ó/Ó c¥×dåOàUc

ÞOp
{a}x1x2y3

= {a1}v1h1Úgp
{bi}wihi

= {ai+1}vi+1hi+1

Û6k�àgf
i = 1, . . . , n− 1ÙUp

{bn}wnhn
= {b}y1y2c3Ø Ó c�Û Ó à¨× Ó k�egÜ\×Jà �8îCc�m)kOæ;æ[àgeûÕCc

y3
c)Ø[Õjé àge

hi
c�×²Ø

ε
p ��kOàU×Mæ8k�e¢ØJf9k�e¨×Då¢àjé h Ó c3îChl×xØJc

{an+1}vn+1
⊕

{bn+1}wn+1
∈ U
ßCc)Ø�àgeUcD×xàgh/ØJcDÕgcYm7ä¨n��-egc¥×^ÕCcDm Ó c3ì5×

ki ∈ K∗ ß i = 1, . . . , n+ 1
Ø9c Ó ×^å¢àgc o

ÞOp
{a}x1x2z3

= {a1}v1k1Úgp
{bi}wiki

= {ai+1}vi+1ki+1

Û¨kOàgf
i = 1, . . . , nÙUp

{bn+1}wn+1kn+1
= {c}z1z2c3Ø Ó c1Û Ó àU× Ó k�eUÜÂ×Jà �8îCcÖm)kOæ;æ[àge�ÕCc

y3
c3Ø[ÕTé àge

kj
c¥×xØ

ε
p 	]Ó_è nðÕgc3àCîQm3n�×YÛ6kO×9×Jh/ë Ó c¥×DÛ¨kOàgf Ó nÂf9ú3Ü Ó c1ÕCcf9o3o�m)f9h»Ø9àgfJc�àCØ9h Ó hl×Jo3c*V Ó n8ÕCc3f9eghlú3f9c�o3Ø9n�Û¨c6o

ÞOp H n;fJú¥Ü Ó cMÕCcYfJo¥o¥m)f9h/ØJàgf9cYc¥×xØ^Õgc Ó n[ìòk�f9æ8c6o
b ./4=&7, (r)# HI* � �C, (r) → c ./4=&7, (s)# HI* � �C, (s)

[ Ó k�f7×%h Ó c3îChl×xØJc
u
ØJc Ó å¢àgc

y1 = ./4=&7, (r) z1 = .l45&7, (s)
y2 = HI* � �C, (r)u z2 = HI* � �X, (s)u

z3 = y3,
ÕCk�e¨m

z3 = y3
��k�à¨×^m)k�e¨m Ó àgk�eU×%c¥eðm7ägk�hF×xhF×9×Jn�eOØno

{an+1}vn+1
⊕ {bn+1}wn+1

:= {b}r ⊕ {c}s

ki := hi (i = 1, . . . , n)

kn+1 := uÕCk�eUm
{a}x1x2z3

= {a}x1x2y3
= {a1}v1h1

= {a1}v1k1

{bi}wiki
= {bi}wihi

= {ai+1}vi+1hi+1
= {ai+1}vi+1ki+1

(i = 1, . . . , n− 1)

{bn}wnkn
= {b}y1y2

= {b}ru = {an+1}vn+1kn+1

{bn+1}wn+1kn+1
= {c}su = {c}z1z2

���
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^ h Ó c�Û Ó àU× Ó k�eUÜ;×Jà �8îCc�m3k�æ8æ'àge�ÕCc
y3
c)Ø
hi
ß
1 ≤ i ≤ n

ßCc¥×xØ
ε
n Ó k�f7× Ó cYÛ Ó à¨× Ó k�eUÜ;×Jà �8îCcYm3k�æ8æ'àUeÕCc

z3 = y3
c3Ø
ki = hi

c¥×xØ
ε
p

ÚCp H n;f9ú3Ü Ó cMÕCcMf9o3o¥m3fJh/ØJàUfJc�c¥×xØ�ÕCc Ó n[ìòkOfJæ8c6o
b ./4=&7, (r)#r1γ → c ./4=&7, (s)# HI* � �X, (s)r2γ

nVá�c�m HI* � �X, (r) = r1r2
ßCc)Ø

γ ∈ {u | u ∈ U} ∪ {⊥}
p �dk�àU×^nVáOk�eU×%ÕCkOeUm

y1 = ./45&7, (r) z1 = ./45&7, (s)
y2 = r1 z2 = HI* � �C, (s)

z3 = r2 y3,
ÕCk�eUm

z3 = y3r2

��kOàU×�m)kOeUm Ó àgkOeU×?c3eðm7ägk�hF×Jhl×9×Jn�e¢Øno
{an+1}vn+1

⊕ {bn+1}wn+1
:= {b}r ⊕ {c}s

ki := hir2 (i = 1, . . . , n)

kn+1 := ε

ÕCk�e¨m
{a}x1x2z3

= {a}x1x2y3r2
= {a1}v1h1r2

= {a1}v1k1

{bi}wiki
= {bi}wihir2

= {ai+1}vi+1hi+1r2
= {ai+1}vi+1ki+1

(i = 1, . . . , n− 1)

{bn}wnkn
= {bn}wnhnr2

= {b}y1y2r2
= {b}r = {an+1}vn+1kn+1

{bn+1}wn+1kn+1
= {bn+1}wn+1

= {c}s = {c}z1z2Ó cMÛ Ó àU× Ó kOegÜ;×Jà �8îCcDm)kOæ;æ[àgeÂÕCc
z3
c3Ø
kn+1 = ε

c¥×xØ
ε
p

iLk�àUf Ó é h/æ8Û Ó hFm3n+Ø9h/kOe ÕgcQõPÚ�ù[á�c¥f9×�õ²ÞVùIß_×Jh
a = b

ß
x1 = y1

ß
x2 = y2

ß<c3Ø
y3 = ε

n Ó kOf9×;egkOàU×8nVá�k�e¨×Õgh/f9c¥m)ØJc3æ8c¥eOØ�å¢àgc
ax1#x2⊥ 7→∗ by1#y2y3⊥

p ^ hlegk�ejßUegk�àU×%ÛUfJkCm)o�ÕCk�e¨×RÛ¨nEf^hleUÕCàUm)ØJhlk�eð×xàUf
n
p

^ h
n = 1

n Ó kOf9×?h Ó c)îChF×²Ø9c
{a1}v1

⊕ {b1}wi
∈ U

c)Ø
h1 ∈ U∗ ØJc Ó ×^å¢àgc oÞ�p

{a}x1x2y3
= {a1}v1h1ÚCp

{b1}w1h1
= {b}y1y2c3Ø Ó cYÛ Ó àU× Ó k�eUÜ8×Jà �8îCcMm)k�æ8æ[àge�Õgc

y3
c)Ø
h1
c¥×xØ

ε
ß ØJc Ó å¢àgcM×xkOh»Ø

y3 = ε
×Jk�h/Ø

h1 = ε
p

Þ�p ^ h
y3 = ε

n Ó kOf9×
x1#x2 = ./45&7, (v1)# HI* � �X, (v1)h1

c)Ø
y1#y2 = ./45&7, (w1)#

HI* � �X, (w2)h1
ßMÕCkOeUm

ax1#x2⊥ 7→ by1#y2⊥
m3nEf Ó cYØJc¥fJæ8cYëghleUnEhlf9c

{a1}v1
⊕ {b1}w2

c¥×xØdÕgn�eU×
U
p

ÚCp ^ h
h1 = ε

n Ó kOf9×
x1#x2 = .l45&7, (v1)#v1

1

c)Ø
y3 = v2

1

Û6k�àUf HI* � �C, (v1) = v1
1v

2
1

ß�c)Ø
y1#y2 =./4=&7, (w)# HI* � �X, (w)

p�_�k�eUm
ax1#x2⊥ 7→ by1#y2y3⊥

m3n�f
{a1}v1

⊕ {b1}w2
∈ U
p

^ h
n ≥ 2

n Ó kOf9×%h Ó c3îXhF×xØJcMàgegcD×Jàgh/ØJc'ÕgcYØJc3f9æ8c¥×^ëUh/eUn�h/f9c¥×
{ai}vi

⊕ {bi}wi
∈ U
ß
i = 1, . . . , n

ßgc3ØdàgegcD×Jàgh/ØJcÕgcYm7ä¨n��-egc¥×
hi ∈ U∗ ß i = 1, . . . , n

ßgØJc ÓlÓ c¥×^å¢àgc
Þ�p
{a}x1x2y3

= {a1}v1h1ÚCp
{bi}wihi

= {ai+1}vi+1hi+1

Û6k�àUf
i = 1, . . . , n− 1Ùgp

{bn}wnhn
= {b}y1y2c3Ø�Û¨kOàgf^àge

i

Ó cMÛ Ó àU× Ó kOegÜ1×xà �;îCcMm)kOæ8æ'àgeðÕCc
y3
c3Ø
hi
c�×²Ø

ε
p

Þ�p ^ é h Ójè n
i < n

ØJc Ó å¢àgc Ó cMÛ Ó àU× Ó k�egÜ1×Jà �8îCcDm)k�æ8æ[àge�Õgc
y3
c)Ø
hi
c¥×xØ

ε
n Ó k�f7×?ÛUnEf^hleUÕCà¨mIØJhlk�e

ax1#x2 7→
∗ bn−1

./4=&7, (wn−1)#
HI* � �X, (wn−1)hn−1y3

�`]
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Z\nEhle¢ØJc3e¨nEe¢Ø¥ßÂegkOàU× nVáOk�eU×
bn−1

./4=&7, (wn−1)#
HI* � �X, (wn−1)hn−1 = an

./4=&7, (vn)# HI* � �X, (vn)hn
c)Ø

{b}y1y2
= {bn}wnhn

p�_�k�eUm�ß
bn−1

./45&7, (wn−1)#
HI* � �C, (wn−1)hn−1y3

= an
./4=&7, (vn)# HI* � �X, (vn)hny3

7→ bn
./45&7, (wn)# HI* � �C, (wn)hny3

= by1#y2y3

Úgp ^ h/eUk�ejß Ó c�Û Ó àU× Ó k�eUÜ'×xà �;îCc�m)k�æ8æ[àgeÖÕCc
hn
c)Ø
y3
c�×²Ø

ε
p ^ kOh»Ø

s

Ó cdÛ Ó àU× Ó k�egÜ'×Jà �8îCc�m3k�æ8æ'àgeÖÕgc
y3c)Ø

hi
Û6k�àUf

i < n
ßUc3Ø

y′3, h
′
i

õ
1 ≤ i < n

ù%ëðØ9c Ó åOàUc
y3 = y′3s

c)Ø
h′i = his

pUiãnEf�m)k�e¨×xo�åOàUc3e¢Ø¥ß¨egk�àU×nVá�k�e¨×!o
õ5nOù
{a}x1x2y′

3
= {a1}v1h′

1õòë¨ù
{bi}wih′

i
= {ai+1}vi+1h′

i+1

Û¨kOàgf
i = 1, . . . , n− 2c)Ø^Û¨kOàgf

i < n

Ó cYÛ Ó àU× Ó kOegÜ8×xà �8îCcYm)k�æ8æ[àge�ÕCc
y′3
c3Ø
h′i
c¥×xØ

ε
p�_�k�eUm�ÛUn�f?ä è Û6kEØJäUú¥×Jc�ÕTé hleUÕCàUm)ØJhlk�ejß

ax1#x2 7→
∗ bn−1

./4=&7, (wn−1)#
HI* � �X, (wn−1)h

′
n−1y3

′

Z\nEhle¢ØJc3e¨nEe¢Ø¥ß�egk�à¨×�nVáOk�eU×
{bn−1}wn−1hn−1

= {an}vnhn

ß+mEé c¥×xØ@V�ÕChlfJc
wn−1h

′
n−1s = vnhn

p�ñRk�æ8æ8c
s
c�×²ØY×xà �;îCc;ÕCc

y3
ß¨c3Ø�m3k�æ8æ8c Ó c[Û Ó àU× Ó k�eUÜ�×Jà �8îXc[m)k�æ8æ[àgeÿÕCc

y3
c3Ø
hn
c¥×xØ

ε
ß¨eUk�àU×�m)k�e¨m Ó àgk�eU×åOàUc

hn = ε
ßgc)Ø

s
c¥×xØ�àgeð×xà �8îCcMÕCc

vn
p��dk�àU×^Õgo¥m)kOæ8Û¨k¢×xkOeU×

vn = v1
ns
c3Ø�k�ëCØ9c3egkOeU× Ó cMf9o¥×Jà Ó Ø9nEØ o

bn−1
./45&7, (wn−1)#

HI* � �C, (wn−1)h
′
n−1y

′
3

= an
./4=&7, (vn)#v1

ny3
′

7→ bn
./45&7, (wn)# HI* � �C, (wn)sy′3

= bn
./45&7, (wn)# HI* � �C, (wn)hny3

= by1#y2y3

� iãnEf1m)kOeU×Jo¥å¢àgc3e¢Ø�ß�×Jh
t
c)Ø
s
×xkOe¢Ø'ØJkOàU× Ó c�×8ÕCc3àCîêÕgc Ó n\ìòkOfJæ8c

{m}k
n Ó k�f7×Dh Ó c)îChl×xØJc�àgegc�Ûgf9c3àgáOc�ÕCc

T ` {t}v − {s}w
×Jhjc3Ød×xc¥à Ó c¥æ8c3e¢Ø�×xhjÛ6k�àUf

u, x1, x2, x3
o

t ./4=&7, (v)# HI* � �C, (v)⊥ 7→∗ u x1#x2x3 7→ û x1#x2x3 7→
∗ ŝ ./45&7, (w)# HI* � �C, (w)⊥

{	� 
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(GCD)

×xcMf9o¥ÕCàUh»ØaV Ó é n�m¥m)c�×J×Jh/ëUh Ó h»Ø9oMÕgnEeU×�àge�× è ×²Ø9ú3æ8cDÕCcYf9o3o¥m3fJh/ØJàUfJc�Ûgf9o)ÔgîCcMÕCcYØ9n�h ÓlÓ cMÛ¨k Ó/è egkOæ;hFn Ó c�pUñRc�m)hÛ6c3àCØaq3ØJf9c�ì5nEh/Ø�c3e�ØJc¥æ;Û¨×^Û¨k Ó/è e�bOæ8hln Ó Õjé n�ÛgfJú�× Ó c�×?ØJf7nVá+nEàCî�Õgc _[p6ñ?n�àUm3n ÓOF ñ?n�à��OÚ�K p
�ñRk�æ8æ8c%m)k�e¨×xo�åOàUc3eUm3c<h/æ8æ8o¥ÕghlnEØJc^ÕCcRm3cRf9o¥×Jà Ó Ø9nEØ¥ßVÜ�f7þ�m3c_nEàDf9o¥×Jà Ó Ø9nEØLÕCc Ó kXm¥n Ó h»Ø9oRÕCà Ó c¥æ8æ;c^ÚEÙdÛUnEÜOc �O÷c3Ø^m¥nEf Ó é c¥eU×Jc3æ'ë Ó c

S⊕2(T )
×JcMm3n Ó m3à Ó cYc¥e�Ø9c3æ8ÛU×%Û6k Ólè e�b�æ8hFn Ó egkOàU×%k�ëCØ9c3egkOeU× Ó cYØJägo¥k�f9ú3æ8cM×xàghlá+nEe¢Ø*o
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�dk�àU×�f7n��²k�àgØJk�e¨× Ó n�Ûgf9k�ÛUfJhlo)Ø9oR×Jàgh/á+n�eOØ9c?n�à[m7ägh/âNfJc¥æ;c¥e¢Ø
{{x}k1

}k2
= {{x}k2

}k1

p�_�nEeU× Ó c%m¥n�×�Ü�o¥ego3f7n Ó ßh Ó ì5nEàgØÖæ;kCÕCh/ÔUc¥f Ó o¥Ü�ú3f9c3æ8c¥eOØ Ó cð× è ×xØJú3æ8cðm)kOeU×JhlÕCo¥fJo�c)ØÖf9c3egìòk�f7m)c3f Ó n�eUkEØJhlk�e ÕCcðÛgf9c3àUá�c
⊕ � 47( �O43H Û6k�àgfkOëCØJc¥eghlf Ó c^f9o¥×Jà Ó Ø9nEØ_ÕCc Ó kXm¥n Ó h»Ø9o�n+Ø9k�æ8hlå¢àgcOp'_�nEeU× Ó c�m¥n�×ãëghleUn�h/f9c^Û¨kOàgf<àgeÖm7äUh»âNfJc¥æ8c3e¢Ø<ägk�æ8kOæ;kOfJÛUäghlå¢àgc%c3Øm3k�æ8æ'àgØ9n+Ø9h»ìNÛ6k�àgf Ó c'í�kOà;c3îgm Ó àU×xh/ì�ï[egk�àU×<k�ëCØ9c3egkOeU×ãàge1f9o¥×Jà Ó Ø9n+Ø_Õgcdm)kOæ;Û Ó c3îXh/ØJo^c3îgn�mIØ�p���kOàU×LØ9f9nVá+nEh ÓlÓ kOeU×Ø9k�à��²kOàgf7×^nVá�c¥m Ó c�æ8kCÕCú Ó cDÕCc�_�k Ó c3á`Yml_nEk8ÕCc Ó n'Ô¨Ü�àgf9cDÝCp Ù'ÛUn�Ü�c�]']Cp

cWd��Xdge � t��� �	� �jwgt�� d
_�nEeU×�àge�Ûgf9c3æ8hlc3f�ØJc3æ8ÛU×¥ßTegkOàU×�ÛgfJo�×xc¥e¢ØJk�e¨× Ó c;eUk�àgáOc¥nEàÿæ;kCÕCú Ó c;àCØ9h Ó hl×Jo;Û¨kOàgf Ó c1m3nO×dkOü Ó c;× è æ'ë6k Ó cäUk�æ8k�æ8k�f9ÛgäghFå¢àgc<c�×²Ø�àge[m7ägh/âNfJc¥æ;c¥e¢Ø�m)kOæ8æ'àCØ7n+ØJh/ì²pVô<eU×Jàgh/ØJc?egk�àU×�æ8k�e¢ØJf9c3f9k�e¨× Ó c_f9o¥×Jà Ó Ø7n+ØLm Ó c)ì¨m3k�eUm3c3f9eUnEe¢ØÓ n Ó kCm3n Ó h/ØJodnEØJkOæ;hFå¢àgc�ßXm)c�m)h6egk�à¨×_Û6c3f9æ8c)ØxØ9f9n'ÕCc�m3k�eUm Ó àUfJc�hlæ8æ8o¥ÕChFn+Ø9c3æ8c3e¢ØRc¥e�àCØ9h Ó hF×Jn�eOØ Ó c�æ6q3æ8cdÛgf9kCm)o�ÕCoå¢àgcMÕgn�eU× Ó cDm3n�×%eUk�eÂm)k�æ8æ[àCØ9nEØJh/ì²p

wGx �Ix�yzx�y � | �� ��~ � 
 | � � � �zx
iLk�àUf�Ûgf9c3e¨ÕCfJc�c3e m3k�æ8ÛCØ9c Ó nêm)kOæ8æ'àCØ7n+ØJhláXh»Ø9o�ÕCc Ó nûæ8o)Ø9ägkCÕCc�Õgc�m7ägh/â6f9c3æ8c¥eOØ�ßReUk�àU×�m)kOeU×xhFÕCo¥fJkOeU×å¢àgc Ó cðØ9c3f9æ;c

{u}K
f9c3Ûgf9o¥×Jc3e¢Ø9c Ó cðØ9c3f9æ8c

u
m7ägh/â6f9oðÛUn�fÖàge�æ'à Ó Ø9h Y c3eU×Jc3æ[ë Ó cêõJí�æ[à Ó Ø9h Y]×Jc)Ø�ïgù8ÔUegh�Õgcm Ó c3ì5×

K = {kα1

1 , . . . , kαn
n }
p ��k�à¨×MàCØJh Ó hl×Jk�eU×DàgeQæ'à Ó ØJh YPc¥eU×Jc3æ'ë Ó cÖm¥nEf Ó é kOf9ÕCf9c1ÕgnEe¨× Ó c�åOàUc Ó<Ó c¥×Dm Ó c3ì5×D×Jk�e¢Øn�ÛgÛ Ó hlå¢àgo¥c¥×�ejé nênEà¨m)àge h/æ8Û6k�fJØ9nEe¨m)c�ß?æ1nEhF× Ó n æ'à Ó ØJhlÛ Ó hlm3h»Ø9o�ÕCcQm7äUnOåOàUc�m Ó c)ì[c¥×xØÂm3fJàUm3hln Ó cOp �dkEØJkOeU×Âå¢àgc

{u}∅
c�×²ØYo3Ü¢n Ó nEàÿØJc3f9æ8c

u
p ��kOàU×�æ8kXÕgh»ÔUkOeU×�ÕCk�eUm[àgeghFå¢àgc3æ8c¥eOØ Ó n�f9ú3Ü Ó c;ÕCc1m7ägh/â6f9c3æ8c3e¢ØYc)Ø Ó n�f9ú3Ü Ó c[ÕgcÕgo¥m7ägh/â6f9c3æ8c¥eOØ�Õgn�eU× Ó cMæ;kCÕCú Ó cMÕCc�_�k Ó c3á`Yml_nEk;o)Ø9c3eUÕCà\Õgc Ó n;æ1nEeghlú3f9cM×xàghlá+nEe¢ØJcOp

(CK)
T ` u T ` K

T ` {u}K ↓
(DK)

T ` r T ` K

T ` u ↓

* & r =E {u}K

rXs�tUuTÝgp ø p K = {kα1

1 , . . . , kαn
n }
p

H n�f9ú3Ü Ó c
(CK)

Û6c3f9æ;c3Ø�V Ó é h/e¢ØJf9àU×MÕCc1m7ägh/âNfJc¥f�àUe�æ8c�×J×9nEÜOc
u
ÛUn�f Ó c1æ'à Ó Ø9h Y c3eU×Jc3æ[ë Ó c;ÕCcÖm Ó c3ì5×

K =

{kα1

1 , . . . , kαn
n }
p � o¥m)hlÛgf9kCåOàUc3æ8c3e¢Ø�×¥é h Ó m)k�eUeUn��FØ Ó c_æ[à Ó Ø9h Y c3e¨×xc¥æ'ë Ó c_ÕCc%m Ó c)ì5×�àCØJh Ó hl×JoRÕgn�eU× Ó c_æ8c�×J×9nEÜOc_m7ägh/â6f9oh Ó Û6c3àCØdn Ó kOf9×%ÕCo�m7ägh/â6f9c3f Ó cYæ;c�×J×9nEÜOc�Û¨nEf Ó n[f9ú3Ü Ó c

(DK)
p

��� ��
 �M� � y��� @+$U07*5: ! H9@+$g0 T = {k1, k2, {u}{k3
1
,k2,k3}}

$N@+BX0�GU@+B  @+$g0d:O@+$62Y: ! :EBC*-HJ4d./4�, 43HIA84 {u}{k3}
`

(DK)

(A)
{u}{k3

1
,k2,k3} ∈ T

T ` {u}{k3
1
,k2,k3}

(A)
{k3

1 , k2} ∈ T

T ` {k3
1 , k2}

T ` {u}{k3}H c�fJo�×xà Ó Ø7n+Ø_×Jàgf Ó n Ó kCm¥n Ó h»Ø9od× è e¢Ø9nEîChlå¢àgc^c�×²Ø_c¥eUm)kOfJc%áXf7nEhgÛ6k�àgf Ó c�m7ägh»âNf9c3æ8c3e¢ØRm3k�æ8æ'àCØ7n+Ø9h»ì²p`[�hleU×xh¨egk�à¨×eUcDfJc¥ÜOn�f9ÕCkOeU×^Õgn�eU× Ó nÖ×Jàgh»Ø9cDàgeghFå¢àgc3æ8c¥eOØ Ó c�×�f9ú3Ü Ó c�×�ÕCc[m7äUh»âNfJc¥æ8c3e¢Ø¥ß6ÕCc'ÕCo�m7ägh»âNf9c3æ8c3e¢Ødc3Ø�ÕCc'×Jk�æ8æ8cDc3Øm7äUc3f7m7ägk�eU×XV;Ûgf9k�àgáOc3f%àge�fJo�×xà Ó Ø7n+Ø�ÕCc Ó kXm¥n Ó h»Ø9oYÛ¨kOàgf Ó c¥×^n+Ø9k�æ8c¥×¥p
wGx �Ix�yzx�� {U|G}0~������8� ~
��| 
 ��� � �zx
� � � 
���� �`� �8|���� �f� � � 
 �	�0x �dk�àU×^Õgc3á�kOeU×?æ8kXÕgh»ÔUc¥f^àgeÂÛ¨c¥à Ó c�×^ÕCo)ÔUeUh»Ø9h/kOeU×^ÕCcYØJc¥fJæ8c�×%c)Ø�×xkOàU×gY=Ø9c3f9æ;c�×nEÔUeÂÕCcMÛgf9c3eUÕCf9cYc3eÂm)kOæ;ÛgØJc Ó n;m3k�æ8æ'àgØ9n+Ø9h/áXh/ØJoMÕCc�×�m Ó c)ì5×¥p
�B�	���@������|�� ��w � � � � 
������ ���`� � ~ � ��}

EK
� � $\,]4)HIA14 u 4)$;&)@+HIA14'$N@+HIA1(+./4;4)07,%4)$ Øfq3ØJcDnVáOc¥m EK 0I*

u 4I0I,%:�4[./(�&)@EHIA84 u = {t}K
` � *-$6@+$ u $TS 4)07,jGg(+0 c3e�Ø q)ØJcDnVáOc¥m EK `

���



���������
	�������������������
��������� ���!�#" �$�%�����'&(����)*������+-,�.%/0�1���2�#�3�����

H nÖegkEØ9h/kOe\ÕTé nEØJkOæ;c�×dÕCc Ó nÖÕgo)ÔUegh/ØJhlk�eêÞ�ÞDÛUn�Ü�c ]�Ú1×xc¥f9n8àgØJh Ó hF×xo¥c[Õgn�eU×dm3c)ØJØJc'×Jc¥m)ØJhlk�ejp ��k�à¨×do3ØJc3e¨ÕCk�eU×Ó n8egkEØ9h/kOeðÕCcD×xkOàU×gY=Ø9c3f9æ;c�×^× è e¢Ø9nEîChlå¢àgc�×%c3eð×xkOàU×gY=Ø9c3f9æ;c�×^× è e¢Ø9nEîChlå¢àgc�×Dí8m)k�æ8æ[àCØ9nEØJh/ì5×dïOp ��kOàU×�ÕCo¥egkEØ9k�eU×ÛUn�f
P [K]

Ó é c3eU×Jc3æ[ë Ó cYÕgc¥×^ÛUn�fxØ9h»Ø9h/kOeU×^ÕCc Ó é c¥eU×xc¥æ'ë Ó c
K
p

�B�	���@������|�� � �
���I| ��� �f� � � 
���� ��� �%�8~ � � � � �	� }0| 
 
 � �8~
��� � ��� � S 43$g0343A �3./4�:O4I0 ×Jk�àU×gY=Ø9c3f9æ8c¥× × è e
YØ7n+îChlå¢àgc�×%m)k�æ8æ[àCØ9nEØJh/ì5× :�S BC$ÿ,]4)HIA14 t 4)0I,_./4^G6.WBX0?GU4),P*-,^4)$U0)43A �)./4 Sc(t)
, 43.�Z3BU4'K

� t ∈ S(t) `
� � * 〈u, v〉 ∈ S(t) (E./@+H70 u, v ∈ S(t) `
� � * {u}K ∈ S(t) 43, K = {kα1

1 , . . . , k
αp
p }
(+.l@+H70 u ∈ S(t) 43, ki ∈ S(t) GU@+BCHY,]@+BC, i 1 ≤ i ≤ p `

� � * u = u1 ⊕ . . .⊕ un ∈ S(t) (E./@+H70'(E, @EA'0 (u) ⊆ S(t) `
H n ÕCo)Ô¨egh»Ø9h/kOeuÕgc

Sc
×¥é o)ØJc¥eUÕ�n�àCî c3eU×Jc3æ[ë Ó c¥×�ÕCcêØ9c3f9æ8c¥×

T
c3e�ìòk�f9æ8c egkOfJæ1n Ó cûÛ¨nEf

Sc(T ) :=
⋃

t∈T Sc(t)
p%ñRk�æ8æ8c Ó c\m7äUh»âNfJc¥æ8c3e¢Ø1c¥×xØ�m)k�æ8æ[àCØ9nEØJh/ì Ó cðegk�æ[ëgfJcðÕCcð×Jk�àU×gYPØJc3f9æ8c¥×;c¥×xØÖc)îCÛ6k�egc¥e¢ØJhlc Ó c3eÓ n�Ø9nEh ÓlÓ c1ÕCc Ó é c¥eU×Jc3æ'ë Ó c1ÕCcÖm Ó c3ì5×MÕCc

T
ßNh Ó ì5nEàCØDÛgf9c3e¨ÕCfJc8c¥e�m3k�æ8ÛCØJc8Ø9k�àCØ9c¥× Ó c¥×Mm3k�æ'ëUh/eUn�hl×Jk�e¨×�Û6kO×9×Jh/ë Ó c¥×Û6k�àgf Ó c¥×?m Ó c)ì5×?ÕTé àUeÖØJc¥fJæ8c�m7ägh»âNf9o�p H nDeUkEØJhlk�e�ÕCc�×Jk�àU×gYPØJc3f9æ8c¥×R× è e¢Ø9nEîXhFå¢àgc¥×_Û¨kOàgf Ó c�m3n�×RegkOe�m)kOæ;æ[àCØ9nEØJh/ìc�×²ØYm)k�e¢Ø9c3eXàgc'Õgn�eU× Ó c�×�×Jk�àU×gYPØJc3f9æ8c¥×�× è e¢Ø9n+îChFå¢àgc¥×�m)k�æ8æ[àCØ9nEØJh/ì5×

S(T ) ⊆ Sc(T )
ßNm)c Ó n1egkOàU×�n�×9×xàgf9c Ó c'f9o�Y×Jà Ó Ø9n+Ø�ÕCc Ó kCm3n Ó h/ØJo[× è e¢Ø9n+îChFå¢àgc�ßUn�h/e¨×xh�egk�à¨×�Û6k�àgáOk�eU×�ØJf7nEh/ØJc3f�àgeghFå¢àgc3æ8c3e¢Ø Ó c�×�f9ú3Ü Ó c¥×

(GX)
ß
(D)
ß
(C)
c)Ø

(A)

��� ��
 �@� � y � � * u = {a}k1,k2,k3
(+.l@+H70�.xS 43$g0343A �3./4\:O4I0103@EBX0 � ,]43HIA84)010	�+$U,]( �O*5Z)BU4)0�27@+A;A[BC,](+,P* &90�:�4 u4)0I,?K Sc(u) = {u, a, k1, k2, k3, {a}k1, {a}k2, {a}k3, {a}k1,k2, {a}k2,k3, {a}k1,k3}

`
�B���U� � ���%� ��� �8| � � ��� � � � � ���� ��� H c¥×%ÕCh/â6o¥fJc¥eOØ9c¥×^m¥nEf7n�mIØ9o3f9hl×xØJhFå¢àgc¥×?ÕCc�×RÛUfJc¥àgá�c�×3ßCÕCo3ÔUeghlc¥×%Ûgf9o¥m3o¥ÕCc¥æ Yæ8c3e¢Ø�ßg×xkOeOØ^æ1nEhle¢ØJc¥eUnEe¢Ø^o)Ø9c3eUÕCàUc¥×^Û6k�àgf%Ø9c3eghlfdm3k�æ8ÛCØJcMÕCc Ó n8m)kOæ;æ[àCØ9nEØJhláXh»Ø9oDÕCàðm7ägh»âNf9c3æ8c3e¢Ø¥p
�B�	���@������|�� �  � ��� ����� � ~�M��~
��� � �`� ��� 
 �M� � � � @E*-, P BC$N4?GNHJ4)B  4;:�4 T ` w ` P > P 4)07,%K

� nEÛ Ó n+Ø9h/c 0gS *-.�$TS �Ö(�GU(V0[:O4)B ��(9GOG6.W*527(E,=*5@E$g0;27@+$U0 ! 23BC,P*  4)0':�4)0YH � ��./4)0 (GX) > (C) 43, (D) `
� ×xhlæ8Û Ó c 0I*_K

� `[2��g(OZ)BU4'$ �RBU:�:�4 T ` v (7G�GU(+HJ(�!-,�(+B;G6.»BX0YBC$N4<&)@E*F0[:�(+$U0'2 �U(�Z3BU4 �3HJ(E$62��g4;:�4[./( P `
� `[2��g(OZ)BU4'$ �RBU:�:�4 T ` v (7G�GU(+HJ(�!-,�(+B;G6.»BX0YBC$N4<&)@E*F0[29@EA[A14 ���9GU@+, � �)0)48:�S BC$64'H����E./4 (GX) `
� ` �).j$TS �Ö(�GU(V0[:jS (7G�GN.W*527(+,P*5@+$ê27@+$U0 ! 23BC,=*  4':O4I0DH � ��./4)0 (CK) 43, (DK′) 0I* K ∩K ′ 6= ∅ `

	]Ó c¥×xØÂØJk�à��²k�àgf7×�Û6kO×9×Jh/ë Ó cQÕCcÿìòà¨×xhlk�egeUc3fðÕCc3àgî nEÛgÛ Ó hFm3n+Ø9h/kOeU×�m)k�e¨×xo�m)àCØ9h/áOc¥×�ÕCc¥×�f9ú3Ü Ó c¥×
(CK)

ß
(DK)c3Ø

(GX)
c3Ø1Õjé kOëCØJc¥egh/f1àUegcÂÛgfJc¥àgá�cÂnEÛ Ó nEØJhlc�p�_�c�Û Ó àU×¥ß<c¥e o Ó hlæ8h/eUn�e¢Ø1m3c3fJØ9n�h/egc�×;ëgf9n�eUm7ägc�×3ßLk�à m)c¥fxØ7nEhlegc¥×ä è Û¨k�ØJägú�×xc�×3ß�k�à1m)c¥fxØ7nEhlegc¥×ãf9ú3Ü Ó c�×�õ

(D)
kOà

(C)
ù<egk�àU×_Û¨kOàgá�kOeU×LØ9k�à��²kOàgf9×ãØJf7nEeU×xìòk�f9æ8c3fãàgegcdÛgfJc¥àgá�c^c¥e1àgegcÛgf9c3àUá�cY×xhlæ8Û Ó cOp

��� | �U| ��������|�� y 
 � @E*-, K 43, K ′ :�43B ��43$g034)A �3./4I0Â:�4ð23./45&90�, 43.°0�Z3BU4 K ∩ K ′ = ∅ >Y(7G�GN.W*5Z)BU43Hð:jS (��7@EHJ:./(�H�����./4 (DK) (EB\, 43HIA14 u G6BC*F0D.l(�H � ��./4 (CK′) 4)0I, ! Z3BC*  (E./43$U,�Z)B<S (7G�GN.W*5Z)BU43H1:jS (��7@EHJ:�./(�H����E./4 (CK′) (EB,]4)HIA14 u 4),^43$g0IBC*-, 4D./(1H � ��./4 (DK) `
� HJ43B  4 o H c�ì5nEh/Ødå¢àgc K ∩K ′ = ∅

Û6c3f9æ8c)Ø�ÕTé k�ëCØ9c3eghlfdÕChlf9c¥mIØ9c3æ8c3e¢Ø Ó cMfJo�×xà Ó Ø9nEØ¥p
�ñRc)ØJØJcdìòk�hF×3ßOegk�àU×_ÕCc3áOk�eU×RÕTé n�ë¨kOf9Õ;c3â6c�mIØJàUc3f Ó c¥×RÕCo¥m7äUh»âNfJc¥æ8c3e¢Ø9× Ó c�Û Ó àU×_Øfb�Ø_Û6kO×9×xhlë Ó cdÕgnEe¨× Ó c�×<Ûgf9c3àUá�c¥×

D � 47( �O43H c3Ø%c¥eU×Jàgh»Ø9cYì5nEhlfJc Ó c¥×�×Jk�æ8æ8c¥× Ó cMÛ Ó àU×%Øfb�Ø^Û¨k¢×J×Jh/ë Ó cDÕgn�eU× Ó c¥×%Ûgf9c3àgáOc¥× ⊕ � 47( �¢4)H p
�B�	���@������|�� � �
� ��� ����� �

⊕ � ��� ���
� �`�
D � ����� �
� � � @+*-, P BC$64?GNHJ43B  4;:�4 T ` w > P 4)0I,?K

� D � ��� ���
� 0I*_K
� `D*-.N$TS �1(dGg(+0M:�S ���9GU@+, � �)0)4;:�4D./(;H�����./4 (GX) 43$ð,��),]4M(  472 {.}K 4),?:�4YH�����./4 (DK′) � BX0I, 4M(7G6H��)02743,=,]4'(7G�GN.W*527(+,P*5@+$û:�4'./(�H����E./4 (GX) , 43.-./48Z)BU4 K ∩K ′ 6= ∅ >

Þ¥÷�÷



�`���
��� ���������������%� �z�������������������
�`� �����6�����m/
�v��� �

� ` �I.j$ ��(�GU(V0':�4 (C) � BC, 4D03@+BX0MBC$64DH����E./4 (D) ><0I*_2¨S 4I0I,?./4829(+07><$6@+BX0?GU4)HIA;BC,]@+$g0D43$ÿBC,P*-.W*F03(+$U,./(�GNHJ@9GU@V0I*-,P*5@+$ ��� Gg( �O4823* � 29@E$U,PHJ4�`
� ⊕ � ��� ���
� 07*_, @EBC, 4)0M./4I0DH � ��./4)0 (CKi

) *-A;A ! :+*5(E, 43A14)$¨,^(EB � :�4)0707BX0':�S BC$64[H����E.l4 (GX) :O(+$U0 P 03@+$U,,]4).-./4)0'Z)BU4 Ki ∩Kj = ∅ GU@+BCH i, j ,]4).�Z)BU4 i 6= j `
� � ~ �����2| � 
 ~
�8�v| ��� � � � � ���� ���0x ��k�à¨×DÕCo3eUkEØJkOeU×MÛUn�f

πx

Ó nð×Jk�àU×gYPÛUfJc¥àgá�c1ÕTé àgegc1Ûgf9c3àUá�c
P
ÕCk�e¢Ø Ó nf7n�m3h/eUc�c�×²Ø

T ` x
p

{	��
�
�� � �� @E*-, P BC$64RGNHJ43B  4M07*-AdG6.l4[43,R(9GN./(+,P*54;:�4 T ` w ` ��./@+H70Y*-.�4 ��*F0I,]4MBC$N4RG6HJ43B  4 P ′ :�4 T ` w,]43.-./4[Z3BU4 P ′ 03@+*-,?0I*-A�GN./4)>?(9GN./(+,P*5484), D � 47( �¢4)H3`
� H94)B  4 o ^ kOh»Ø P àgegc1ÛUfJc¥àgá�c1×Jh/æ8Û Ó c1c)Ø[n�Û Ó n+ØJhlc1ÕCc T ` w p �dk�àU×MØJf7nEeU×xìòk�f9æ8k�eU×Ym)c3ØxØ9c1ÛgfJc¥àgá�c8c¥eàUegc�ÛUfJc¥àgá�cd×Jhlæ;Û Ó cOßXn�Û Ó n+ØJhlcdc3Ø

D � 49( �O43H ÕCc T ` w ÛUnEf?h/e¨ÕCàUmIØ9h/kOe�×Jàgf Ó c�egk�æ[ëgfJc�ÕCc�e �MàUÕg×?ÕCc P p �dk�àU×f9c3Ü¢nEf7ÕCk�e¨×Rå¢àgc Ó/Ó cYc¥×xØ Ó n8ÕCc¥fJeghlú3f9cYfJú¥Ü Ó c�Õgc
P
o

p (A)
o Ó n;Ûgf9c3àUá�c�c¥×xØ�o3áXhlÕgc3æ8c3e¢Ød×Jh/æ8Û Ó c�ßgn�Û Ó nEØJhlcYc)Ø

D � 47( �¢43H p
p (GX)

ß
(C)

o¢egk�à¨×Rn�ÛgÛ Ó hlå¢àgkOeU×RÕgh/f9c¥m)ØJc3æ8c¥eOØ Ó é ä è Û¨k�ØJägú�×xcdÕjé hleUÕCàUm)ØJhlk�e�×xàgfRØJkOàCØJc�× Ó c¥×?×Jk�àU×gYPÛUfJc¥àgá�c�×c)Ødm3k�eUm Ó àgkOeU×¥p
p (DK2

)
o?egk�à¨×�n�ÛgÛ Ó hlå¢àgkOeU× Ó é ä è Û6kEØ9ägú¥×Jc�Õjé hleUÕCàUm)ØJhlk�e ×xàgf Ó nûÛUn�fxØ9h/c�m Ó c)ì[ÕCc Ó nûf9ú3Ü Ó c õ

DK2

ùIß%c3ØfJc¥ÜOn�f9ÕCkOeU×RÛ Ó à¨×^c3eðÕCo3Ø9nEh Ó ×^ÕTé kOü�ÛUfJk+áXhlc3e¢Ø Ó cYæ8c¥×9×Jn�Ü�cYm7ägh/â6f9oDÕCc Ó n8f9ú3Ü Ó c
(DK2

)
o

p (A)
o Ó cYfJo�×xà Ó Ø7n+Ø^c¥×xØ�h/æ8æ8o¥ÕghlnEØ¥p

p (C)
o_m3k�æ8æ8c Ó nQÛUfJc¥àgá�cÂc¥×xØ�×Jh/æ8Û Ó c\egkOàU×1Û6c3f9æ'àCØ9k�eU×�ÕCk�eUm Ó c¥×�ÕCc3àCî f9ú3Ü Ó c¥×8c¥e àCØJh Ó hF×9nEe¢Ø Ó nÛUfJkOÛ¨k¢×xh/ØJhlk�e�Þ¥÷[ÛUnEÜOcYÛgfJo�m)o�ÕCc3e¢ØJcYc3ØdnEÛgÛ Ó hFåOàUk�eU× Ó é ä è Û6kEØJäUú¥×JcYÕgcMfJo�m)àgf9fJc¥eUm)cOp

p (GX)
o

p ×JhEØJkOàCØJc�× Ó c¥×Tä è Û6kEØJäUú¥×Jc¥×jÕCc (GX)
×Jk�e¢Ø�m7ägh/â6f9o3c�×TÛUn�f Ó é c3e¨×xc¥æ'ë Ó c_ÕCc<m Ó c3ì5×

Ki
ØJc Ó å¢àgc

Ki∩K2 =

∅
n Ó k�f7×Regk�àU×dnEÛgÛ Ó hFåOàUk�eU× Ó é ä è Û¨k�ØJägú�×xcDÕjé hleUÕCàUm)ØJhlk�eð×Jàgf Ó c�×^×xkOàU×gYPÛgf9c3àUá�c¥×Rc)Ødm3k�eUm Ó àUk�eU×¥p

p ^ hlegk�e egk�à¨×�Û¨nEfJØ9nEÜOc3kOeU× Ó c¥×�ä è Û6kEØ9ägú¥×Jc¥×�ÕCc Ó n f9ú3Ü Ó c (GX)
c¥e ×Jk�æ8æ8c¥×�Û Ó àU×�Û¨c3ØJh/ØJc¥×Âå¢àghÛgf9kCÕCàghF×xc¥eOØRØJkOàCØJc�×<àge1Ø9c3f9æ8cdm7ägh/â6f9odc3ØRegkOàU×_n�ÛgÛ Ó hlå¢àgkOeU× Ó nYØJf7nEe¨×²ìòkOfJæ1n+Ø9h/kOe1ÕCc Ó nYÔUÜOàgfJc�ÝCplÞ¥÷ÛUn�Ü�c'×JàghláVn�e¢ØJc�pz_�n�eU×�m)c3fJØ9n�h/eUc¥×�×Jh»Ø9àUn+Ø9h/kOeU×dÕjé n�àCØJf9c¥×�ØJf7nEeU×xìòk�f9æ1n+ØJhlk�e¨×^×xkOeOØ�ego¥m3c¥×9×Jn�h/f9c¥×^Û6k�àUfÛgf9o¥×Jc3f9á�c¥f Ó n�×Jh/æ8Û Ó hFm)h/ØJo o �dk�àU×8ÕCc¥á�kOeU×[m3k�àgÛ6c3f Ó c¥×;ä è Û6kEØ9ägú¥×Jc¥×[c3e ÕCkOàgë Ó c�Õgn�eU× Ó c�×[f9ú3Ü Ó c�×

(GX)
k�àðÕCc�×�ëgf7nEeUm7äUc¥×^c¥eOØ9h/ú¥fJc�×�ÕCc Ó n8Ûgf9c3àgáOcMÛ¨kOàgf Ó c¥×degk�àUá�c¥n�àCî�e �Mà¨Õg×�hle¢ØJf9kXÕgàgh»Ø7×�ÛUn�f Ó nØJf7nEe¨×²ìòkOfJæ1n+Ø9h/kOejp'_�c�Û Ó àU×¥ßX×xh Ó nDfJú¥Ü Ó c

(GX)
egcdÛ6kO×9×xú�ÕCcdå¢àjé àgegc�ä è Û6kEØ9ägú¥×Jc�ß¢egk�à¨×�bEØ9k�eU×Rm)c3ØxØJcf9ú3Ü Ó c�pEñRk�æ8æ8c

K2∩K1 6= ∅
c)Ø
n ≥ 2

ß Ó n^Ø7nEh Ó/Ó c%ÕCc Ó n�Ûgf9c3àUá�c_hlegh/ØJhFn Ó c_c�×²Ø
Σi=n

i=1 |πBi
|+|πK2

|+2
ßm)c�åOàUh_c¥×xØ'Û Ó àU×'Ü�f7nEeUÕ�k�àQo¥ÜOn Ó åOàUc Ó nðØ9nEh ÓlÓ cÖÕCc Ó n\×Jk�à¨× Y Ûgf9c3àgáOc8×Jc8ØJc¥fJæ8hleUnEe¢Ø'Û¨nEf Ó nðf9ú3Ü Ó c

(DK2∩K1
)
o
Σi=n1

i=1 |πBi
| + |πK2∩K1

| + 2
p �dk�àU×1m3k�eUm Ó àUk�eU×;c3e�n�ÛgÛ Ó hlå¢àUn�eOØ Ó é ä è Û¨k�ØJägú�×xcðÕCcf9o¥m)àUfJf9c3eUm3c�×Jàgf�m3c)ØxØ9cD×xkOàU×gYPÛgf9c3àUá�c�p

�

(GX)

(GX)
T ` x1 . . . T ` xn

T ` x1 ⊕ . . .⊕ xn T ` y1 . . . T ` ym

T ` x1 ⊕ . . .⊕ xn ⊕ y1 ⊕ . . .⊕ ym

⇓

(GX)
T ` x1 . . . T ` xn T ` y1 . . . T ` ym

T ` x1 ⊕ . . .⊕ xn ⊕ y1 ⊕ . . .⊕ ym

rXs�tRuTÝCp � p �UàU×xhlk�eÂÕCcDÕCc¥àCî�f9ú3Ü Ó c�× (GX)
p

Þ¥÷UÞ
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(DK2
)

(GX)

(R1)

���

T ` B1

. . . (Rn)

���

T ` Bn

T ` {u}K1
T ` K2

T ` {u}K1\K2

⇓

(DK2\K1
)

(DK2∩K1
)

(GX)

(GX)

(R1)

���

T ` B1

. . . (Rn1
)

���

T ` Bn1

T ` {u1}K1

. . . (GX)

(Rnl−1+1)

���

T ` Bnl−1+1

. . . (Rnl
)

���

T ` Bnl

T ` {ul}K1

T ` {u1}K1
⊕ . . . ⊕ {ul}K1

= {u}K1
T ` K2 ∩ K1

T ` {u}K1\K2∩K1
T ` K2 \ K1

T ` {u}(K1\K2∩K1)\(K2\K1) = {u}K1\K2

⇓

(DK2\K1
)

(GX)

(DK2∩K1
)

(GX)

(R1)

���

T ` B1

. . . (Rn1
)

���

T ` Bn1

T ` {u1}K1
T ` K2 ∩ K1

T ` {u1}(K1\K2∩K1)

. . . (DK2∩K1
)

(GX)

(Rnl−1+11)

���

T ` Bnl−1+1

. . . (Rnl
)

���

T ` Bnl

T ` {ul}K1
T ` K2 ∩ K1

T ` {u1}(K1\K2∩K1)

T ` {u}(K1\K2∩K1) T ` K2 \ K1

T ` {u}(K1\K2∩K1)\(K2\K1) = {u}K1\K2

�� �� �� � � 	 
� � �� �� � ��� �  D� �� � �� �� �� K2 ∩K1 6= ∅ �� n ≥ 2�

Þ¥÷OÚ
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(GX)

(CK1
)
T ` x1 T ` K1

T ` {x1}K1

(CK2
)
T ` x2 T ` K2

T ` {x2}K2

(R1)

�����

T ` z1
. . .(Rm)

�����

T ` zm

T ` {x1}K1
⊕ {x2}K2

⊕ z1 ⊕ . . .⊕ zm

K1 ∩K2 6= ∅

⇓

(GX)

(CK1∩K2
)

(GX)

(CK1\K2
)
T ` x1 T ` K1 \K2

T ` {x1}K1\K2

(CK2\K1
)
T ` x2 T ` K2 \K1

T ` {x2}K2\K1

T ` {x1}K1\K2
⊕ {x2}K2\K1

T ` K1 ∩K2

T ` {x1}K1
⊕ {x2}K2

(R1)

�����

T ` z1
. . .(Rm)

�����

T ` zm

T ` {x1}K1
⊕ {x2}K2

⊕ z1 ⊕ . . .⊕ zm

�� ��� � � 	 	 
 �� �� � ��� � � � � � � � ⊕ � ��� ���� K1 ∩K2 6= ∅
� � � �� � � �  � � � !"  � � (Ri)

� � � � # � $% � � � � � � # � (C) �

Þ¥÷OÙ
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��� | �U| ��������|�� yzy � 4)0D,PHJ(+$U0-&)@EHIA8(E,=*5@E$g0[:O4dG6HJ43B  4)0[:�4)0 � �EBCHJ4)0���` �[GU( �¢4 ���
� 43, ��` �
� Gg( �O4dGNH ! 2 ! :O4)$¨, 4&)@E$U,?: ! 2)HJ@�!-,=H94'.l4D$N@+A �)HJ4;:�4'$ �RBU:+0RGU(+HMH9(9G�GU@+HI,^(+Bð$N@+A �)H94[:O4D$ �_BU:+0':�4'./(�GNHJ4)B  4'*-$U*-,P*5(+./4�`
� HJ43B  4 o � c3æ1nEf7å¢àgk�e¨×då¢àgc[ØJk�àgØJc¥× Ó c¥×�ØJf7nEeU×xìòk�f9æ1n+Ø9h/kOeU×�ÕCc;Ûgf9c3àgáOc¥×�ÛgfJo�×xc¥fJáOc3e¢Ø Ó c¥×�ä è Û6kEØ9ägú¥×Jc¥×�c)ØÓ n8m)k�e¨m Ó àU×xhlk�e�ÕCc Ó n[ÛUfJc¥àgá�cYhlegh»Ø9hln Ó cOp���kOàU×^m)kOeU×JhlÕCo¥fJkOeU× Ó c�×?ØJf7nEeU×xìòk�f9æ1n+Ø9h/kOeU×?àgegcYÛUnEf^àUegc o
p ��hlÜ�àUfJcDÝCp �;ÛUnEÜOc[Þ�÷gÞ6o Ó cMfJo�×xà Ó Ø9nEØ^c¥×xØ�h/æ8æ8o¥ÕChFn+Ø�p
p ��hlÜ�àUfJcDÝCplÞ�Þ�ÛUn�Ü�cYÛgf9o¥m)o�ÕCc3e¢Ø9c1o Ó cYegkOæ'ëgf9cMÕCcMe �MàUÕg×^Õgc Ó n8Ûgf9c3àgáOc�hlegh/ØJhFn Ó cMc¥×xØdÕCc6o
αI = Σi=m

i=1 |πzi
|+ |πx1

|+ |πx2
|+ |πK1

|+ |πK2
|+ 3H cMegkOæ'ëgf9c�ÕgcMe �MàUÕg×^ÕCc Ó n;Ûgf9c3àgáOcYn�Ûgf9ú¥×RØJf7nEeU×xìòk�f9æ1n+Ø9h/kOe�á+nEàCØ�o

αT = Σi=m
i=1 |πzi

|+ |πx1
|+ |πx2

|+ |πK1\K2
|+ |πK2\K1

|+ |πK1∩K2
|+ 5

��ëU×xc¥fJáOk�eU×?å¢àgc
|πK1
| = |πK1∩K2

|+ |πK1\K2
|
c3Ø
|πK2
| = |πK1∩K2

|+ |πK2\K1
|
p

αI − αT = |πK1
|+ |πK2

| − |πK1\K2
| − |πK2\K1

| − |πK1∩K2
| − 2

= |πK1∩K2
|+ |πK1\K2

|+ |πK2
| − |πK1\K2

| − |πK2\K1
| − |πK1∩K2

| − 2

= |πK1∩K2
|+ |πK2\K1

| − |πK2\K1
| − 2

= |πK1∩K2
| − 2

ñRk�æ8æ8c
K1 ∩K2 6= ∅

ßCeUk�àU×%kOëCØJc¥egk�eU×
|πK1∩K2

| ≥ 2
c3Ø Ó cYegkOæ'ëgf9cMÕCcMe �MàUÕg×^Õgh/æ8hle¢àUc�p

�J k�àCØ9c Ó n�×xàgëgØJh Ó h/ØJo�ÕCà;f9o¥×Jà Ó Ø7n+ØLfJo�×xhFÕCc^Õgn�eU× Ó nYm)kOeU×xØJf9àUmIØ9h/kOe[ÕCc Ó ndë6k�egeUcRìòkOfJæ8c^ÕCc?Ûgf9c3àgáOc�pOñRcRØJf7nVáVn�h Óc�×²Ø^f9o¥n Ó hF×xoYÕgnEe¨× Ó c Ó c3æ8æ8c'ÚEø8×Jàgh/á+n�eOØ�p
{	� 
 
�� � � � S *-.?4 �O*F0I, 4ÖBC$64�GNHJ43B  4Ö0I*-A�GN./4I>Y(9G6.l(+,P*54ð4), D � 47( �¢4)H�:O4 T ` w (E./@+H701*-.R4 �O*F0I, 4 ! �O(E./4)A143$U,BC$N4?G6H94)B  4M0I*-AdG6./4)>?(7G6./(E,=*54)> D � 47( �O43H'4), ⊕ � 49( �O43H':�4 T ` w `

� HJ43B  4 o ^ k�h/Ø P àgegc�Ûgf9c3àUá�c�×Jh/æ8Û Ó c�ß¢nEÛ Ó n+Ø9h/c�c3Ø D � 47( �¢43H ÕCc T ` w ß¢egk�àU×_nEÛgÛ Ó hFåOàUk�eU×ãÛ Ó àU×Jhlc3àgf7×ãìòkOhl×Ó c¥×�ØJf7nEe¨×²ìòkOfJæ1n+Ø9h/kOeU×dÕgc;ÛUfJc¥àgá�c�×�ÕCo�m)f9h»Ø9c¥×YÕgn�eU× Ó c�×dÔ¨Ü�àgf9c¥×YÝCp ��Û¨nEÜ�c�Þ¥÷UÞ'c)Ø'Ýgp/ÞOÞ'ÛUn�Ü�c'ÛUfJo�m)o¥Õgc3e¢ØJcOpjñRcÛgf9kCm)c�×J×JàU×�ØJc¥fJæ8hlegc�m3n�f_m)c�×<nEÛUÛ Ó hFm3nEØJhlk�eU×ãìòk�e¢Ø_ÕCo¥m3fJk �lØ9fJc Ó c^egkOæ'ëgf9c�ÕCc�e �Mà¨Õg×<ÕTé nEÛgf9ú¥× Ó nMÛgf9k�Û6kO×Jh/ØJhlk�e�Þ�Þ�p
�dk�àU×;k�ëgØJc3eUk�eU×[ëghlc3e àgegc�ÛgfJc¥àgá�c

⊕ � 47( �¢4)H Õgc T ` w
ß<åOàUc�egkOàU×;Û¨kOàgá�kOeU×[fJc¥eUÕCf9c�×Jh/æ8Û Ó c�c)ØÖnEÛ Ó n+Ø9h/cì5nOm)h Ó c¥æ;c¥e¢Ø¥p � c3æ1n�f9å¢àgkOeU×[å¢àgcÂm)c�×[ØJf7nEeU×xìòk�f9æ1n+ØJhlk�e¨×Degc�ìòk�e¢Ø8ÛUn�×8nEÛUÛUnEf7n��FØJf9c�ÕCcÂf9ú3Ü Ó c (D)

nEÛgf9ú¥×[àgegcf9ú3Ü Ó c
(GX)

c)ØDegh<Õgc;f9ú3Ü Ó c
(D)

�²à¨×²Ø9c8n�Ûgf9ú¥×�àgegc8f9ú3Ü Ó c
C)
ùIßjÛ¨nEfMm)kOeU×xo�å¢àgc3e¢Ø Ó n�Ûgf9c3àgáOc[c�×²ØMo3Ü¢n Ó c3æ8c3e¢Ø

D � 47( �O43H p �
{	� 
 
�� � �`} ��� ��� � � �R| � �

(DK)
��kOàU×;ÛgfJkOàgá�kOeU× Ó c Ó c3æ8æ8cðÚ �ÿå¢àgh%Û6c3f9æ8c)Ø;Õgc�ÕChlf9c�å¢àgc�ØJk�à¨× Ó c¥×nEØJk�æ8c�×MÕCc¥×Me��MàUÕg×MhF×J×JàU×MÕTé àgegc�fJú¥Ü Ó c
(D)

×Jk�e¢ØMëgh/c¥eûÕgnEe¨× Ó c�×Dn+Ø9k�æ8c¥×MÕCc
Sc(T,w)

Û¨kOàgfDàgeUc1ÛgfJc¥àgá�c×Jh/æ8Û Ó c�ß�nEÛ Ó n+Ø9h/cOß
D � 49( �O43H c)Ø ⊕ � 47( �O43H Õgc T ` w p_ñRc Ó c3æ8æ8cÖegkOàU×[Û¨c¥fJæ8c)ØJØJf7nðc3e¨×xàgh/ØJc�ÕCcÖÛgf9k�àUá�c3f Ó cÓ c3æ8æ8cMÕCc Ó kCm¥n Ó h»Ø9oYnEØJkOæ;hFå¢àgcYÛ¨kOàgf Ó cDm7ägh»âNf9c3æ8c3e¢Ø�m)kOæ;æ[àCØ9nEØJh/ì²p

��kOàU×%c)âNc¥m)ØJàgkOeU×¥ßgm)c)ØJØJc�ìòk�hF×¥ß Ó n;Ûgf9c3àgáOc�Õgà Ó c3æ8æ8c'Ú �[Û¨kOàgf Ó cMm¥n�×^ÕCà�íDkOà�c3îgm Ó àU×xh/ìLïTß Ó n;Ûgf9c3àgáOc�c�×²Ø×Jh/æ8h Ó n�h/f9c�Û¨kOàgf Ó cDm¥n�×^ÕCc�×%Ü�f9k�àgÛ6c¥×^n�ë¨o Ó hlc3e¨×3p
{	� 
 
�� � � � @+*-, P BC$N4_G6HJ43B  4Y0I*-A�GN./4)><(7G6./(E,=*54)> D � 47( �O43HY43, ⊕ � 47( �¢4)HD:O4 T ` u ` � * P 4)0I,R:�4Y.l(^&)@+HIA14

(DK)

(R)

```
T ` {u}K ↓ = r

```
T ` K ↓

T ` u

(E./@+H70'(+,]@+A[0 ({u}K) ⊆ (+,]@+A[0 (Sc(T )) `
Þ¥÷Eö
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��� ���������������%� �z�������������������
�`� �����6�����m/
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� H94)B  4 o ��kOàU×?ì5nEhF×Jk�eU×%àgeUc�hleUÕCà¨mIØJhlk�eð×xØJf9àUmIØ9àgf9c ÓlÓ cM×Jàgf P pH cDm3n�×^Õgc�ë¨n�×Jc1o
(R)
c¥×xØ Ó n8f9ú3Ü Ó c

(A)
o Ó cMf9o¥×Jà Ó Ø7n+Ø^c¥×xØ�hlæ;æ8o�ÕChlnEØ¥p

�dk�àU×�ìòkCm3n Ó hF×Jk�eU×Yegk�ØJf9c;nEØxØ9c3e¢ØJhlk�eQ×xàUf Ó nÂÕCc¥fJeghlú3f9c8fJú¥Ü Ó c
(R)
àCØ9h Ó hF×xo¥cÖÕgnEeU× Ó nÂ×xkOàU×gYPÛgf9c3àUá�c[Õgc

P
×JcØ9c3f9æ8h/eUn�e¢Ø%Û¨nEf

{u}v ↓

p (R)
c¥×xØ Ó n;f9ú3Ü Ó c

(CK′)
o¨ñRk�æ8æ8c

P
c�×²Ø�àgeUcMÛgfJc¥àgá�c

D � 47( �¢43H m)c Ó n;ejé c¥×xØ�ÛUnO×%Û¨k¢×J×Jh/ë Ó cOp
p (R)

c¥×xØ Ó n;f9ú3Ü Ó c
(DK′)

ogh/æ8Û6kO×9×xhlë Ó cMm3nEf Ó n;Ûgf9c3àgáOc
P
c¥×xØdnEÛ Ó n+Ø9h/cOp

p (R)
c¥×xØ Ó nQf9ú3Ü Ó c

(GX)
o<egk�à¨×8fJc¥ÜOnEf7ÕCkOeU×[Õgk�eUmðÕTé k�ü Ûgf9k+áXh/c¥egegc¥eOØ Ó c¥×1ä è Û¨k�ØJägú�×xc�×1ÕCc Ó nQfJú¥Ü Ó c

(GX)
ÕgnEeU× Ó nÂÔ¨Ü�àgf9c�ÝCplÞ�Úgp ��kOàU×'ÕChF×xØJhlegÜ�àgkOeU×DÕCkOeUm Ó c¥×[ÕCh»âNo3f9c3e¢Ø9c¥×DÛ6kO×9×Jh/ëgh Ó h»Ø9o¥×MÛ6k�àgf Ó c�×Df9ú3Ü Ó c�×

(Ri)
×Jàghlá+nEe¢Ø Ó n8×xØJf9àUmIØ9àgf9cYÕgc

{u}K ↓
p

(DK)

(GX)

(R1)
T ` B1

T ` B
′
1

... (Rn)
T ` Bn

T ` B
′
n

T ` {u}K ↓

���
T ` K ↓

T ` u ↓

rXs�tUuNÝCplÞ�Ú p 	]ÓlÓ àU×xØJf7n+Ø9h/kOe�ÕCàðm¥n�× (DK)
Õgn�eU× Ó c Ó c3æ8æ8c'Ú �[ÛUn�Ü�cMm)h Y m3k�e¢ØJf9c�p

��kOàU× æ;kOe¢ØJf9k�eU× å¢àgc Ø9k�àU× Ó c¥×�nEØJk�æ8c�× ÕCc
{u}K ↓

×Jk�e¢Ø ÕCc¥× n+Ø9k�æ8c¥× ÕCc
Sc(T )

p ^ k�h/Ø
a ∈n+Ø9k�æ1×

({u}K ↓)
p � c3æ1nEf7å¢àgk�e¨×då¢àgc a c�×²Ø�ìòk�f7m)o¥æ;c¥e¢Ø�ÕCc Ó nÖìòk�f9æ;c {a′}K ß¨c3Ø�h Ó c)îChl×xØJc[àge i Ø9c Ó å¢àgc

a ∈
n+Ø9k�æ1×

(B′
i)
p ��k�à¨×^m)k�e¨×xhFÕCo3f9k�e¨×?n Ó kOf9× Ó c¥×^ÕCh/âNo3f9c3e¢Ø9×�m¥n�×?Û6kO×9×xhlë Ó c¥×%Û6k�àgf Ó n8fJú¥Ü Ó c

(Ri)
o

p (Ri)
c¥×xØ Ó n[f9ú3Ü Ó c

(A)
p

p (Ri)
c¥×xØ Ó nÿf9ú3Ü Ó c

(DK′)
ØJc Ó/Ó cðåOàUc

(DK′)
T ` {w1}K′ T ` K ′

T ` w1 = B′
i

p�iãn�f;ä è Û6kEØJäUú¥×Jc�ÕTé h/e¨ÕCàUmIØ9h/kOe
nEØJkOæ8×

({w1}K′) ⊆
n+Ø9k�æ1×

(Sc(T ))
ßUÕgk�eUmYn+Ø9k�æ1×

(w1) =
n+Ø9k�æ1×

(B′
i) ⊆

nEØJkOæ8×
(Sc(T ))

p
p (Ri)

c�×²Ø Ó nMf9ú3Ü Ó c
(C)
ßOm3k�æ8æ8c

P
c¥×xØ<àgegc�Ûgf9c3àUá�c

D � 47( �¢43H eUk�àU×<×9nVá�kOeU×ãå¢àgc B′
i

c�×²Ø_c¥e8Øfq3ØJcdnVáOc¥m
{.}K′

Ø9c Ó å¢àgc
K ∩K ′ = ∅

pNiãnEfYm)k�e¨×xo�åOàUc3e¢Ø
B′

i

×¥é n�egeXà Ó c[ÛUnEfYàge�nEàCØ9fJc[ØJc¥fJæ8c;ä è Û6kEØ9ägú¥×Jc
B′

jÕgc Ó n1fJú¥Ü Ó c
(GX)

Ø9c Ó å¢àgc'n+Ø9k�æ1×
(B′

j) ⊆
nEØJk�æ1×

(Sc(B
′
i))
p H cMØJc¥fJæ8c

B′
j

egcDÛgf9k+áXh/c¥eOØ�Û¨n�×dÕjé àgeUcf9ú3Ü Ó c
(C)
m3n�f

P
c�×²Ø
⊕ � 47( �¢4)H ßXeghTÕTé àgegc�fJú¥Ü Ó c (GX)

m3n�f Ó nDÛgf9c3àUá�cdc�×²Ø^nEÛ Ó nEØJhlc�p�_�n�eU× Ó c�×Rn�àCØJf9c¥×m¥n�×
B′

j

Ûgf9k+áXh/c¥eOØdÕjé àgeUcDfJú¥Ü Ó c
(A)
k�à

(D)
n�h/e¨×xh�nEØJkOæ8×

(B′
j) ⊆

n+ØJkOæ1×
(Sc(T ))

p �dk�àU×dm)k�e¨m Ó àgk�eU×Õgk�eUmMå¢àgcMn+Ø9k�æ1×
(B′

i) ⊆
nEØJkOæ8×

(Sc(T ))
p

�

{R|G}'~�������� ~
�8| 
 � � � �zx �dk�àU×%ÕChF×JÛ¨k¢×xkOeU×_æ1n�h/e¢ØJc¥eUnEe¢Ø^ÕCc�ØJkOàU× Ó c�×Ro Ó o¥æ8c3e¢Ø9×?Û6k�àgf^Ûgf9k�àUá�c3f Ó c Ó c3æ8æ8c�ÕgcÓ kCm3n Ó h/ØJoMn+Ø9k�æ8hFåOàUcY×Jàghlá+nEe¢Ø¥p
{	��
�
�� � 
 � @E*-, P BC$N4_G6HJ43B  4'(9G6.l(+,P*54I>L0I*-A�GN./4)> D � 49( �O43HM4), ⊕ � 47( �¢4)HY:�4 T ` w (+./@EH70�,]@+BX0d./4)0Y(E, @EA84)0:O4I0M$ �_BU:+0':�4 P 03@E$U,^:�(+$U0'(+,]@+A[0 (Sc(T,w)) `

� H94)B  4 o �dk�àU×Lf7nEhF×Jk�egegkOeU×jÛ¨nEfLh/e¨ÕCàUmIØ9h/kOe;×xØJf9àUm)ØJàgf9c ÓlÓ c%×Jàgf Ó n�Ûgf9c3àgáOc P o H c%m3n�×LÕCc%ëUnO×xc%m)kOfJf9c¥×JÛ6k�eUÕV Ó n;fJú¥Ü Ó c
(A)
ß Ó cMf9o¥×Jà Ó Ø9n+Ø^c�×²Ø�n Ó k�f7×?h/æ8æ8o¥ÕghlnEØ¥p � c¥ÜOn�f9ÕCkOeU×?c3eðÕCo3Ø9nEh ÓTÓ n;Õgc3f9egh/ú¥fJcYf9ú3Ü Ó cMÕCc P o

p (D)
oCegk�àU×%àgØJh Ó hF×xkOeU× Ó c Ó c3æ8æ8c'Ú �;ÛUn�Ü�cYÛgf9o¥m3o¥ÕCc¥eOØ9c�c3Ø Ó é ä è Û¨k�ØJägú�×xcDÕTé hleUÕCàUm)ØJhlk�eÂÛ¨kOàgf�m)kOeUm Ó àgf9c�p

p (C)
o
P
c¥×xØÈØJc ÓlÓ c�åOàUc T ` w1 T ` w2

T ` {w1}w2

p\iãn�f h/eUÕgàUmIØ9h/kOe Û6k�àgf
i = 1, 2

nEØJkOæ8×
(wi) ⊆n+Ø9k�æ1×

(Sc(T,wi))
ß<k�f

wi ∈ Sc({w1}w2
)
ÕCkOeUmÂn+ØJkOæ1×

(wi) ⊆
n+Ø9k�æ1×

(Sc(w))
ß?m)cðå¢àgh�egkOàU×8Û¨c¥fgYæ8c)ØdÕCcDm3k�eUm Ó àgf9c�p

Þ¥÷¢Ý
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��������� ���!�#" �$�%�����'&(����)*������+-,�.%/0�1���2�#�3�����

p (GX)
oEn Ó k�f7× Ó n�ÛgfJc¥àgá�c

P
c�×²Ø�ØJc Ó/Ó c^åOàUc

(GX)

(R1)
T ` B1

T ` B′
1

. . . (Rn)
T ` Bn

T ` B′
n

T ` w

p �dk�àU×�Ûgf9k�à
Y
á�k�e¨×_å¢àgc�nEØJkOæ8×

(B′
i)
×xkOe¢Ø?Õgn�eU×_nEØJk�æ1×

(Sc(T,w))
ßXc3eÖf9c3Ü¢nEf7ÕgnEe¢Ø Ó c¥×?ÕCh»âNo3f9c3e¢Ø7×Rm¥n�×<Û6kO×9×Jh/ë Ó c¥×RÛ6k�àgf

(Ri)
o

p (A)
oCÛUn�f�ÕCo)ÔUeUh»Ø9h/kOeÂnEØJkOæ8×

(B′
i) ∈
nEØJkOæ8×

(Sc(T ))
ß

p (D)
ogÛUn�f Ó c Ó c3æ8æ8cMÚ��;ÛUnEÜOc;Þ�÷Eö;egk�à¨×%k�ëCØ9c3egkOeU× Ó cMf9o¥×Jà Ó Ø9nEØ¥p

p (GX)
ogh/æ8Û6kO×9×xhlë Ó c�ßgm¥nEf

P
c�×²Ødn�Û Ó n+ØJhlc�p

p (CK)
o ^ h6nEØJk�æ1×

(B′
i) ⊆

n+ØJkOæ1×
(Sc(T ))

Ó cdfJo�×xà Ó Ø9nEØ_c¥×xØRáXf7nEhPßO×Jh/eUk�eÖn+Ø9k�æ1×
(B′

i) 6∈
n+Ø9k�æ1×

(Sc(T ))
pH cÿØ9c3f9æ;c

B′
i

Û6c3àgØ q3ØJf9c�o Ó hlæ8h/eUo�Û¨nEfJØJhlc ÓlÓ c¥æ;c¥e¢ØÂÕgn�eU×�àgegc�×xkOæ8æ;cOp ��k�à¨×�nVáOk�eU×�ÕCk�e¨m�ÕCc¥àCîÛ6kO×9×xhlëgh Ó h/ØJo�×R×Jk�h/Ø Ó c¥×?n+Ø9k�æ8c¥×?ÕCc
B′

i

×Jk�e¢ØRÕgn�eU×
w
ßXÕUnEeU×?m)cYm3nO×_n+Ø9k�æ1×

(B′
i) ⊆

nEØJkOæ8×
(Sc(w))

ßg×xkOh»Øh Ó c�×²Ø_o Ó hlæ8h/eUodÛUn�f<àgeÖnEàgØJf9c^ØJc¥fJæ8c
B′

j

ÕCc Ó nD×xkOæ8æ;cOß�Õgn�eU×_m3cdm3nO×<n+Ø9k�æ1×
(B′

i) ⊆
nEØJk�æ1×

(Sc(B
′
j))
p

�dk�àU×[Ûgf9k�àgáOk�eU×DÕUnEeU× Ó c�ÕCc3f9eghlc3f;m3n�×[å¢àgc�nEØJk�æ1×
(Sc(B

′
j)) ⊆

n+Ø9k�æ1×
(Sc(T ))

c¥eênEeUn Ó/è ×9nEe¢Ø Ó c¥×ÕCh/âNo3f9c3e¢Ø9×�m¥n�×^Û6kO×9×Jh/ë Ó c¥×¥p6ñRkOæ;æ8c
B′

i

c�×²Ødm7ägh/âNfJoDÛ¨nEf Ó é c¥eU×xc¥æ'ë Ó c'ÕCcDm Ó c3ì5×
K
ß
B′

j

ejé c¥×xØdÛUnO×^hF×J×JàÕTé àgegc[fJú¥Ü Ó c
(CK′)

nVá�c¥m
K ′ 6= K

ßUeghLÕTé àgegcDf9ú3Ü Ó c
(C ′

K)
nVá�c�m

K ′ ∩K 6= ∅
m3n�f

P
c¥×xØ
⊕ � 49( �O43H piãnEf�m)kOeU×xo�å¢àgc3e¢Ø�m3cDØJc¥fJæ8c[ÛgfJk+áXhlc3e¢ØdÕTé àgegc;fJú¥Ü Ó c

(A)
k�à

(D)
c)Ø�Ü�f7þ�m)cDn�à Ó c3æ8æ8c;Ú �ÖÛUnEÜOcÖÞ¥÷�önEØJk�æ1×

(B′
j) ⊆

n+Ø9k�æ1×
(Sc(T ))

ß�m3cÖå¢àgh<egkOàU×YÛ¨c¥fJæ8c3Ø[ÕCcÖm)kOeUm Ó àgf9c1åOàUc1Û¨kOàgfMØJkOàCØ
i
eUk�àU×DnVáOk�eU×nEØJk�æ1×

(B′
i) ∈
n+Ø9k�æ1×

(S⊕(T,w))
ßUeUk�àU×^nVáOk�eU×%ÕCkOeUm Ó n Ó kXm¥n Ó h»Ø9oDn+Ø9k�æ8hlå¢àgcOp

�

wGx �Ix�yzx � � �	� �@���8~�� �0x
��kOàU×'m3k�eUm Ó àUk�eU×Mc¥eûÛgf9o¥×Jc3e¢Ø9n�e¢Ø Ó c�×Df9o¥×Jà Ó Ø7n+Ø7×DÕCc�ÕCo�m)hFÕgnEëUh Ó h»Ø9o�Û6k�àgf Ó c�ÛgfJkOë Ó ú3æ8cÖÕCc�Õgo¥ÕCàUm)ØJhlk�eûÕCcÓ é hle¢ØJf9àU×^Õgn�eU×^m)c�×^ÕCc3àCî�ØJägo¥k�f9h/c�×?o¥å¢àUn+Ø9h/kOegegc Ó/Ó c¥×¥p

{	�*}'~ � �������
{.}.
~ � ��}*} �@��� � ��
����%� }'| 
�
 � �8~��8� � x H n Ó kXm¥n Ó h»Ø9o_n+Ø9k�æ8hFåOàUcãegk�àU×jÛ¨c¥fJæ8c)Ø�ÕCc<m)kOeUm Ó àgf9cÕChlf9c¥mIØ9c3æ8c3e¢Ø�m)kOæ8æ;cMÕgn�eU× Ó cDm3n�×XL�N�PRQRS¢p

{	� }'~ � �
�
{.}.

~ � ��} } �@��� � ��
����%� }'| 
�
 �I��~
�8� � x ý f7þ�m)cQnEà fJo�×xà Ó Ø7n+Ø\ÕCc Ó kCm3n Ó h/ØJo�nEØJk�æ8hFå¢àgc�ÕgàÓ c3æ8æ8cÖÙ�÷ÂÛUn�Ü�c1Ûgf9o¥m3o¥ÕCc¥e¢ØJc�ß�egk�àU×Dk�ëCØ9c3egkOeU× Ó é c¥eU×xc¥æ'ë Ó cÖÕCc1Ø9k�àCØ9c¥× Ó c¥×[m Ó c)ì5×¥ß�nEhleU×Jh_å¢àgc Ó é c¥eU×Jc3æ'ë Ó cÖÕCcØ9k�àU× Ó c¥×Mn+Ø9k�æ8c¥×�àCØ9h Ó hF×xo�×DÕgnEe¨×�àUegc8ÛgfJc¥àgá�cOp ��kOàU×�æ;kOe¢ØJf9k�eU× Ó n�Õgo¥ÕCàUm)ØJhlëgh Ó h/ØJo1c¥e�àgeUc;o3Ø9n�Û¨c1Û6k�àgf Ó n�íæ1n�m3fJkQï�f9ú3Ü Ó cÂÕCc Ó n�æ6q3æ8cÂæ8n�eghlú3f9c�å¢àgcÂÕgnEe¨× Ó n�×xc�mIØJhlk�e ÝCp°ÚCp°ÚCp°ÚðÛUn�Ü�c�øEöUßãm3c�å¢àgh^egkOàU×[Û¨c¥fJæ8c)ØÖÕCcm3k�eUm Ó àgf9c�Û¨kOàgf Ó cDm¥n�×XL�T
{.}.
p

cXd �Xd�� � t�� ��v ��tãv²wUy d
��kOàU×?ÕCo3æ8k�e¢Ø9fJkOeU×<å¢àgc Ó c�Ûgf9k�ë Ó ú¥æ;c�ÕCc�ÕCo�ÕCàUm)ØJhlk�e�ÕCc Ó é hleOØ9fJà¨×<c¥×xØRô��diOY ^ i3[dñRô Õgh �Öm)h Ó cdÛ6k�àgf Ó c�m3n�×ëghleUn�h/f9c�Û6k�àUf Ó n[Ø9ägo3kOfJhlcYo¥å¢àUn+Ø9h/kOegegc Ó/Ó c LON�PRQ

{.}.
m3k�æ8æ'àgØ9n+Ø9h»ìãn�× è æ8o)ØJf9hFåOàUc�p

��kOàU×1m)kOeU×JhlÕCo¥fJkOeU×[àge m7äUh»âNfJc¥æ8c3e¢ØÖn�× è æ8o3ØJf9hlå¢àgcOß *5`-4�` àge ØJc¥fJæ8cðm7ägh/â6f9o {u}k Û6c3àCØ�q3ØJf9cðÕCo¥m3f è ÛCØ9o×Jhãc)Ø'×Jc3à Ó c3æ8c¥eOØ'×Jh Ó n�m Ó c3ì?hleXá�c¥f9×Jc1ÕCc Ó nðm Ó c3ì
k
ßjÕgo3egk�ØJo3c

Inv(k)
c¥×xØ'm)kOegeXàgc�p �dk�àU×MÕCc¥á�kOeU×Mn��²kOàCØJc¥f Ó c× è æ'ë6k Ó c�ÕCcYìòkOeUmIØ9h/kOe

Inv
V Ó n;×JhlÜ�eUnEØJàgf9c�ÕgcMegkEØ9fJcYæ8kCÕCú Ó cYc)Ø�æ8kCÕCh»Ô¨o Ó n;f9ú3Ü Ó cMÕCcMÕCo¥m7äUh»âNfJc¥æ8c3e¢Ø�ÛUnEf*o

(DK)
T ` r T ` Inv(K)

T ` u ↓

* & r =E {u}K

k�ü
K
c¥×xØ Ó c;æ[à Ó ØJh YPc¥eU×xc¥æ'ë Ó c1egkOe�áXhFÕCc

{kα1

1 , . . . , kαn
n }
ß
Inv(K)

c¥×xØDàgegc1eUkEØ9nEØJhlk�e�Û¨kOàgf Ó c1æ'à Ó ØJh Yc¥eU×xc¥æ'ë Ó c
{Inv(k1)

α1 , . . . , Inv(kn)αn}
ßjeUk�àU×DÕgo3egk�ØJk�e¨×Dm)kOæ;æ8c1Ûgf9o¥m3o¥ÕCc¥æ8æ;c¥e¢Ø

T ` Inv(K)
nEàgØ9nEe¢ØÕCc;×xo�å¢àgc3e¢Ø9×�ÕCc8m7äUn�å¢àgc;m Ó c)ì_hleXá�c¥f9×Jc'å¢àgc[Õgc[æ[à Ó Ø9h/Û Ó hFm)h/ØJo8n�×9×xkCm3h/o¥c�p � c3æ1nEf7å¢àgk�eU×�å¢àgc[×Jh Ó n�m Ó c)ì_hleXá�c¥f9×Jc

Þ¥÷��
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e�é c�×²Ø^ÛUnO×^m)k�eUe¢àUc�ßCh Ó ejé è n;n�àUm)àUe�æ8k è c¥e�eUhjÕCc Ó é nEÛgÛUfJc¥eUÕCf9c�ßCeghjÕCc Ó n;Ü�o¥ego3f9c3f�p J k�à¨× Ó c�×%fJo�×xà Ó Ø9nEØ9×%ÕCc Ó n×Jc¥m)ØJhlk�e�Ûgf9o¥m)o�ÕCc3e¢Ø9cY×Jk�e¢Ø^c3e¨m)k�f9c�áVn Ó n�ë Ó c¥×¥p
�dk�àU×ãn�ÛgÛ¨c Ó kOeU× Ó c%m3nO×�ëgh/e¨nEhlfJc?Û¨kOàgf Ó cDídk�à[c)îgm Ó àU×Jh»ìTïNß Ó n�×Jh»Ø9àUn+Ø9h/kOe'k�ü Ó é c¥eU×xc¥æ'ë Ó c%ÕCc¥×�ä è Û¨k�ØJägú�×xc�×�Õgc

T
c3Ø Ó cdëUàCØ

u
ÕCc Ó n'Ûgf9c3àgáOc

P
ÕCc
T ` u

eUc�m)kOe¢ØJhlc3egegc¥e¢ØRÛUnO×RÕCcdØJc¥fJæ8c¥×?nVá�c�m^Û Ó àU×%ÕCc�Õgc3àCîÖnEÛUÛ Ó hFm3nEØJhlk�eU×m3k�eU×Jo¥m3àCØJhlá�c�×%ÕCàð× è æ'ë6k Ó c
⊕
p

�dk�àU×ãæ8kOeOØ9fJkOeU×ãÕgn�eU× Ó c�m¥n�×ãÕTé àgeÖm7ägh/âNfJc¥æ;c¥e¢Øãm3k�æ8æ'àgØ9n+Ø9h»ìTå¢àgc Ó c^ÛgfJkOë Ó ú3æ8c^ÕCc�ÕCo¥ÕgàUmIØ9h/kOe1c¥×xØ<ô �diOY
^ i%[dñRô ÕCh �Öm3h Ó cÖÛUn�fMfJo�ÕCàUmIØ9h/kOeûnEàQÛgf9k�ë Ó ú3æ8cÖÕCà�æ8k�Ø'àgegh/ìòk�f9æ8cÖÕgnEeU× Ó c�×'×Jc3æ8h Y Ü�f9k�àUÛ¨c�×Mm)k�æ8æ[àCØ9nEØJh/ì5×õ BC$U* &)@EHIA � @EHJ:YGNHJ@��3./43A *-$Q27@+A;A[BC,](+,P*  4D034)A;* ��HJ@+B�G60 ùIßUÕgo3egk�ØJoMhFm)h  � � F Z Z\ø¢Ú+ë�K p

� egcMh/e¨×²Ø7nEeUm3cYÕgà�ÛUfJkOë Ó ú¥æ8c  � � c�×²ØdÕgo)ÔUeghlcMÛUn�f*o
α1 = β1, . . . , αn = βn |= α = βkOü

α
ß
β
ß
αi
c)Ø
βi
×Jk�e¢Ø�ÕCc�×Yæ8kEØ9×Y×JàgfYàgeQn Ó ÛgäUnEë6c)Ø�p 	]Ó c¥×xØYc�×J×Jc3e¢Ø9h/c Ó Û6k�àUf Ó n�m)k�æ8Û Ó c)îCh/ØJo8ÕCà�ÛgfJkOë Ó ú3æ8cå¢àgc Ó éOn Ó ÛUäUnEë6c)ØR×Jk�h/Ø<hleCÔUeghLõòëghlc3e1c¥e¢ØJc3e¨ÕCàjßEØ9k�àCØ9c�hleU×²Ø7nEeUm3c

C
ÕCàÖÛgf9k�ë Ó ú3æ8c  � � e�é àCØ9h Ó hF×xcdå¢àjé àgegcdÛUnEfJØJhlcÔ¨egh�ÕCc

Σ(C)
ÕCc'm3c)Ø�n Ó ÛUäUnEë6c)ØIùIp � egcMØ9c ÓlÓ cDhleU×xØ9n�eUm)cDÕCc  � � Û¨k¢×J×Jú¥ÕgcMàgegc'×Jk Ó àCØJhlk�e	×Jhjc)Ø�×Jc3à Ó c¥æ;c¥e¢Ø�×xh

α = β
ÕUnEeU×Ym7äUnOåOàUc'×xc¥æ8h Y Ü�f9k�àgÛ6c 27@EA[A;BC, (E,=* & ×9n+ØJhF×xì5nEhF×Jn�eOØ Ó c�×�nEîCh/kOæ;c�× αi = βi

p ��k�à¨×�ÕCo¥egkEØ9k�eU×�ÛUn�f
x =C y

Ó é o¥ÜOn Ó h/ØJo1c¥eOØ9fJc Ó c¥×Dæ;k�Ø9×
x
c3Ø
y
æ8kCÕCà Ó k\m)kOæ;æ[àCØ9nEØJhláXh»Ø9o�ß�m3cÖåOàUh<c¥×xØDo¥å¢àghlá+n Ó c3e¢Ø�V Ó é n�×9×Jc3fJØJhlk�e×Jàghlá+nEe¢ØJc6o

^ k�h/Ø
α =C β

ßg×xkOh»Ø?h Ó c3îXhF×xØJc�àgegcY×xàgh/ØJcYÕCc�ÛUnEhlf9c¥×
(γ1, δ1), . . . , (γl, δl)

Ø9c ÓlÓ cYå¢àgcYm7äUn�å¢àgc�ÛUnEhlfJc
(γj , δj)

c¥×xØd×xkOh»Ø
αi = βi

×xkOh»Ø
βi = αic)Ø�àgeUcD×xàgh/ØJcDÕgc�æ8k�Ø9×

c1, . . . , cl
nVáOc¥m

cj ∈ Σ(C)∗
ØJc ÓlÓ cYå¢àgc

α =C γ1c1 , δ1c1 =c γ2c2, . . . , δl−1cl−1 =C γlcl , δlcl =C β

�dk�àU×^æ8kOeOØ9fJkOeU×%ÕCk�e¨m Ó cYØJäUo3k�f9ú3æ8cM×Jàgh/á+n�eOØ�p
� � ��| � � 
�� w 
 (+$g01./4�27(V0 �3*-$6(+*-H94MGU@+BCH1.l(ð, � ! @+HI*54 ! Z)BU(E,=*5@E$U$N4).-./4 � � � � {.}. (  492�2��X* �^HJ43A14)$¨,Y27@+A �A;BC,](+,P* &Y43,^(V0	�+A ! ,PHI*5Z)BU4'./4^G6HJ@��).��3A14;:O4[: ! :+BU23,=*5@E$Q:O4D.xS *-$¨,=HIBX0'4)0I,���� � � � � �  � :E* � 23*-./4�`

� H94)B  4 o
� Ø7nEe¢ØdÕCkOegegoMàgegcYhleU×xØ9nEe¨m)c

C = (α1 = β1, . . . , αn = βn |= α = β)
ÕCàÂÛgfJkOë Ó ú3æ8c  � � ßU×xkOh»Ø

T = {{�}αi
⊕ {�}βi

| 1 ≤ i ≤ n} ∪ Σ(C)

u = {�}α ⊕ {�}βkOü
�
c¥×xØ?àgeUcYm3k�eU×xØ9n�e¢ØJc�ß¢Ø9k�àU× Ó c¥×^× è æ[ë¨k Ó c�×%ÕCc

Σ(C)
×Jk�e¢Ø^n Ó k�f7×Rm3k�eU×JhFÕCo3f9o¥×%m)kOæ8æ;cYÕCc�×^m)k�e¨×²Ø7nEe¢ØJc�×3ß¢c)Ø

α, β, αi
c)Ø
βi
×xkOeOØ�ÕCc�×^m Ó c)ì5×¥p

� c¥æ1nEf7åOàUc oCegkOàU×%egkOàU×?fJc�×²Ø9fJc¥h/ÜOegk�eU×?nEàÂm3nO×?k�ü T ß u ×xkOeOØ%ëghleUnEhlf9c¥×?c)Ø T ß u egcMm)kOe¢ØJhlc3egegc¥e¢Ø^n�àUm)àUegcm Ó c3ì�ÕCcMÕCo�m7ägh/â6f9c3æ8c3e¢ØDõ *5`-4�` egcDm3k�e¢ØJhlc3eUegc3e¢Ø^ÛUn�× Ó cM× è æ'ë6k Ó c Inv ùRc)ØdnEà¨m)àge�ØJc¥fJæ8cYejé c¥×xØ%c¥e�Ø q)Ø9cDnVá�c¥m Ó c× è æ'ë6k Ó cMÕCcYÛUnEhlfJcOpô<e�àgØJh Ó hF×Jn�e¢Ø Ó c1f9o¥×Jà Ó Ø9nEØ'ÕCc Ó kCm¥n Ó h»Ø9oÖ× è e¢Ø9nEîXhFå¢àgc8egk�à¨×MÛ¨kOàgá�kOeU×Yf9c3ÜOn�f9Õgc3fYàgeghFå¢àgc3æ8c3e¢Ø Ó c¥×DÛgfJc¥àgá�c�×àgØJh Ó hF×Jn�e¢Ø Ó c�×Öf9ú3Ü Ó c¥×
(D)
ß

(C)
c3Ø

(GX)
p_iãnEf Ó c Ó c3æ8æ8cÿÕCc Ó kCm3n Ó h/ØJo\n+Ø9k�æ8hFåOàUc\Ù�÷�ÛUnEÜOc�Þ¥÷¢ÝCß<å¢àgh�c�×²Øc¥eUm)kOfJcYá+n Ó nEë Ó cYÛ6k�àgf Ó cDm7ägh/â6f9c3æ8c3e¢ØdnO× è æ8o)Ø9fJhFå¢àgc�ß Ó é c3îChl×xØJc¥eUm)cDÕTé àgegcMÛUfJc¥àgá�cMÕCc

T ` u
c¥×xØ�o¥å¢àghlá+n Ó c3e¢Ø(VÓ é c)îChl×xØJc¥eUm)c�ÕTé àUegcdÛgf9c3àUá�cdÕgn�eU× Ó n�å¢àgc Ó/Ó c^Ø9k�àU× Ó c�×_nEØJk�æ8c�×_ÕCc�×<e �MàUÕU×RÕCc Ó nDÛgfJc¥àgá�c�×xkOeOØ?ÕgnEeU× Ó c�×_nEØJk�æ8c�×Õgc

T, u
Û¨kOàgf%àgegcYÛgf9c3àgáOc�ÕCc

T ` u
pCiãnEf Ó n[f9c3æ1nEf7å¢àgcdÛgf9o¥m3o¥ÕCc¥e¢ØJc�ß Ó n'f9ú3Ü Ó c

(D)
e�é c�×²Ø^ÛUnO×RàgØJh Ó hF×xo¥cMÕgnEeU×Ó n\ÛUfJc¥àgá�c

P
ÕCc

T ` u
p�iãnEf8m)kOeU×Jo¥å¢àgc3e¢Ø�ß Ó n\Ûgf9c3àUá�c

P
m3k�e¢ØJhlc3e¢Ø;àgeghFåOàUc3æ8c3e¢Ø1ÕCc¥×8m)kOæ'ëghleUn�hl×Jk�eU×[ÕCc¥×f9ú3Ü Ó c�×

(A)
ß
(C)
c3Ø

(GX)
p

�dk�àU×%nEÛUÛ Ó hFå¢àgk�e¨×RÕCkOeUm Ó nMØ9f9n�eU×xìòk�f9æ8nEØJhlk�eÖÕCc Ó nMÔUÜOàgfJcYÝCp �DÛUn�Ü�c[Þ¥÷gÞ[õ-ìòàU×Jh/kOe�ÕCcYÕCc¥àCîÖfJú¥Ü Ó c¥×
(GX)

ùc3Ø Ó n�Ø9f9n�eU×²ìòkOfJæ1nEØJhlk�e�Õgc Ó n�ÔUÜ�àUfJcÖÝCplÞ¥Ù�ÛUn�Ü�c1×xàUh/á+nEe¢Ø9cÂõ5Û¨c¥fJæ[àCØ9nEØJhlk�e�ÕCc�×YfJú¥Ü Ó c¥×
(GX)

c3Ø
(C)
ù)ß�Û6k�àgf

Þ¥÷�]
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(CK)

(GX)
T ` x1 . . . T ` xn

T ` x1 ⊕ . . .⊕ xn T ` K

T ` {x1}K ⊕ . . .⊕ {xn}K

⇓

(GX)

(CK)
T ` x1 T ` K

T ` {x1}K
. . . (CK)

T ` xn T ` K

T ` {xn}K

T ` {x1}K ⊕ . . .⊕ {xn}K

rXs�tRu6Ýgp/Þ�Ù p iLc¥fJæ[àCØ9nEØJhlk�eÂÕCc¥×%f9ú3Ü Ó c�× (GX)
Y
(C)
c¥e

(C)
Y
(GX)

p
kOëCØJc¥egh/f^àUegcYÛgfJc¥àgá�cMÕCc Ó n[ìòk�f9æ8cY×Jàghlá+nEe¢ØJc6o

(GX)

õPñ%ù
õPñ%ù
õv[�ù {�}γ1

⊕ {�}δ1
∈ T

T ` {�}γ1
⊕ {�}δ1ppp

T ` {�}γ1c1
⊕ {�}δ1c1

. . .
õPñ%ù
õ ñ%ù
õ�[�ù {�}γl

⊕ {�}δl
∈ T

T ` {�}γl
⊕ {�}δlppp

T ` {�}γlcl
⊕ {�}δlcl

T ` {�}α ⊕ {�}βkOüÖegk�à¨×R×JàgÛgÛ6kO×Jk�eU×¥ßX×Jn�eU×_Û6c3f7ÕCf9c�ÕCc�Ü�o¥ego3f7n Ó h»Ø9o�ßXå¢àgc Ó c¥×Rä è Û¨k�ØJägú�×xc�×RÕCc Ó nDf9ú3Ü Ó c
(GX)

egc�á+n Ó c3e¢Ø%ÛUn�×
0
p

	]Ó c3îChl×xØJc^àgeUc^ØJc Ó/Ó c�Ûgf9c3àgáOc�×xh¨×xkOh»Ø
{�}α = {�}β

ß�kOà8×¥é h Ó c)îChl×xØJc^àUegcd×Jàgh»Ø9c�ÕCc^Ø9c3f9æ;c�×
{�}γ1

⊕{�}δ1
, . . . ,

{�}γl
⊕ {�}δl

Ø9c ÓlÓ cÿå¢àgc\m7ä¨n�å¢àgcÂØJc¥fJæ8cðc�×²Ø�×Jk�h/Ø�ÕCc Ó n�ìòk�f9æ;c o
{�}αi

⊕ {�}βi

×Jk�h/Ø�ÕCc Ó n�ìòkOfJæ8c o
{�}βi

⊕ {�}αi

ßgc)Ø^àgeUcD×xàgh/ØJc
c1, . . . , cl

ØJc Ó/Ó cDå¢àgc
{�}α = {�}γ1c1

, {�}δ1c1
= {�}γ2c2

, . . . , {�}δl−1cl−1
= {�}γlcl

, {�}δlcl
= {�}βÕgn�eU× Ó é n Ó Ü�ú¥ëgfJc�ÕCc�ØJc¥fJæ8c�ßCm3c�å¢àghTc�×²Ø%o¥å¢àghlá+n Ó c3e¢ØXV Ó é c3îXhF×xØJc3e¨m)cYÕTé àUegcM×xk Ó àCØ9h/kOe�ÕCc

C
p ��kOàU×%m)kOeUm Ó àgk�e¨×_c¥eàCØ9h Ó hF×Jn�eOØ Ó c[f9o¥×Jà Ó Ø9n+ØMÕCc Z\n è f 4),�(E.W*-* F Z Z\øOÚEë�K<åOàUhãæ;kOe¢ØJf9c Ó n�ô��diOY ^ i3[dñRô ÕCh �Öm3à Ó Ø9o1ÕCà�ÛUfJkOë Ó ú¥æ8c
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_�nEeU× Ó n�ÔUÜ�àUfJcðÝCplÞ3ö¨ßãegk�àU×8f7nEÛUÛ¨c Ó kOeU× Ó c�×1Ûgf9h/eUm3h/Û¨nEàCîûf9o¥×Jà Ó Ø9n+Ø7×8c)îChF×²Ø7nEe¢Ø9×8c3ØÖk�ëCØ9c3eXàU×1Õgn�eU×1m)c3ØxØJcØ9ägú¥×JcYÛ¨kOàgf Ó cYÛgf9k�ë Ó ú3æ8cYÕCcMÕCo¥ÕgàUmIØ9h/kOeÂÕgc Ó é h/e¢ØJf9àU×?c3e�Ûgf9o¥×Jc3eUm3cMÕTé àUe�kOÛ¨o¥f9nEØJc3àUf?Û6kO×9×Jo¥Õgn�eOØ Ó n'Ûgf9k�ÛUfJhlo)Ø9oÕTé ägkOæ;kOæ8k�f9ÛgäghF×xæ8c�p
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rXs�tUuNÝCplÞ3ö p � o�×xàgæ8oMÕCc�×^fJo�×xà Ó Ø7n+Ø9×?kOëCØJc¥e¢à¨×^Û¨kOàgf Ó c�ÛUfJkOë Ó ú¥æ8cYÕgcDÕCo¥ÕCà¨mIØJhlk�eðÕCc Ó é hle¢ØJf9àU×¥p
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# �  43H	�+, �C*-$ �Ö0 �U@+BC./: �74DA1(�:O48(V0Y0I*-A�GN./4[(+0?Gg@+090I*�3./4)>
�)BC,R$6@+,_0I*-A�GN./4)H3`ãa
[ Ó ë¨c¥fxØ�ô<hleU×xØJc¥h/ejp

q%r_s�sutLvxwgy
�U{-| �%�3~��NÎ��O��� Í¨� Í6Ì�ÍT§¨Á�¤I�l~g£ Í6� Î=Ï»�-£C¤7�¥§6�ÿÍ6Ì�ÁV�FÍ6Ã��NÎl� ��~UÍT§6Îl~ §N£¨�ê¤)�¨ÌE~X�3�l�ÌO¦¨§¨ÃO¤I�l~g£N£U�OÎlÎl�C{ã{�{d{�{�{�{�{�{�{�{�{�{�{�{�{�{�{�{�{�{�{�{d{�{�{�{�{�{�{�{�{�{�{�|X|+�ÉE�W���W�ª©�� ´¢½¢¯��¢¬I3�²¯W«�½;·M«EºO´¢®W«Y�9¶ �_ºO±7¬7¯»ºO¥¼¢®W���?�^�^�%�^�^�^�%�^�^�%�^�^�^�%�^�^�^�?�^�^�È���7�ÉE�W��� � ©�� ´¢½¢¯��¢¬I3�²¯W«�½;·M«EºO´¢®W«Y�9¶ �<¯»½¢ºO±7¬9¯/ºO¥¼O®»�¥�ã�^�%�^�^�^�%�^�^�%�^�^�^�%�^�^�^�?�^�^�È���7�
�U{/� �%�3~��NÎ��O����Í6�ÖÎ=Ï»�-£C¤7�¥§6�D�-£6Í¨ÌOÁ��FÍ6Ã��6Îl�Â��~¨ÍN§6Îl~\§N£U��¤I�¨ÌE~X�3�l�ÖÌO¦¨§¨ÃO¤I�l~g£N£U�OÎlÎl�C{ |X|+�ÉE� �E�W���R½;³�µ²«�¼¢®��7·M�?¯»½¢ºO±7¬9¯/ºO¥¼O®»�¥� �%�^�^�^�?�^�^�%�^�^�^�%�^�^�%�^�^�^�%�^�^�^�?�^�^�È���7�ÉE� �E� � ©�� ´¢½¢¯��¢¬I3�²¯W«�½;·M«EºO´¢®W«Y�9¶ �<¯»½¢ºO±7¬9¯/ºO¥¼O®»�¥�ã�^�%�^�^�^�%�^�^�%�^�^�^�%�^�^�^�?�^�^�È���I�ÉE� �E� ¾ ©�� ´¢½¢¯��¢¬I3�²¯W«�½;·M«EºO´¢®W«Y�9¶ �_ºO±7¬7¯»ºO¥¼¢®W���?�^�^�%�^�^�^�%�^�^�%�^�^�^�%�^�^�^�?�^�^�È���7¾

� c3æ1nEf7å¢àgk�e¨×?å¢àgc Ó cYÛgfJkOë Ó ú3æ8c�ÕgcYÕgo¥ÕCàUm)ØJhlk�eðÕCc Ó é hle¢ØJf9àU×%c3e�Ûgf9o¥×Jc3eUm3c�ÕTé àgegcYØ9ägo3kOfJhlc�o¥å¢àUn+Ø9h/kOegegc Ó/Ó cáXhFÕCc_c�×²ØLÕCo¥m3hlÕUnEë Ó c_c3ØLå¢àgc Ó é àgegh/Ô¨m3nEØJhlk�eDÛ6k�àUf Ó n^Ø9ägo3kOfJhlc_áXhFÕCc_c�×²Ø�o3ÜOn Ó c¥æ8c3e¢Ø�ÕCo�m)hFÕgnEë Ó cOp�_�nEeU×�m)c?m7äUnEÛUh»Ø9fJcOßeUk�àU×_ì5nEhF×xkOeU× Ó c Ó hlc3e�c3e¢ØJf9cYm)c¥×?ÕCc¥àCîÖÛgf9k�ë Ó ú3æ8c¥×¥ß¢c3e�c3îCägh/ë¨nEe¢Ø%Õgc¥×?c)îCc3æ8Û Ó c¥×?ÕCc�ØJägo¥k�f9h/c�×_o�å¢àUn+Ø9h/kOegegc ÓlÓ c¥×¥p
�dk�àU×<æ;kOe¢ØJf9k�eU×ãn�h/eU×JhUå¢àgc Ó c¥×ãÛUfJkOë Ó ú¥æ8c¥×<ÕTé àgegh/Ô¨m¥n+ØJhlk�e8c3ØRÕCc�ÕCo�ÕCàUmIØ9h/kOeÖÕCc Ó é hle¢ØJf9àU×ãæ8kCÕCà Ó kDàgegc%Ø9ägo3kOfJhlco�å¢àUn+Ø9h/kOegegc ÓlÓ c'×xkOe¢Ødh/e¨ÕCo3Û6c3eUÕUnEe¢Ø9×�Û¨kOàgf�àge\hleOØ9fJà¨×dÛUnO×J×Jh/ì²ß¨n Ó k�f7×�å¢àgc;ÕgnEeU× Ó c'm3nO×�nOmIØJh/ì Ó é àgeUh»Ô¨m¥n+Ø9h/kOeðc¥×xØeUo¥m)c�×J×9nEhlf9c�Û6k�àgf^ÛUfJkOàgá�c¥f Ó cYÛgf9k�ë Ó ú3æ8cMÕCcD×Jo¥m)àUfJh/ØJo1õ5m)ìLm7ä¨nEÛgh/ØJf9cMø[Û¨nEÜ�c8ÞVÚ�Ý�ù)p

�dk�àU×%Ûgf9o¥×Jc3e¢Ø9k�eU×%ÕTé nEë6k�f7Õ Ó cMm3nO×RkOü Ó cYÛgf9k�ë Ó ú3æ8cMÕCcMÕCo¥ÕgàUmIØ9h/kOe�ÕCc Ó é h/e¢ØJf9àU×%c�×²Ø�ÕCo�m)hFÕgnEë Ó cYc)Ø Ó é àgeUh»Ô�Ym¥n+Ø9h/kOe[Û6c3àCØ?n Ó k�f7× q3ØJf9c�×xkOh»ØãhleUÕCo�m)hFÕgnEë Ó c�×Jk�h/Ø_ÕCo¥m3hlÕgn�ë Ó c?Û6k�àUf_m)c¥fxØ7nEhlegc¥×�Ø9ägo3kOfJhlc¥×Lo�åOà¨n+ØJhlk�eUegc ÓlÓ c�×3p+ô_eU×xàUh»Ø9ceUk�àU×Mm3k�eU×xØJf9àghF×xkOeU×dàUe�ÛUfJkOë Ó ú¥æ8c;hleUÕCo�m)hFÕgnEë Ó cOßTc3eQm)kCÕgnEe¢Ø Ó é n�fJf q)ØMÕTé àgegc1æ1n�m7äghlegc1ÕCc J àgfJhlegÜ¨p � Û¨nEfJØJhlfÕgc�m)c�Ûgf9k�ë Ó ú3æ8c�egkOàU×Rc)îCäghlë¨kOeU×RÕgc3àCî8ØJäUo3k�f9hlc¥×<o�å¢àUn+Ø9h/kOegegc ÓlÓ c¥×<kOü Ó cdÛgf9k�ë Ó ú3æ8cdÕgc�ÕCo�ÕCàUmIØ9h/kOe�ÕCc Ó é hleOØ9fJà¨×c�×²Ø^hleUÕCo�m)hFÕgnEë Ó c�ßUc)Ø Ó é àgeUh»Ô¨m¥n+Ø9h/kOe�c�×²Ød×Jk�h/Ø^h/eUÕgo¥m)hFÕgn�ë Ó cOßU×Jk�h/Ø^Õgo¥m)hFÕgn�ë Ó cOp
Þ¥÷ �
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��kOàU×Mæ8k�e¢Ø9fJkOeU×MÜ�f7þ�m3c VðÕCc3àCîQc)îCc¥æ;Û Ó c�×Då¢àgcÖæ6q3æ8cÖ×Jh Ó cÖÛgf9k�ë Ó ú3æ8cÖÕCcÖÕCo�ÕCàUm)ØJhlk�eûÕCc Ó é h/e¢ØJf9àU×Mc�×²ØÕCo�m)hFÕgnEë Ó c;æ8kXÕgà Ó kÂàgeUc8ØJägo¥k�f9h/c;o¥å¢àUnEØJhlk�egegc Ó/Ó c�ß Ó c8Ûgf9k�ë Ó ú3æ8c8ÕTé àUegh»Ô6m3n+Ø9h/kOe�æ8kCÕCà Ó kðm)c3ØxØJc8Ø9ägo3kOfJhlc;ejé c�×²ØÛUnO×?ìòk�f7m)o¥æ;c¥e¢Ø^Õgo¥m)hFÕgn�ë Ó cYkOà�hleUÕCo�m)hFÕgnEë Ó c�p
�XdfeOdge ��� 	��dv���Nt��Cvxr � sur � 	 �xr�y�� � � ���Tv �dt � �²y d
_�nEeU× Ó n\Ø9ägo3kOfJhlc�áXhFÕCc�Û¨nEf;c)îCc3æ8Û Ó c�ß Ó é àgeUh»Ô¨m¥n+Ø9h/kOeêc¥×xØ1ÕCo¥m3hlÕgn�ë Ó c F b�c¥f9ÙO÷Cß � k�ë��¢Ý¢ßRñ��%ø�ÙXßOZ Z\ø¢ÚEnCßi<ó ]Eø�K�c3Ø Ó cYÛgf9k�ë Ó ú3æ8cMÕCcMÕCo�ÕCàUmIØ9h/kOeðÕCc Ó é h/e¢Ø9fJàU× Ó é c¥×xØdnEàU×9×xhPßgm)kOæ8æ;cYegkOàU× Ó é nVáOk�eU×RfJc�ÕCo3æ8kOeOØ9fJoYÕgn�eU× Ó cm7äUn�Ûgh/ØJf9c�Ù;ÛUn�Ü�cYö¢Ýgp

�XdfeOd�� ��� 	��dv���Nt��Cvxr � sur � 	 �xr�y�� � v �
� ���Tv �dt � �²y d
��kOàU×Dm3k�eU×JhlÕgo3f9k�eU× Ó n�ØJägo¥k�f9h/c1o�å¢àUn+Ø9h/kOegegc ÓlÓ cÖÕTé àUe�kOÛ¨o¥f9nEØJc¥àgf'n�×9×JkXm3hlnEØJh/ìRc3Ø[m)kOæ;æ[àCØ9nEØJh/ì

⊕
Û Ó àU×Dàge× è æ'ë6k Ó c�ägk�æ8kOæ;kOfJÛUäghlå¢àgc

h
×Jàgf Ó cY× è æ[ë¨k Ó c

⊕
pOiLp��dn�fJc¥eUÕCf7nEe1æ8k�e¢ØJf9cdc¥e�m3kXÕUnEe¢Ø Ó c�ÕCh/îCh/ú¥æ8c�Ûgf9k�ë Ó ú¥æ;cÕCcÂb�h Ó ë¨c¥fxØÖå¢àgc Ó é àgegh/Ô¨m¥n+ØJhlk�e æ8kXÕgà Ó k�m3c)ØxØ9c�ØJägo¥k�f9h/c�o¥å¢àUnEØJhlk�egegc Ó/Ó c�c¥×xØ;hleUÕCo�m)hFÕgnEë Ó c F ��nEf ����K p�_�n�eU× Ó cm7äUn�Ûgh/ØJf9cðÝ�ÛUnEÜOc����gß_egk�àU×�nVá�k�e¨×8æ;kOe¢ØJf9o\åOàUc Ó cðÛUfJkOë Ó ú¥æ8cÿÕCc\ÕCo�ÕCàUmIØ9h/kOe ÕCc Ó é hle¢ØJf9àU×Öc�×²Ø�ÕCo¥m3hlÕgn�ë Ó cæ8kCÕCà Ó k1m)c)ØJØJcMæ6q3æ8cYØ9ägo3kOfJhlcYo¥å¢àUn+Ø9h/kOegegc Ó/Ó c F HIH
J ÷¢Ý�K p

��5 � � >M:�� 	
	a<=E �kE 	�gC����I> �kD C�� �
� � C � ��� 	�E <=: � �
	\: � �BE � A �W:*>MC�E
���� � � C�: � �kE 	 	�E�5

��kOàU×ãc3îXäUh/ë6k�eU×ãÕgc3àCî;c)îCc3æ8Û Ó c¥×<Õgc%ØJägo¥k�f9h/c�×Lo¥å¢àUn+Ø9h/kOegegc Ó/Ó c¥×ãÕgn�eU× Ó c¥×9å¢àgc Ó × Ó é àgegh/Ô¨m¥n+ØJhlk�e8c�×²Ø_×Jk�h/Ø_ÕCo¥m3h YÕgn�ë Ó cR×Jk�h/Ø�hleUÕCo¥m3hlÕUnEë Ó c_c3Ø Ó cRÛUfJkOë Ó ú¥æ8cRÕCc Ó é h/e¢Ø9fJàU× Ó àghXfJc�×²Ø9c_hleUÕCo¥m3hlÕUnEë Ó cRæ8kCÕCà Ó k Ó n^Ø9ägo3kOfJhlc_o�å¢àUn+Ø9h/kOegegc ÓlÓ càCØ9h Ó hF×xo¥c�p
��kOàU×Ym)kOeU×²Ø9fJàUhl×Jk�eU×�ÕTé nEë6k�f7Õðàgegc[ØJägo¥k�f9h/c;o¥å¢àUnEØJhlk�egeUc ÓlÓ c

E
Õgn�eU× Ó n�å¢àgc Ó/Ó c Ó c;Ûgf9k�ë Ó ú3æ8c[Õgc[æ8kEØMm Ó kO×õ9í �?k�f7Õ�ÛgfJkOë Ó c3æ ïUù%c¥×xØ�h/e¨ÕCo¥m3hlÕgn�ë Ó cDnVá�c¥mYm3c)ØxØ9cYØJägo¥k�f9h/cMo�å¢àUn+Ø9h/kOegegc ÓlÓ c *5`-4�` ×9nVá�kOh/f^×Jh�ÕCc¥àCî�Ø9c3f9æ;c�×�m Ó kO××Jk�e¢ØDo3Ü¢nEàCî�æ8kXÕgà Ó k�m)c3ØxØJcÖØJägo¥k�f9h/cÖc�×²Ø[h/eUÕgo¥m)hFÕgn�ë Ó cOp H cÖÛgf9k�ë Ó ú3æ8c�ÕCc�æ;k�Ø[c¥e�ÛgfJo�×xc¥eUm)cÖÕjé àgeUcÖØJäUo3k�f9hlco�åOà¨n+ØJhlk�eUegc ÓlÓ c'c¥×xØ�àgeÿm¥n�×�ÛUnEfJØJhFm)à Ó hlc3f�ÕCc Ó é àUegh»Ô6m3n+Ø9h/kOe\æ8kCÕCà Ó k�m)c3ØxØ9cDØJäUo3k�f9hlc�p�[dh/e¨×xhPßT×xh Ó c[Ûgf9k�ë Ó ú3æ8c'ÕCcæ8kEØ�m Ó k¢×%c¥×xØ�h/eUÕgo¥m)hFÕgn�ë Ó cMn Ó kOf9× Ó cMÛgfJkOë Ó ú3æ8cMÕTé àUegh»Ô6m3n+Ø9h/kOe Ó é c¥×xØdnEàU×9×xhPp

�Xd �Xdge � � �dwgr � ����s y v ��� ���Tv ��t � �xy d
��kOàU×�m3k�eU×xØJf9àghF×xkOeU× Ó nQØJägo¥k�f9h/cðo�å¢àUn+Ø9h/kOegegc ÓlÓ cðÛUnEfJØJhFm)à Ó hlú3f9c

E
ß<Ø9c ÓlÓ cÿå¢àgc Ó c\ÛUfJkOë Ó ú¥æ8c\ÕCc\æ8kEØ�c�×²ØhleUÕCo�m)hFÕgnEë Ó cMæ8kCÕCà Ó k

E
p � egcDhleU×²Ø7nEeUm3c'ÕCàÂÛgf9k�ë Ó ú3æ8cDÕCc'æ;k�Ødc¥×xØdm)kOeU×xØJh/ØJàgo¥c'ÕCcDÕCc¥àCî�Ø9c3f9æ8c¥×�m Ó k¢× t1 c)Ø

t2
c)ØdÕjé àgeÂc¥eU×xc¥æ'ë Ó cDÕTé o¥å¢àUnEØJhlk�eU×

E
p��dk�àU×^m7äUc3f7m7ägk�eU×XV8×9nVá�k�hlf^×xh

t1 =E t2 �

iLk�àgf;æ8k�e¢ØJf9c3f;å¢àgc Ó c�Ûgf9k�ë Ó ú¥æ;c�ÕCc�æ8kEØ8Û6k�àgf Ó n\ØJägo¥k�f9h/c�o¥å¢àUn+Ø9h/kOegegc Ó/Ó c
E
c�×²Ø8h/e¨ÕCo¥m3hlÕgn�ë Ó c�ß�egk�àU×f9o¥ÕCàUhl×Jk�eU× Ó é nEf9ffq3Ø^Õjé àgeUcDæ1n�m7äghlegcMÕCc J àgf9h/egÜÖå¢àgh�c¥×xØ�àgeðÛgf9k�ë Ó ú3æ8cMhleUÕCo¥m3hlÕUnEë Ó c�p��dk�àU×�ÛgfJkOàgá�kOeU×%å¢àgc Ó næ1n�m7äUh/egcÖÕgc J àgf9hlegÜÿnVá�c�m;c3e�c3e¢Ø9fJo¥c Ó nðm3k�eCÔUÜOàgf7n+ØJhlk�eQn�×9×JkXm3h/o¥c1nEàQæ8kEØ

t1
×¥é nEf9ffq3ØJc1×xhRc)Ø[×Jc3à Ó c¥æ;c¥e¢Ø'×xh

t1 =E t2
ßUk�ü

t2
c¥×xØ Ó cYØJc¥fJæ8cMn�×9×JkXm3h/o*V Ó n;m3k�eCÔ¨Ü�àgf7n+Ø9h/kOeÖÔUeUn Ó cMÕCc Ó n;æ1n�m7äghlegcMÕCc J àgfJhlegÜ¨p

� HJ43B  4 o ��kOàU×^m)kOeU×xhFÕCo¥fJkOeU×?àgegcYæ1n�m7äghlegcMÕCo)Ø9c3f9æ8h/eghF×xØJcDÕCc J àgf9h/egÜ M = (Q,Σ, δ,�, q0, qF )
k�ü o

p Q c�×²Ø�àgeÂc¥eU×xc¥æ'ë Ó c�ÔUegh�Õjé o3Ø9n+Ø7×3p
p Σ

c�×²Ø^àgeðn Ó ÛgäUn�ë¨c3Ø^ÔUeghjÛ6k�àUf Ó cYf9àgëUnEe�p
Þ�Þ¥÷
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p δ : Q× Σ → Q × Σ × {L,R, 0}
c¥×xØ�àUegc'ìòkOeUmIØ9h/kOe\ÛUn�fxØ9h/c Ó/Ó c[n�ÛgÛ¨c Ó o¥cDìòkOeUmIØ9h/kOeÿÕCcDØ9f9n�eU×Jh»Ø9h/kOejß¨kOü

L
m)k�f9f9c¥×JÛ¨kOeUÕ V�àge�ÕCo¥m¥n Ó nEÜOc[Ü¢nEàUm7ägc;ÕCàQfJàUëUnEejß

R
V�àge�ÕCo�m3n Ó nEÜOc;ÕgfJkOh»ØMÕCàQfJàUëUnEe�c)Ø

0
ÛUn�×YÕCcÕCo¥m¥n Ó nEÜOc�ÕCàÂf9àgëUn�ejp

p � ∈ Σ
c¥×xØ Ó cD× è æ'ë6k Ó c1í;ë Ó n�eUmMï�õ Ó c[×xc¥à Ó × è æ[ë¨k Ó cDå¢àghjÛ6c3àgØdnEÛgÛUn�f9n �lØ9fJcY×Jàgf Ó c�f9àgëUn�eÂh/eCÔ¨egh/æ8c¥eOØ×xkOàgá�c¥e¢ØWV;ejé hlæ;Û6k�fJØJcDå¢àgc Ó æ8k�æ8c3e¢Ø7ù)p

p q0 ∈ Q c�×²Ø Ó é o)Ø9nEØ�h/eUh»Ø9hln Ó p
p qf ∈ Q c¥×xØ Ó é o)Ø7n+Ø�n�m¥m)c3ÛgØ9nEe¢Ø�p
� egc\m)kOeCÔUÜ�àUf9nEØJhlk�eêÕCc Ó n�æ8nOm7äghlegcðÕCc J àgf9hlegÜQc¥×xØ8f9c3ÛUfJo�×xc¥eOØ9o3c�ÛUnEf8àge Ø9c3f9æ;c o<×Jh Ó n�æ1n�m7äUh/egcð×JcØ9fJkOàgá�c�ÕgnEeU× Ó é o)Ø7n+Ø

q ∈ Q
ßXåOàUc Ó cdf9àgëUnEe�V'ÜOn�àUm7ägc�c�×²Ø?fJc¥ÛgfJo�×xc¥e¢ØJo^ÛUn�f Ó nMá+nEf9hln�ë Ó c

x ∈ V ars
c3Ø Ó cdf9àgëUnEe

V�ÕCfJkOh»Ø9cDÛUn�f Ó c[× è æ[ë¨k Ó c
a ∈ Σ

×xàUh/áXhLÕCc Ó n1á+nEf9hln�ë Ó c
y ∈ V ars

ß6n Ó kOf9× Ó cDØ9c3f9æ8c[n�×9×JkXm3h/oDå¢àgh�f9c3Ûgf9o¥×Jc3e¢ØJcm3c)ØJØJcDm)kOeCÔUÜOàgf9nEØJhlk�e�c¥×xØ o
q

x a

y
�dk�àU×%eUkEØJc¥fJkOeU×%m)c3ØxØJcDm3k�eCÔ¨Ü�àgf7n+Ø9h/kOe�ÛUn�f

q(x, a(y))
p

�dk�àU×L×JàgÛgÛ6kO×Jk�eU×Lå¢àjé h Ó ejé è ndÛ¨n�×LÕCcRØJf7nEeU×Jh»Ø9h/kOe[å¢àghXÛUn�fxØ9c?ÕTé àgegc^m3k�eCÔUÜOàgf7n+ØJhlk�eYÔ¨eUn Ó c�ß+mEé c¥×xØOV�ÕChlf9cRàgeUcm3k�eCÔ¨Ü�àgf7n+Ø9h/kOeÿå¢àgh<m)kOeOØ9h/c¥e¢Ø Ó é o3Ø9nEØ�Ô¨eUn Ó
qf
p H n�æ1n�m7äUh/egc1ÕCc J àgf9h/egÜÂ×¥é n�fJf q)Ø9c[×Jh Ó nÂm)kOeCÔUÜOàgf9nEØJhlk�eðÔ¨eUn Ó cc�×²Ø�n+ØxØ9c3hle¢ØJc�pTñRäUn�å¢àgcDØJf7nEeU×Jh»Ø9h/kOeðÕCc

δ
c¥×xØdf9c3Ûgf9o¥×Jc3e¢Ø9o3cMÛUn�f�àgegc[o¥å¢àUn+Ø9h/kOeðÕCc

E
ØJc Ó/Ó c'å¢àgc'×Jh

a, b, ε ∈ Σ
ß

p, q ∈ Q
c)Ø
x, y ∈ V ars

o
p
Ó n;Ø9f9n�eU×Jh»Ø9h/kOe

(q, a)→ (p, b, R)
ÕCk�eUegc Ó é o¥å¢àUnEØJhlk�eÂ×xàghlá+nEe¢ØJc o

q

x a

y

= p

b

x

y

��kOàU×^àCØ9h Ó hl×Jk�e¨× Ó n;egk�Ø9n+Ø9h/kOe�Û Ó àU×dm)k�e¨m)hF×xc6o
q(x, a(y)) = p(b(x), y)

p
p
Ó n;Ø9f9n�eU×Jh»Ø9h/kOe

(q,�)→ (q, b, R)
ÕCk�egeUc Ó é o¥å¢àUn+Ø9h/kOe�×Jàghlá+nEe¢ØJc o

q(x, ε) = p(b(x), ε)
p

p
Ó n;Ø9f9n�eU×Jh»Ø9h/kOe

(q, a)→ (q, b, L)
ÕCkOegegcMÕCc3àgî�o¥å¢àUnEØJhlk�eU× o

p ∀f ∈ Σ, q(f(x), a(y)) = p(x, f(b(y)))
p q(ε, a(y)) = p(ε,�(b(y)))

p
Ó n;Ø9f9n�eU×Jh»Ø9h/kOe

(q, a)→ (q, b, 0)
ÕCkOegegc Ó é o�åOà¨n+ØJhlk�e o

q(x, a(y)) = p(x, b(y))
p
Ó n;Ø9f9n�eU×Jh»Ø9h/kOe

(q,�)→ (q, b, 0)
ÕCkOegegc Ó é o�åOà¨n+ØJhlk�e o

q(x, ε) = p(x, b(ε))
�dk�àU×[n��²k�àgØJk�e¨× Ó é o¥å¢àUnEØJhlk�e

qf (x, y) = t2
àgeUc1ìòk�hF× Ó é o3Ø9nEØDÔUeUn Ó n+ØJØJc3hle¢Ø¥p H c8Ø9c3f9æ;c

t1
fJc¥Ûgf9o¥×Jc3e¢ØJc Ó nm3k�eCÔ¨Ü�àgf7n+Ø9h/kOe�hlegh/ØJhFn Ó c[×Jàgh/á+n�eOØ9c

q0 = (ε, w1(. . . (wn(ε)))))
ßNk�ü

wi ∈ Σ
p H cMØ9c3f9æ8c'm Ó kO×

t2
c¥×xØ�nO×J×JkCm)hlo�VÓ n8m)kOeCÔUÜ�àUf9nEØJhlk�eÖÔ¨eUn Ó c

qf (x, y)
ÕCc Ó n;æ1n�m7äghlegcDÕCc J àgf9h/egÜ¨p

�dk�àU×ðf9o¥×Jàgæ8k�e¨× Ó c�×\ÕCh/â6o¥fJc¥eOØ9c¥×ðo�å¢àUn+Ø9h/kOeU×\ÕCc Ó n ØJägo¥k�f9h/cQo�åOà¨n+ØJhlk�eUegc ÓlÓ c
E
n�h/eU×Jh'm3k�eU×xØJf9àgh/ØJc�ßdk�ü

f, a, b,∈ Σ, p, q ∈ Q, x, y ∈ V ars
o

E =







q(x, a(y)) = p(b(x), y)

q(x, ε) = p(b(x), ε)

q(f(x), a(y)) = p(x, f(b(y)))

q(ε, a(y)) = p(ε,�(b(y)))

q(x, a(y)) = p(x, b(y))

q(x, ε) = p(x, b(ε))

qf (x, y) = t2

Þ�ÞOÞ
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��kOàU×8æ8k�e¢ØJf9k�e¨×[æ1n�h/e¢ØJc¥eUnEe¢ØÖå¢àgc Ó cðÛUfJkOë Ó ú¥æ8c�ÕCà æ8kEØ
t1 =E t2

c¥×xØ8o�å¢àgh/á+n Ó c¥eOØ�V Ó é n�fJf q)Ø1ÕCc Ó næ1n�m7äUh/egcMÕCc J àgf9h/egÜ1nVáOc¥m�c3eÂc3e¢ØJf9o3c Ó n8m)k�egÔUÜ�àgf7n+Ø9h/kOe�nO×J×JkCm)hlo3c V
t1
p

⇒
iLn�fRm3k�eU×xØJf9àUmIØ9h/kOejß�×Jh Ó nMæ1n�m7äUh/egc�ÕCc J àgfJhlegÜDÛUfJc¥eUÕ1c3e1c¥e¢ØJf9o3c Ó nDm)kOeCÔUÜOàgf9nEØJhlk�e1n�×9×JkXm3h/o¥c�nEà8Ø9c3f9æ;c

t1
c)Ød×¥é nEf9ffq3ØJcY×xàgf^àUe�o3Ø9nEØdn�m3m3c3ÛCØ7nEe¢Ø¥ßgn Ó kOf9×

t1 =E t2
p

⇐
� Ø7nEe¢Ø'ÕCkOegego1àgegc1o�å¢àUn+Ø9h/kOe�c¥eOØ9fJc1ÕCc¥àCîÿØ9c3f9æ8c¥×

t1
c)Ø
t2
ÕUnEeU×

E
ßjegk�à¨×Mm)k�e¨×xhFÕCo3f9k�e¨×dØ9k�àCØ9c¥× Ó c¥×o�åOà¨n+ØJhlk�e¨×�Õgc;Ü¢nEàUm7äUc1VÂÕCf9k�h/ØJc1nEÛUÛ Ó hFå¢àgo3c8Û6k�àgfMÛUfJkOàgá�c¥fYm3c)ØJØJc8o3Ü¢n Ó h»Ø9oÂõ5egk�à¨×�ì5nEhF×xkOeU×Ym)c)ØJØJcÖÕChF×xØJhleUmIØ9h/kOem¥nEf Ó c¥×ãØ9f9n�eU×Jh»Ø9h/kOeU×<ÕCc Ó nYæ1n�m7äghlegcdÕgc J àUfJhlegÜD×Jk�e¢Ø_ÕCo)Ô¨egh/c�×_ÕCc Ó nMÜ¢nEàUm7äUc?áOc3f7× Ó nDÕCf9k�h/ØJc^ÛUn�f<f9n�ÛgÛ6k�fJØ_nEàCîo�åOà¨n+ØJhlk�e¨×�Õgc

E
ùIp��dk�àU×_m7ägk�hF×xhF×9×xkOeU× Ó nYÛ Ó àU×ãÛ6c)Ø9h»Ø9c�×xo�åOàUc3eUm3c%Õjé o�åOà¨n+ØJhlk�e¨×ãnEÛgÛ Ó hFåOàUo3c¥×ãÕgc^ÜOnEà¨m7ägcWV�ÕgfJkOh»Ø9cÛ6k�àgf�Õgo3æ8k�e¢ØJf9c3f
T1 =E t2

p��dk�àU×%f7nEhF×Jk�egegkOeU×RÛUn�×%hleUÕCàUm)ØJhlk�eð×Jàgf Ó n;Ø7nEh Ó/Ó cMÕCcDm)c3ØxØ9cD×xàgh/ØJcMÕTé o¥å¢àUnEØJhlk�eU×¥p
p _�n�eU× Ó cYm3n�×RÕCc�ëUn�×Jc�ßOh Ó ejé è nDÛUnO×RÕTé o¥å¢àUnEØJhlk�eÖc¥e¢ØJf9c t1 c3Ø t2 m3n�f t1 c)Ø t2 ×Jk�e¢Ø?× è eOØ7n+îChFåOàUc3æ8c3e¢Ø Ó c¥×æ1q¥æ8c¥×¥p���kOàU×^nVá�kOeU×%ÕCh/f9c¥m)ØJc¥æ;c¥e¢Ø^å¢àgc Ó n1m)kOeCÔUÜ�àUf9nEØJhlk�eÖc�×²ØdÕgn�eU× Ó n;m3k�eCÔ¨Ü�àgf7n+Ø9h/kOeÖÔUeUn Ó cMÕCkOeUm Ó næ8nOm7äghlegcMÕCc J àUfJhlegÜ1×3é nEf9f q)ØJc�ëghlc3ejp
p
	 eUÕCàUm)ØJhlk�e o ^ àgÛgÛ6kO×Jk�e¨×�àUegcÖ×xo�å¢àgc3eUm3c;Õgc

n
o¥å¢àUnEØJhlk�eU×¥ßNegk�à¨×YfJc¥æ8n�f9å¢àgkOeU×�åOàUc Ó nÂm)kOeCÔUÜ�àUf9nEØJhlk�eÔUeUn Ó c

qf (x, y)
f9c3ÛUfJo�×xc¥eOØ9c Ó c^Ø9c3f9æ8c

t2
p¢iãnEf_m3k�eU×xØJf9àUm)ØJhlk�e1ÕCc Ó nMæ1n�m7äghlegc�ÕCc J àgf9hlegÜDh Ó ejé c)îChF×²Ø9c�ÛUn�×ÕCc^ØJf7nEe¨×xh/ØJhlk�e1å¢àgh6ÛUnEfJØJc�ÕCc�m)c)ØJØJcdm3k�eCÔ¨Ü�àgf7n+Ø9h/kOejßEh Ó ejé c)îChF×²Ø9cdå¢àgcdÕCc�×ãØJf7nEe¨×xh/ØJhlk�eU×ãå¢àghNnEf9f9h/áOc3e¢Ø<ÕgnEeU×m)c)ØJØJc�m)k�egÔUÜ�àgf7n+Ø9h/kOejp �dk�àU×[fJc¥ÜOn�f9ÕCkOeU×YÛ Ó àU×[ÛgfJo�m)hF×xo¥æ8c3e¢Ø'àgegcÂÕCc�×'m)kOeCÔUÜOàgf9nEØJhlk�eU×

c
å¢àghRÛUfJo�m)ú¥ÕgcÓ n m)kOeCÔUÜ�àUf9nEØJhlk�e ÔUeUn Ó cOp ��f�ÛUn�fÂä è Û6kEØ9ägú¥×Jc�ß?h ÓYè n àgegcQ×xàUh»Ø9c�ÕCc

n
o�å¢àUn+Ø9h/kOeU×�å¢àghYf9c Ó h/c

t1
V

t2
ßLegk�à¨×'m)kOeU×JhlÕCo¥fJkOeU× Ó nÿÕCc¥fJeUh/ú¥fJcÖo�å¢àUn+Ø9h/kOeêÕCc

E
o
tc = t2

ß�n�ÛgÛ Ó hlå¢àgo¥c�Û6k�àgf;nEf9fJhlá�c¥f�V
t2
p�iãnEfm)k�e¨×²Ø9fJàUm)ØJhlk�e8ÕCc Ó nYæ1nOm7ägh/eUc%Õgc J àgf9hlegÜMm)c)ØJØJc%o¥å¢àUnEØJhlk�e8m)kOfJf9c¥×JÛ¨kOeUÕ�V�àgeUc%ØJf7nEeU×Jh»Ø9h/kOe

Trc
ßEÛUnEfJØ9n�e¢ØÕTé àUegc�m)kOeCÔUÜ�àUf9nEØJhlk�e

c
m3k�f9fJc�×xÛ6k�eUÕUnEe¢ØLn�à;ØJc3f9æ8c

tc
c)Ø_n�fJf9hláVn�e¢ØãÕUnEeU× Ó nMm)kOeCÔUÜ�àUf9nEØJhlk�eDÔ¨eUn Ó c�p��dk�àU×nEÛgÛ Ó hFåOàUk�eU× Ó é ä è Û6kEØ9ägú¥×JcDÕTé h/eUÕgàUmIØ9h/kOe V Ó n1×Jàgh/ØJc'ÕCc
n− 1

o¥å¢àUnEØJhlk�eU×^f9c Ó hFnEe¢ØdÕgnEe¨×
E

Ó cMØ9c3f9æ8c¥×
t1nEà;ØJc¥fJæ8c

tc
ß�nEhleU×JhgegkOàU×<×9nVá�k�e¨×�å¢àgc Ó nYæ1n�m7äghlegc�ÕCc J àgf9h/eUÜDnVá�c¥m Ó nMm)kOeCÔUÜ�àUf9nEØJhlk�e'hlegh/ØJhFn Ó cdn�×9×JkXm3h/o¥cà�Ø9c3f9æ;c

t1
nEf9fJhlá�cdëgh/c¥e�ÕUnEeU× Ó n[m3k�eCÔUÜOàgf7n+ØJhlk�e

c
nO×J×JkCm)hlo3c�n�àÖØ9c3f9æ;c

tc
ßCc3e�nEÛgÛ Ó hFåOà¨nEe¢Ø Ó n;ÕCc3f9eghlú3f9cØJf7nEeU×Jh»Ø9h/kOe

Trc
egk�à¨×_m)kOeUm Ó àgkOeU×3p¢å¢àgc Ó nMæ1n�m7äghlegc�ÕCc J àgf9hlegÜ'å¢àghUÛUfJc¥eUÕ8c3e1c¥eOØ9fJo¥c Ó nDm)kOeCÔUÜ�àUf9nEØJhlk�en�×9×xkCm)hlo3cYnEà�Ø9c3f9æ;c

t1
×¥é n�fJf q)Ø9c�×Jàgf^àgeÂo3Ø9n+Ø�nOm3m)c¥ÛCØ9n�e¢Ø^m3k�f9fJc�×xÛ6k�e¨ÕgnEe¢Ø^nEà�ØJc3f9æ8c

t2
p

�

�Xd �Xd�� ��� 	��dv���Nt��Cvxr � sur � 	 �xr�y�� � v �
� ���Tv �dt � �²y d
H c^ÛUfJkOë Ó ú¥æ8c�ÕCà1æ8kEØ_c�×²Ø<hleUÕCo�m)hFÕgnEë Ó c^Û6k�àgf Ó n�Ø9ägo3kOfJhlc%o¥å¢àUn+Ø9h/kOegegc Ó/Ó c

E
ß�Û¨nEf<f9o¥ÕCà¨mIØJhlk�e1n�à;ÛUfJkOë Ó ú¥æ8cÕTé nEf9f q)Ø�Õjé àgeUc[æ1n�m7äUh/egc8ÕCc J àUfJhlegÜUßTÕCkOeUm Ó c8Ûgf9k�ë Ó ú3æ8c[Õjé àgeUh»Ô¨m¥n+Ø9h/kOeÿÛ6k�àgfMm)c3ØxØ9c'Ø9ägo3kOfJhlc[o�å¢àUn+Ø9h/kOegegc ÓlÓ cc�×²Ø�nEà¨×J×JhTh/e¨ÕCo¥m3hlÕgn�ë Ó c�p

��kOàU×�æ8k�e¢ØJf9k�eU×dæ1nEhleOØ9c3eUn�e¢ØYå¢àgc Ó c;Ûgf9k�ë Ó ú3æ8c;ÕCc Ó é h/e¢ØJf9àU×�æ8kCÕCà Ó k Ó n1Ø9ägo3kOfJhlc[o�å¢àUn+Ø9h/kOegegc ÓlÓ c
E
c�×²Øn�àU×J×Jh6h/eUÕgo¥m)hFÕgn�ë Ó cOp���k�à¨×?m3k�eU×JhFÕCo3f9k�eU× Ó c�× è ×²Ø9ú3æ8c�Õgc _�k Ó c3á`Yml_nEk;ÕCc Ó n'ÔUÜ�àgf9c �gplÞdÛgf9c3eUn�e¢Ø?c¥e�m)kOæ8ÛCØJc Ó nØ9ägo3kOfJhlc�o�å¢àUn+Ø9h/kOegegc ÓlÓ c

E
o

(A)
u ∈ T

T `E u

(P )
T `E u T `E v

T `E 〈u, v〉

(C)
T `E u T `E v

T `E {u}v

(Eq)
T `E u u =E v

T `E v

(UL)
T `E 〈u, v〉

T `E u

(UR)
T `E 〈u, v〉

T `E v

(D)
T `E {u}v T `E v

T `E u

rXs�tRu �gplÞ p H cYæ;kCÕCú Ó cDÕgcMÛgfJc¥àgá�cYÕCc�_�k Ó c3á`Yml_nEk;o)ØJc¥eUÕCà V Ó n'Ø9ägo3kOfJhlcYo¥å¢àUnEØJhlk�egegc Ó/Ó c (E)
p

Þ�Þ�Ú
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iLk�àUf�ÕCo3æ8k�e¢Ø9fJc¥f�åOàUc Ó cYÛgf9k�ë Ó ú3æ8cMÕCc Ó é hle¢ØJf9àU×^æ8kCÕCà Ó k Ó n;Ø9ägo3kOfJhlcYo¥å¢àUn+Ø9h/kOegegc Ó/Ó c
E
c�×²Ø�hleUÕCo�m)hFÕgnEë Ó cOßeUk�àU×ãf9o¥Õgàghl×Jk�e¨× Ó cdÛgfJkOë Ó ú3æ8c�ÕCc�æ8kEØ_m Ó k¢×

t1 =E t2
n�à;ÛUfJkOë Ó ú¥æ8c�ÕCcdÕCo�ÕCàUmIØ9h/kOeÖÕCc Ó é hle¢ØJf9àU×¥pXñ�é c¥×xØUVDÕChlfJcOßeUk�àU×_æ;kOe¢ØJf9k�eU×RåOà�é c¥eÖàCØJh Ó hl×9nEe¢Ø Ó cd× è ×²Ø9ú3æ8c�ÕCc�ÕCo¥ÕgàUmIØ9h/kOe�ÕCc!_�k Ó c3á`Yml_nEkDÕCc Ó nDÔUÜ�àUfJc �Up/ÞdÛUnEÜOcdm)h Y m3k�e¢ØJf9cÕgo¥ÕCàghlf9c!VDÛ¨nEfJØJhlfRÕCà�ØJc3f9æ8c

t1

Ó cdØJc¥fJæ8c
t2
c¥×xØ%o¥å¢àghláVn Ó c¥e¢ØRf9o¥×Jk�àUÕCf9c^æ8kCÕCà Ó k

E

Ó cdÛUfJkOë Ó ú¥æ8c�ÕCà�æ;k�Ø?m Ó k¢××Jàghlá+nEe¢Ø^c3e¢ØJf9c
t1
c)Ø
t2
p

�dk�àU×^ÛUfJkOàgá�kOeU×RÕgk�eUm
t1 ` t2 ⇔ t1 =E t2

p�� HJ43B  4 o
p õ⇐ ù ^ h t1 =E t2

n Ó k�f7×<egkOàU×_m3k�eU×xØJf9àghF×xkOeU×<c¥e�nEÛgÛ Ó hFå¢àUnEe¢Ø Ó é n+îCh/kOæ8c�ÛgàghF× Ó nDf9ú3Ü Ó c
(Eq)

àgeUcdÛgf9c3àgáOcÕCc
t1 ` t2

p õ⇒ ù ��k�à¨×1m)k�e¨×xhFÕCo3f9k�e¨× Ó nÿÛgf9c3àUá�c�æ;hleghlæ1n Ó c�ÕCc t1 ` t2
c3e egk�æ[ëgfJcÂÕCc�e �MàUÕg×¥p � c3Ü¢nEf7ÕCk�e¨× Ó nÕCc3f9eghlú3f9cYfJú¥Ü Ó c�ÕCcDm3c)ØJØJcMÛgf9c3àgáOc�p

p � Ø9nEe¢ØdÕCkOegegoDå¢àgc Ó cYØJc3f9æ8c
t2
c¥×xØ^c3e�Øfq3ØJcMegh�nVáOc¥m Ó cD× è æ'ë6k Ó cMÕCcMÛUnEhlf9c�ßCeghjnVáOc¥m Ó cM× è æ'ë6k Ó cYÕgcm7äUh»âNfJc¥æ8c3e¢Ø¥ßgh Ó egcYÛ6c3àCØ!q)ØJf9cMÕChlfJc�mIØJc¥æ8c3e¢Ø^hl×9×xàÂeghjÕgc Ó n;f9ú3Ü Ó c

(P )
ßUegh�ÕCc Ó n8fJú¥Ü Ó c

(C)
p

p ^ h Ó n�Ûgf9c3àgáOc�×Jc�ØJc3f9æ8h/eUc�ÛUn�f8àgegcÂfJú¥Ü Ó c (UR)
ß
(UL)

kOà
(D)
ß<m3k�æ8æ8c Ó é àUeghlå¢àgc�Ø9c3f9æ;cðÕgn�eU×Ó nÿm3k�ege¨nEhF×J×9nEeUm3c1h/eUh»Ø9hln Ó cÖc�×²Ø

t1
å¢àgh?c¥×xØ[egh?c3eQØ q)Ø9c�nVáOc¥m Ó c�× è æ[ë¨k Ó c�ÕCcÖÛUn�h/f9c�ß�egh Ó c�× è æ'ë6k Ó cÕgcÖm7ägh»âNf9c3æ8c3e¢Ø¥ß�c)Ø[å¢àgc Ó c¥×Yo�åOà¨n+ØJhlk�e¨×DÕCc

E
egcÖm)kOæ8Û¨kOfxØ9c;Û¨n�×DÕCcÖ× è æ'ë6k Ó c8eghRÕCc1Û¨nEhlfJc8egh_Õgcm7äUh»âNfJc¥æ8c3e¢Ø¥ßEh Ógè ndìòkOf9m3o3æ8c3e¢Øãc3à8àgeUc�nEÛgÛ Ó hFm3n+Ø9h/kOe1VYÛ¨nEfJØJhlf<ÕCc

t1
ÕTé àge1m)k�e¨×²Ø9fJàUm)ØJc¥àgf<ÕCc^ÛUn�h/f9c%k�àÕgc[m7ägh/â6f9c3æ8c¥eOØ�pTñRc�m)h�h/æ8Û Ó hFåOàUc[å¢àgc'eUk�àU×�Û¨kOàgá�kOeU×^Ø9fJkOàgá�c¥f�àgegc[Ûgf9c3àgáOcDÛ Ó àU×dÛ6c)Ø9h»ØMÕCc

t1 ` t2
ßm3cMåOàUhNm3k�e¢ØJf9c¥Õgh»Ø Ó n[æ8h/eUh/æ1n Ó h/ØJoMÕCc Ó n[Ûgf9c3àgáOc�ßCnEhleU×Jh Ó n;ÕCc3f9eghlú3f9cdf9ú3Ü Ó cdeUc�Û6c3àgØXq3ØJf9c�eUh

(UR)
ßXegh

(UL)
c3Ø�egh

(D)
p

p ^ h Ó nMÛgf9c3àUá�cd×Jc�Ø9c3f9æ;hlegc�ÛUnEf Ó n'fJú¥Ü Ó c (Eq)
eUk�àU×_k�ëCØ9c3egkOeU×<ëghlc3e Ó nDÛgfJc¥àgá�c�æ8h/eghlæ1n Ó c�m3k�eU×xØJh/ØJàgo¥cÕgc Ó é nEÛgÛ Ó hFm3nEØJhlk�eÂÕCc Ó é n+îChlk�æ8c�ÛgàghF×�ÕCc Ó n[f9ú3Ü Ó c

(Eq)
ßUm)cMå¢àghjhlæ8Û Ó hFå¢àgcDå¢àgc

t1 =E t2
p

�
�dk�àU×�m3k�eUm Ó àUk�eU×�Õgk�eUmMå¢àgc Ó cMÛgf9k�ë Ó ú3æ8cDÕCcDÕCo�ÕCàUm)ØJhlk�e\ÕCc Ó é hle¢ØJf9àU×^Û6k�àgf Ó n;Ø9ägo3kOfJhlcMo¥å¢àUnEØJhlk�egegc Ó/Ó c

Ec�×²Ø^hleUÕCo�m)hFÕgnEë Ó c�p
�Wd��Xd�� ��� 	��dv� �Nt��gv²r � sur � 	 �xr y� � � ���Tv ��t � �xy d

�dk�àU×�m)k�e¨×xhFÕCo3f9k�e¨×%àgegcDegkOàgá�c Ó/Ó cYØJäUo3k�f9hlcMo¥å¢àUn+Ø9h/kOegegc Ó/Ó c
Es
m)kOeU×xØJf9àgh»Ø9c�V8ÛUnEfJØJhlfdÕCc Ó n;Ø9ägo3kOfJhlcMo¥å¢àUn-YØ9h/kOegegc Ó/Ó c

E
ßLÛ6k�àgf Ó n�å¢àgc ÓlÓ c Ó é àgeUh»Ô¨m¥n+Ø9h/kOeêc¥×xØ1ÕCo¥m3hlÕgn�ë Ó c�c)Ø Ó c�Ûgf9k�ë Ó ú3æ8c�ÕCc�Õgo¥ÕCàUm)ØJhlk�e ÕCc Ó é hle¢ØJf9àU×[c¥×xØhleUÕCo�m)hFÕgnEë Ó cOp

�Ix��Gx �Ix�y � | �� ����� �B� �@�`| � � � � � �@~
�8�v| ��� ���v� ���
Es
x

�dk�àU×;æ8kCÕCh»Ô¨k�eU× Ó nðØJäUo3k�f9hlc�o�åOà¨n+ØJhlk�eUegc ÓlÓ c
E
ÕCc Ó n�×Jc¥m)ØJhlk�eêÛUfJo�m)o¥Õgc3e¢ØJc�c3e n��²k�àCØ7nEe¢Ø[àUe egkOàgá�c�nEà× è æ'ë6k Ó c1ÕCc8ìòk�eUm)ØJhlk�e

s
p �dk�àU×YkOëCØJc¥egk�eU×DàgeQegk�àgáOc Ó c¥eU×xc¥æ'ë Ó cÖÕTé o¥å¢àUnEØJhlk�eU×

Es
kOü

f, a, b,∈ Σ0, p, q ∈

Q, x, y ∈ V ars
o

Es =







s(q(x, a(y))) = p(b(x), y)

s(q(x, ε)) = p(b(x), ε)

s((f(x), a(y))) = p(x, f(b(y)))

s(q(ε, a(y))) = p(ε,�(b(y)))

s(q(x, a(y))) = p(x, b(y))

s(q(x, ε)) = p(x, b(ε))

s(qf (x, y)) = t2

�Ix��Gx �Ix�� { � ���@� �M}'~
����|�� 
 | ���@��|
Es

�	�8� � ��}'��� ~ � � ��x
�dk�àU×;Ø9f9n�eU×²ìòkOfJæ8kOeU× Ó cð× è ×xØJú¥æ8c\ÕTé o�å¢àUn+Ø9h/kOeU×

Es
c3e àge�× è ×xØJú3æ8cðÕCcÂf9o3o¥m3fJh/ØJàUfJc

RES

k�ü
f, a, b,∈

Σ0, p, q ∈ Q, x, y ∈ V ars
o
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����� �3��� �@�#�3�`/-�3�#�*�#�z�v�#���-�����3�#/
�v� ��� ��� �%�#��	�������������������
�8�v� ��� �
�a�#" � �%�����'&��

REs
=







s(q(x, a(y))) → p(b(x), y)

s(q(x, ε)) → p(b(x), ε)

s((f(x), a(y))) → p(x, f(b(y)))

s(q(ε, a(y))) → p(ε,�(b(y)))

s(q(x, a(y))) → p(x, b(y))

s(q(x, ε)) → p(x, b(ε))

s(qf (x, y)) → t2H c�egkOæ'ëgf9c�ÕTé nEÛUÛ Ó hFm3nEØJhlk�eêÕgc Ó nðìòkOeUmIØ9h/kOe
s
ÕCo�m)f9k �FØ¥ß Ó c�× è ×²Ø9ú3æ8c�ÕCc�f9o3o¥m3fJh/ØJàUfJc�ØJc3f9æ8h/eUc�ÕCkOeUmEp H nm3k�eU×xØJf9àUmIØ9h/kOe�Õgc

Es
c¥×xØdëUnO×xo¥cD×xàUf�àgegcDæ1nOm7ägh/eUc'ÕCc J àgf9h/egÜÖÕgo)ØJc¥fJæ8hleghF×²Ø9c�ß¨Õgk�eUmYh Ó ejé è n1ÛUn�×dÕCc'×JàgÛ¨c¥fgYÛ6kO×Jh»Ø9h/kOe1c3e¢ØJf9c Ó c¥×_ØJc¥fJæ8c¥×¥ß�Û¨nEfRm3k�eU×Jo¥å¢àgc¥e¢Ø<h Ó ejé c)îChl×xØJc�ÛUn�×RÕCcdÛ¨nEhlfJcdm3fJh/ØJhFå¢àgc�p ��kOàU×_m3k�eUm Ó àgkOeU×_Õgk�eUm�å¢àgcÓ c�× è ×²Ø9ú3æ8cYÕCc�f9o3o�m)f9h»Ø9àgf9c

RES

c¥×xØ^m)k�e��Uàgc3e¢Ø�p �dk�àU×?c¥e�ÕCo�ÕCàghF×xkOeU×?åOàUc Ó cY× è ×xØJú3æ8cYÕCcYfJo¥o¥m3fJh/ØJàgf9c�nO×J×JkCm)hlo
V
Es
c¥×xØdm)kOe¢áOc3f9Ü�c¥eOØ�p �dk�àU×%f7nEÛUÛ¨c Ó kOeU×%æ1nEhleOØ9c3eUn�e¢Ø Ó n8ÕCo)Ô¨egh»Ø9h/kOeðÕCcD×xàUfgY fJo�ÕCàUm)ØJhlk�ejp

�B�	���@������|�� � �
��� � � � � ����� }'�8�v| � ��� $Q, 43HIA84 t 034[0IBCH � H ! :+BC*-, �3#Ö*F0;$6(EHIHJ@ � 47:�a � 4)$ t′ > ��./('GU@V0I*-,P*5@+$$N@+$  (+HI*5(��).l4 p ∈ Dom(t) >'BC,=*-.»*F0)(E$U,8./(êH����E.l4�:O4�H ! ! 23HI*-,PBCHJ4 l → r 43,;./(ê07B �)0I,=*-,PBC,P*5@+$ σ >1@�� σ 4)0I,.xS BC$¨* � 27(+,]43BCHd./4RGN.WBX0 � ! $ ! HJ(+.�:O4 t|p 4), l >ã43, t′ = σ(t[r]p)
><: ! $N@+, ! GU(+H t [p,l→r,σ] t

′ 43,ã$6@EBX0d0IB�G�GU@V03@E$g0,]@+B � @EBCH70%Z3B<S *-.C$NS �M(_GU(V0�:�4d27@E$��?*-,�:�4  (EHI*5(��3./4)0�43$U,PHJ4%.l4I0?H����E./4)0�4),j.l4I0?, 43HIA84)07>T*5`-4¥` V ars(l, r)∩V ar(t) =

∅ `
_[é n�ÛgfJú�× Ó c;fJo�×xà Ó Ø9nEØ�ÕCc;b�à ÓlÓ kEØ F bdà Ó øO÷�K ß Ó n�×xàgffY fJo�ÕCàUmIØ9h/kOeûõJíÖeUnEf9fJk��^hlegÜ�ïgùdc¥×xØ�m3k�æ8Û Ó ú)Ø9c[Û6k�àgf�àgegcØ9ägo3kOfJhlc�o�å¢àUn+Ø9h/kOegegc ÓlÓ c�f9c3ÛUfJo�×xc¥eOØ9o3c�ÛUnEf1àUe × è ×²Ø9ú3æ8cðÕCcðf9o3o¥m3fJh/ØJàUfJcÂm)kOe¢áOc3f9Ü�c¥eOØÂõòàgeUcðÛgfJo�×xc¥e¢Ø9n+Ø9h/kOe ÕCcm3c\fJo�×xà Ó Ø7n+ØÖc¥×xØ�ÕCkOegego¥cÿÕgnEe¨× Ó c\ÛUnEÛUh/c¥f�ÕCc��?p��?nOn�ÕCc¥fÖc)Ø�ó p ^ e è ÕCc¥f F � ^ ÷UÞ#K�c3Ø�Õgn�eU× Ó c\ÛUn�Ûghlc3f�ÕCc

['pzZðhFÕgÕCc Ó Õgk�f9Û F Z\hlÕ ��ö�KòùIp � egc8m)kOeU×xo�å¢àgc3eUm3cDÕCc8m)cDf9o¥×Jà Ó Ø9n+Ø�c¥×xØ�å¢àgc;×xh Ó n�×xàgffY fJo�ÕCàUmIØ9h/kOeÂØJc¥fJæ8hlegc'Û6k�àgfàgeUc�Ø9ägo3kOfJhlcYfJc¥Ûgf9o¥×Jc3e¢ØJo¥c�ÛUn�f^àgeð× è ×xØJú¥æ;cMÕCcMf9o3o�m)f9h»Ø9àgf9c�m3k�eXá�c¥fJÜOc3e¢Ø¥ßXn Ó k�f7× Ó é àgegh/Ô¨m3nEØJhlk�eÂc¥×xØ�ÕCo¥m3hlÕUnEë Ó c�piLk�àgf%æ8k�e¢Ø9fJc¥f Ó n[Õgo¥m)hFÕgn�ëgh Ó h/ØJoYÕCc Ó é àgegh/Ô¨m3nEØJhlk�e�æ;kCÕCà Ó k Ó n'ØJäUo3k�f9hlc�o�åOà¨n+ØJhlk�eUegc ÓlÓ c
Es
egk�àU×?Ûgf9k�àUá�k�e¨×ÕCkOeUmYå¢àgc Ó n1×JàgffYPf9o¥ÕCà¨mIØJhlk�e�õJí[eUn�fJf9k��^h/eUÜ;ïgùRØ9c3f9æ;hlegcYÛ6k�àgf

ES
p

� c¥æ8n�f9å¢àgkOeU×?ÕTé n�ë¨kOf9Õ�å¢àjé h ÓTè n[àge�egk�æ[ëgfJcdÔUeghjÕCcYf9ú3Ü Ó c�×RÕCcYf9o3o�m)f9h»Ø9àgfJc�ÕgnEe¨× REs

ßXÛUn�f%m3k�eU×Jo¥å¢àgc¥e¢ØÓ nM×xàUfgY fJo�ÕCàUm)ØJhlk�e8nYàge1egk�æ[ëgf9c%ÔUegh¨Õgc^Û¨k¢×J×Jh/ëUh Ó h»Ø9o¥×RÕgnEeU× Ó nYf9ú3Ü Ó c�n�ÛgÛ Ó hlm¥nEë Ó c�p'_�c�Û Ó àU×¥ß+ØJkOàU× Ó c¥×<æ;c¥æ'ëgf9c¥×Ü¢nEàUm7ägc�×RÕgc¥×%f9ú3Ü Ó c¥×%ÕCo¥ëgàCØ9c3e¢Ø�ÛUnEf Ó cM× è æ[ë¨k Ó cMÕCc�ìòk�e¨mIØJhlk�e
s
c3Ø^ØJk�àgØJc¥× Ó c¥×%f9ú3Ü Ó c�×?ÛgfJo�×xc¥fJáOc3e¢Ø Ó é c3eU×Jc3æ[ë Ó cÕCc�×Lá+nEf9hln�ë Ó c�×3ßgõ

vars(l) = vars(r)
ùIp�iLkOàgf<Ûgf9k�àgáOc3f Ó ndØ9c3f9æ8h/eUn�hl×Jk�e8ÕCc Ó nM×xàUfgY fJo�ÕCàUm)ØJhlk�e�õ9í�eUnEf9fJk��^hlegÜMïgùIßegkOàU×%m)kOeU×xhFÕCo¥fJkOeU× Ó n[æ;c�×xàUfJc

ns
å¢àghjm3k�æ8ÛCØJc Ó c�eUk�æ'ëUfJcYÕCcM× è æ[ë¨k Ó c�×

s
ÕUnEeU×?àge�ØJc¥fJæ8c�p ^ c Ó k�e Ó n[ìòk�f9æ8cÛUn�fxØ9hlm3à Ó h/ú¥fJc�Õgc�egk¢×'o¥ÜOn Ó h/ØJo�× Ó n\æ8c¥×Jàgf9c�ÕCo�m)f9k �FØ¥ßLm3nEf Ó c�×;áVn�fJhFnEë Ó c�×'×Jk�e¢Ø[Ûgf9o¥×Jc3f9á�o¥c¥×Mc3Ø Ó c�× è æ'ë6k Ó c�ÕCcìòkOeUmIØ9h/kOe

s

Ó àgh<ÕChF×JÛUnEf7n��FØ¥pNiãnEfMm)kOeU×xØJf9àUmIØ9h/kOe�ÕCc Ó n�×JàgffYPf9o¥ÕgàUmIØ9h/kOe õJí�eUn�fJf9k��^hlegÜ�ïgù)ß
σ
c�×²Ø Ó é àgeUh»Ô¨m¥n+Ø9c3àgfÓ cÿÛ Ó àU×�Ü�o¥ego3f7n Ó ÕCc

t|p
c)Ø

l
p ��kOàU×�Û6k�àUá�k�e¨×�ÕCkOeUmÿm3k�eUm Ó àUfJc�åOàUc Ó nê×JàgfgY f9o¥ÕCàUm)ØJhlk�e Ø9c3f9æ;hlegc�c)ØðÕCk�e¨mÓ é àUegh»Ô6m3n+Ø9h/kOe�æ8kCÕCà Ó k

Es
c¥×xØ�ÕCo¥m3hlÕgn�ë Ó c�p

�Ix��Gx �Ix � {	� � � | � � � 
�� � � ��� � �%� � ��� ���\� �����@��}'� �@~ � � ��
 | ���@��|
Es
x

��kOàU×%àCØ9h Ó hl×Jk�e¨× Ó cM× è ×²Ø9ú3æ8cMÕCcDÕCo¥ÕgàUmIØ9h/kOeÂÕgc�_dk Ó c¥á0Yml_nEk8×Jàgh/á+n�eOØ*o
H c?× è ×xØJú¥æ;c?ÕCc_f9o3o�m)f9h»Ø9àgf9c

RES

Ø9c3f9æ8h/egc?m3n�f Ó cRegkOæ'ëgf9c_ÕTé nEÛUÛ Ó hFm3nEØJhlk�eU×�ÕCc
s
Õgo¥m)f9k �FØ�c3Ø�h Ó c�×²ØLm)kOe��Uàgc¥eOØm¥nEfYh Ó ejé è nÂÛUn�×MÕgc1ÛUnEhlfJc1m3fJh/ØJhFå¢àgc�p H cÖ× è ×xØJú¥æ;c1ÕCc1f9o3o�m)f9h»Ø9àgf9c

RES

c�×²Ø'Õgk�eUm1m3k�eXá�c¥fJÜOc3e¢Ø¥ßTÕTé nEÛgf9ú¥× Ó c¥×f9o¥×Jà Ó Ø9n+Ø7×�ÕCc Ó n�×Jc¥m)ØJhlk�e'ÙUp Úgp Ú%Û¨nEÜ�cRö �Uß¥egkOàU×�o Ó h/æ8hlegk�eU×LÕCkOeUm Ó n�f9ú3Ü Ó c
(Eq)

ÕUnEeU× Ó cR× è ×xØJú¥æ8c?ÕCcX_�k Ó c3á`Yvl_n�kÕCc Ó n[ÔUÜ�àgf9c �gp°Ú[ÛUnEÜOcYm3h Y]m)kOe¢ØJf9c�c3Ø^ØJf7nVáVn�h ÓlÓ k�eU×?n Ó k�f7×%nVá�c¥mYÕCc�×?ìòk�f9æ8c¥×%egkOfJæ1n Ó c¥×¥piLk�àgf^Û Ó àU×^ÕgcYm Ó n�fxØ9o�ßCegkOàU×%egcYÛgf9o¥×Jc3e¢ØJkOeU×?ÛUn�× Ó c¥×^Õgo3æ8k�eU×xØJf7n+Ø9h/kOeU×Rìòk�f9æ8c ÓlÓ c�×?Õgc¥×%f9o¥×Jà Ó Ø7n+Ø7×^×xàghlá+nEe¢Ø9×m¥nEfdc Ó/Ó c¥×�×Jk�e¢Ø�×Jc3æ'ë Ó n�ë Ó c�×(V�m)c ÓlÓ c¥×�c)âNc¥mIØ9àgo3c�×�ÕUnEeU× Ó c�×�m7ä¨nEÛgh/ØJf9c¥×dÛgfJo�m)o�ÕCc3e¢Ø9×�ÕCc[m3c)ØJØJc;ÛgfJc¥æ8h/ú¥fJcDÛ¨nEfJØJhlcÛ6k�àgf Ó c¥×%f9o¥×Jà Ó Ø9nEØ9×^ÕCc Ó kCm3n Ó h/ØJo�p
Þ�Þ3ö
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(A)
u ∈ T

T `Es
u

(P )
T `Es

u T `Es
v

T `Es
〈u, v〉

(C)
T `Es

u T `Es
v

T `Es
{u}v

(Eq)
T `Es

u u =Es
v

T `Es
v

(UL)
T `Es

〈u, v〉

T `Es
u

(UR)
T `Es

〈u, v〉

T `Es
v

(D)
T `Es

{u}v T `Es
v

T `Es
u

(S)
T `Es

u

T `Es
s(u)

r s�tRu �gp°Ú p H cYæ8kXÕgú Ó cDÕCcMÛgf9c3àgáOc�ÕCc�_�k Ó c3á`Yml_nEk;o)Ø9c3eUÕCà V Ó n;ØJägo¥k�f9h/cYo¥å¢àUnEØJhlk�egeUc ÓlÓ c (Es)
p

�dk�àU×RÛ¨kOàgá�kOeU×RÛgfJkOàgá�c¥f_å¢àgc Ó c�×_f9ú3Ü Ó c�×_m Ó n�×9×Jhlå¢àgc�×_ÕCcn_dk Ó c¥á0Yml_nEk *5`-4¥` (P )
ß
(C)
ß
(D)
ß
(UL)

c3Ø
(UR)

ßeUc�×Jk�e¢Ø%ÛUn�×?àCØ9h Ó hl×Jo3c�×?Û¨kOàgf%k�ëCØ9c3eghlfWV'ÛUn�fxØ9h/f%ÕCà�ØJc¥fJæ8c
t1

Ó c�ØJc3f9æ8c
t2
p H n[Ûgf9c3àgáOcdc¥×xØ^n Ó k�f7×_àgeUhlå¢àgc¥æ;c¥e¢Øm3k�eU×xØJh/ØJàUo3cYÕTé n�ÛgÛ Ó hlm¥n+Ø9h/kOeU×RÕgc Ó nDf9ú3Ü Ó c

(S)
p�[dh/e¨×xhT×9nVá�k�hlf_×Jh3V'ÛUn�fxØ9h/f%ÕCà�ØJc3f9æ8c

t1
egkOàU×?Û¨kOàgá�kOeU×?ÕCo¥ÕCàUh/f9cÓ c?ØJc¥fJæ8c

t2
c3e8nEÛgÛ Ó hFåOà¨nEe¢ØLå¢àgc^ÕCc�×LfJú¥Ü Ó c¥×

(S)
f9c3áXhlc3e¢ØMVYÕCo3ØJc¥fJæ8hlegc3f Ó c?eUk�æ'ëUfJc%ÕTé nEÛgÛ Ó hFm3n+Ø9h/kOe;Õgc Ó n�fJú¥Ü Ó c

(S)
mEé c¥×xØWV8ÕChlf9cYÕgo¥m)hFÕCc¥f Ó é nEf9ffq3Ø%ÕCc Ó n[æ8nOm7äghlegcMÕCc J àgf9hlegÜ1m)k�e¨×²Ø9fJàgh/ØJc�Ûgf9o¥m3o¥ÕCc¥æ;æ8c¥eOØ�pCiãnEf^m)kOeU×xo�å¢àgc3e¢Ø¥ßÓ cYÛgf9k�ë Ó ú3æ8cMÕCcDÕCo�ÕCàUmIØ9h/kOeðÕCc Ó é h/e¢Ø9fJàU×�Û¨kOàgf Ó n[Ø9ägo3kOfJhlcYo¥å¢àUn+Ø9h/kOegegc Ó/Ó c

Es
f9c¥×xØJcYhleUÕCo�m)hFÕgnEë Ó c�p

� ��}'~�M��� � �v~
�8� � ��kOàU×?ÛgfJo�×xc¥e¢ØJk�e¨×RÕgn�eU× Ó n'ÔUÜOàgfJc �gp Ù Ó c¥×%ÕCh/â6o¥fJc¥e¢ØJc¥×RØ9ägo3kOfJhlc¥×Ro¥å¢àUnEØJhlk�egegc Ó/Ó c¥×?c3îXäUh/ë6o3c�×ÕUnEeU×Dm3cÖm7äUnEÛUh»Ø9fJc8æ8k�e¢ØJf7nEe¢Ø'å¢àgc Ó c1Ûgf9k�ë Ó ú3æ8cÖÕCc�Õgo¥ÕCàUm)ØJhlk�e�ÕCc Ó é h/e¢ØJf9àU×Mc3Ø Ó c�ÛgfJkOë Ó ú3æ8c1ÕTé àUegh»Ô6m3n+Ø9h/kOe×Jk�e¢Ø�ÕCc¥àCî�Ûgf9k�ë Ó ú3æ8c�×%h/eUÕgo3Û6c3eUÕgn�e¢Ø9×¥p
i<f9k�ë Ó ú3æ8cDÕCcMÕCo�ÕCàUmIØ9h/kOeðÕCc Ó é hleOØ9fJà¨×
_do�m)hFÕgnEë Ó c 	 e¨ÕCo¥m3hlÕgn�ë Ó c

� egh/Ô¨m3nEØJhlk�e _do�m)hFÕgnEë Ó c
∅ Es	 eUÕCo�m)hFÕgnEë Ó c L�NOS

E

rXs�tRu �gp Ù p � o¥m¥nEÛgh/ØJà Ó nEØJh/ì?ÕCc�×dØ9ägo3kOfJhlc¥×�o�åOà¨n+ØJhlk�eUegc ÓlÓ c�×�ÛgfJkOàgá+nEe¢Ø Ó é h/e¨ÕCo3Û6c3eUÕUnEeUm3c8Õgà�Ûgf9k�ë Ó ú¥æ;c8ÕCc1ÕCo\YÕgàUmIØ9h/kOeÂÕgc Ó é h/e¢ØJf9àU×%c3ØdÕCàÂÛgfJkOë Ó ú3æ8cMÕTé àUegh»Ô6m3n+Ø9h/kOejp

Þ�ÞVÝ
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Chapitre 7
� � �ð� Q�ÿ
����j�Ö����� ��� � ��� � �	� � � �  ���� � !

# ��.-.j,=HIBC, �¢0D(+H94[47(V0	�1,]@1BC$N:�43H707,](+$N:�@E$6274M, �g4 ��(+H94[:E*F0)27@  43HJ47:��_, �g4^GU@+*-$U,?*F0M, @�:+*F0327@  4)H[, �U4)A1`�aý n Ó h Ó c¥k ý n Ó h Ó c3hPp
q%r_s�sutLvxwgy

�g{-| �%�3~¢¤7~UÁ�~CÎl���'Í6ÌE¤7�E�����-£6�F�7¤7����{�{�{�{�{�{�{�{�{�{�{�{�{�{�{�{d{�{�{�{�{�{�{�{�{�{�{�|X|EÅ�g{/� �	�6�7¤ �¢���O��Í6�ÖÁ�~g£C¤7�)ÃX�F£g¤7����{�{�{�{�{�{�{�{�{�{�{�{�{�{�{�{d{�{�{�{�{�{�{�{�{�{�{�|��O��+� �E�W��
?± �X½O¯W�²¯W«¥½¢¶7�\�^�%�^�^�%�^�^�^�%�^�^�^�?�^�^�%�^�^�^�%�^�^�%�^�^�^�%�^�^�^�?�^�^�È�)�+��g{/À �	�6�7¤ �¢���O��Í6�ÖÁ�~g£C¤7�)ÃX�F£g¤7��� �N�l�O£ÿÍ6Ì��£6�F��{N{�{�{�{�{�{�{�{d{�{�{�{�{�{�{�{�{�{�{�|��¢��g{WÊ ��Ï/§N£ �6�)~X¤7~UÁ�~CÎl� Í6ÌE¤7�E�¥���-£6�F�7¤9���C�E�3�ð§N£ ���¨�7¤ �O����Í¨� Á¥~g£g¤9�3Ã¢�-£C¤7��� �N�l�O£Í6Ì��£6�={ {�{�{�{�{�{d{�{�{�{�{�{�{�{�{�{�{�{�{�{�{�{�{�{�{�{d{�{�{�{�{�{�{�{�{�{�{�|��¢À
� àgc Ó/Ó c�m Ó nO×J×Jc�ÕgcÿÛgf9kEØ9kXm3k Ó c¥×�c¥×xØgY h Ó f9o¥n Ó hF×²Ø9c�ÕTé o)Ø9àUÕChlc3f � iLkOàgf�f9o3Û6k�e¨ÕCfJc Vêm3c)ØxØ9c�å¢àgc�×²Ø9h/kOejß%egk�à¨×Õgo)ÔUeghF×9×xkOeU×�Õjé n�ë¨kOf9ÕðàUegc1m Ó n�×9×xc;ÕCc[ÛUfJk�ØJkCm)k Ó c�×då¢àghãegkOàU×�×Jc3æ[ë Ó c[Û6c3fJØJhlegc3e¢Ø9cko Ó n�m Ó nO×J×Jc[ÕCc�×�ÛgfJk�ØJkCm)k Ó c�×í8Õgo)ØJc¥fJæ8hleghF×²Ø9c¥×dïOp �dk�àU×�æ;kOe¢ØJf9k�eU×�å¢àjé h Ó c¥×xØ�ÕCo�m)hFÕgnEë Ó cDÕCc'×9nVá�kOh/f^×Jh�àgeðÛUfJk�ØJkCm)k Ó cYc¥×xØ�ÕCo3ØJc¥fJæ8hleghl×xØJcMc¥eÛUfJo�×xc¥eUm)c%ÕCc?ØJägo¥k�f9h/c�×�o¥å¢àUn+Ø9h/kOegegc Ó/Ó c¥×¥pVô<eU×Jàgh»Ø9c^egk�à¨×�ÛUfJkOÛ¨k¢×xkOeU×�Õjé n�eUn Ólè ×xc¥fLm3c¥×�Ûgf9kEØ9kXm3k Ó c¥×LÕCo3ØJc3f9æ8h/eUhl×xØJc�×c¥e Ó c�×MØJf7nEe¨×²ìòkOfJæ1nEe¢ØMc3e�× è ×²Ø9ú3æ8c¥×DÕgc�m)kOeOØ9f9n�h/e¢Ø9c¥×¥p ��k�à¨×DÕCo)Ô¨eghl×9×Jk�eU×MÛ Ó àU×Jhlc3àgf7×�Ø è Û¨c�×'ÕCc�× è ×²Ø9ú3æ8c¥×MÕgcm3k�e¢ØJf7nEhle¢ØJc�×Dc)Ø8ÕCo3æ8kOeOØ9fJkOeU×'å¢àgc�ØJkOàU×[ÛgfJk�ØJkCm)k Ó c�×DÕCo3ØJc3f9æ8h/eUhl×xØJc�×[Û6c3àUá�c3e¢Ø8×xc�ØJf7n�ÕCàghlf9c�c3eêàge × è ×²Ø9ú3æ8cÕgc8m3k�e¢ØJf7nEhle¢ØJc�×8í�ëghlc3e�ÕCo3ÔUegh_ïOßjegk�ØJhlk�e�h/e¢ØJf9kCÕCàgh/ØJc8ÛUn�f��¨pGZðh Ó/Ó c3eQc3Ø��[p ^ ägæ1nEØJh ��k+á F Z ^ ÷OÝ�KPpI_�nEe¨× Ó c�×m7ä¨nEÛgh/ØJf9c¥×M×JàghláVn�e¢Ø9×¥ßjegk�à¨×Dm)kOeU×²Ø9fJàUhl×Jk�eU×YàUegcÖÛgf9kCm)o¥ÕgàgfJcÖÕgcÖÕCo¥m3hl×Jh/kOeQÛ¨kOàgf Ó cÖÛgf9k�ë Ó ú3æ8cÖÕCcÖ×Jo¥m3àgfJh/ØJo1c¥eÛUfJo�×xc¥eUm)cYÕCc Ó n'Ø9ägo3kOfJhlcYo¥å¢àUnEØJhlk�egegc Ó/Ó c LON�PRQRS'c¥e�f9o¥×Jk Ó á+nEe¢Ø^m)c¥×d× è ×xØJú3æ8c�×^ÕCcMm)k�e¢Ø9f9n�h/e¢ØJc�×?ëgh/c¥eðÕCo)ÔUeUhl×¥p
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�dk�àU×�m)k�e¨×xhFÕCo3f9k�e¨× Ó c'æ;kCÕCú Ó c'h/e¢ØJf9kCÕCàgh/Ø�ÛUn�f �Dp%_�àgfJÜOh/e 43,�(+.W*-* F _ H Z ^ ����KLk�üðàgeðÛUfJk�ØJkCm)k Ó cMc�×²Ødc¥eàUeÿc3e¨×xc¥æ'ë Ó c1ÕCc;×Jo¥å¢àgc¥eUm)c�×YÕCc[æ8c�×J×9nEÜOc¥×�o¥m7äUn�egÜ�o�×dc¥eOØ9fJc;ÕCh/â6o¥fJc¥eOØ7×MnEÜOc3e¢Ø9×¥p � e�o�m7äUnEeUÜ�c[Õgc[æ8c¥×9×9nEÜ�c�×c�×²Ø�egkEØ9o
u → v

ßUkOü
u, v ∈ T (F ,X )

c)Ø�fJc¥ÛgfJo�×xc¥e¢ØJc Ó n�×Jàgh»Ø9c'ÕTé h/e¨×²Ø9fJàUm)ØJhlk�e í H94��¥B õ u ù � 43$  @+*54 õ v ù�ïOp � en�Ü�c¥eOØ�f9c¥ç3k�h/Ø�àgeðæ8c¥×9×Jn�Ü�c
u
ß¨×Jh�m3cMæ;c�×J×9nEÜOcYÔ Ó ØJf9c�õJí;æ1n+Ø7m7äÿïgù Ó cDæ8kEØ9h»ì�õ9í8ÛUn+ØJØJc¥fJeÿïgù�n+ØxØ9c3eUÕgà Ó kOf9×�ÕgcÓ é c)îCo¥m3àCØJhlk�e�egk�f9æ1n Ó c;ÕCàQÛgf9kEØ9kCm)k Ó c�ß Ó é n�Ü�c3e¢ØMm)kOeOØ9h/eXàgc1ÕCkOeUm Ó c1ÕCo¥fJkOà Ó c¥æ8c3e¢ØDÕCà�ÛUfJk�ØJkCm)k Ó c;c)ØMc3eXáOk�hlc Ó cæ8c�×J×9nEÜOc

v
p � e�ÛgfJk�ØJkCm)k Ó c P c�×²Ø%ÕCk�eUmdàgegc�×xo�åOàUc3eUm3cdÕTé o¥m7äUn�egÜ�c�×_ÕCc�æ;c�×J×9nEÜOc¥× *5`-4�` àgegc Ó hF×²Ø9c�ÕCc Ó nDìòk�f9æ8c

(ui → vi)1≤i≤k
m3k�e¢ØJc¥eUnEe¢Ø�ÕCc�×^á+nEf9hln�ë Ó c�×3p

Þ�Þ �
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�`��&!���#& �%����� ���#�����#&��

P :=







u1 → v1ppp
un → vn

��kOàU×Dm7ägc¥f9m7äUk�eU× VÂ×JnVáOk�hlf�×Jh<àgeUcÖÕCk�egeUo3c
s
f9c¥×xØJcÖ×Jc¥m3fJú3ØJc�ßTc¥e�m3k�eU×JhFÕCo3f7nEe¢ØDå¢àgc Ó é h/e¢Ø9fJàU×'m)k�e¢Ø9ffb Ó c Ó cf9o¥×Jc¥n�àjpI[�hleU×Jh Ó é hlÕgc3e¢ØJh/ØJo�ÕCc¥×;nEÜOc3e¢Ø9×¥ß�å¢àgh��²k�àgc¥e¢Ø Ó c�Ûgf9kEØ9kXm3k Ó c�ßje�é c�×²Ø;ÛUn�×[àgegc�h/eCìòkOfJæ1nEØJhlk�e�Û6c3fJØJhlegc3e¢ØJcÛ6k�àgfdegk�àU×¥ßgc Ó/Ó cMejé nEÛgÛUn�f9n �lØ�Û¨n�×�Õgn�eU×^egk�ØJf9cMegkEØ7n+Ø9h/kOejp � eðÛUfJk�ØJkCm)k Ó cYc¥×xØ : ! ,]4)HIA;*-$U*F0I,]4 ×Jhjàgegc[×xo�åOàUc3eUm3cÕCcYæ8c¥×9×9nEÜ�c�×?fJc�ç)àU×^ÕCo3ØJc¥fJæ8hlegcMÕCcYì5n�ç3k�e�àgeghFåOàUc Ó c�×%æ;c�×J×9nEÜOc¥×?c3eXáOk è o¥×¥ß¢Û Ó à¨×%ìòk�f9æ8c ÓlÓ c¥æ;c¥e¢Ø o
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� ��� |��8|G}0|�� � � �`� � � 
 ��� ���\� �� � $DGNHJ@+,]@�29@E./4D4)0I, Õ ! , 43HIA[*-$¨*F0I, 4�0I*CGU@+BCHd, @EBC, 4)0^0IB �I0I,P*-,=B �,P*5@+$U0M23./@V034)0 τ, σ 43,TGU@+BCHM,]@+BC, i ∈ [1, . . . , n] > u1τ = u1σ, . . . , uiτ = uiσ
(+./@EH70 viτ = viσ

`
ñRc)ØJØJc�eUkEØJhlk�e8c�×²Ø<Ø9kEØ7n Ó c3æ8c3e¢Ø<hleUÕCo3Û6c3e¨ÕgnEe¢ØJc�ÕCc Ó n�ØJägo¥k�f9h/c^o�åOà¨n+ØJhlk�eUegc ÓlÓ c^ÛUàghl×9å¢àgc Ó c^Ô Ó ØJf7nEÜ�cMõ9íYæ1n+ØgYm7äghlegÜ[ïUù<×¥é c3â6c�mIØJàUcdæ8kCÕCà Ó k Ó nYØJägo¥k�f9h/cdo¥å¢àUn+Ø9h/kOegegc Ó/Ó c�ß¢ÕCcdÛ Ó àU× Ó n[×xàUëU×²Ø9h»Ø9àCØJhlk�e�ÛUnEf_Ô Ó Ø9f9n�Ü�c'õ9íYæ1n+Ø7m7ägh/eUÜ×JàgëU×xØJh/ØJàCØ9h/kOe�ïgùdejé c¥×xØ�ÛUnO×dàgeUhlå¢àgcOpz_�nEeU× Ó c[m)kOfJk Ó/Ó nEhlf9c1Þ�ßUeUk�àU×�Ûgf9k�àgáOk�eU×�å¢àjé h Ó c�×²ØYÕCo¥m3hlÕUnEë Ó c'ÕCc8×JnVáOk�hlf×JhTàgeÂÛgf9kEØJkCm3k Ó c�ejé c¥×xØ�ÛUnO×^ÕCo)Ø9c3f9æ;hleghF×²Ø9cMÛ¨kOàgf Ó n'Ø9ägo3kOfJhlcYo¥å¢àUnEØJhlk�egegc Ó/Ó c LON�PRQRSXp

� | � |z���v~�� � � y � @E*-, t1, . . . , tn, t :O4I0^,]4)HIA14I0d:O(+$g0 T (F ,X ) >�03(  @+*-H^0gS *-.64 �O*F0I, 4�:�43B �'07B �)0I,=*-,PBC,P*5@+$g0�23./@V034)0
σ, τ , 43.-./4)0'Z)BU4

t1τ = t1σ ∧ . . . ∧ tnτ = tnσ ∧ tτ 6= tσ

4)0I,?: ! 23*5:�(��)./4dGU@+BCHM.l(1, � ! @+HI*54 ! Z)BU(E,=*5@E$U$N4).-./4 � � � ���C`
� H94)B  4 o ^ kOh»Ø X = vars(t1, . . . , tn, t)

c3Ø
ρ
àgegcMá+n�fJhFnEë Ó cMÕCh/â6o¥fJc¥eOØ9cDÕCc

X
p ^ k�h/Ø

t′i = tiρ(i = 1, . . . , n)
ßc3Ø

t′ = tρ
ß Ó c Ó c3æ8æ8c�c¥×xØ_o�åOàUh/á+n Ó c3e¢ØRV Ó é c)îChl×xØJc¥eUm)c�ÕTé àUegcd×JàgëU×xØJh/ØJàCØ9h/kOe�m Ó kO×Jc

τ
ØJc ÓlÓ c�å¢àgc

t1τ = t′1τ ∧ . . .∧

tnτ = t′nτ ∧ tτ 6= t′τ
p6ñRc3ØxØJcMÛUfJkOÛgfJhlo)Ø9oYc¥×xØ^Õgo¥m)hFÕgn�ë Ó cMÜOf9þOm)cYnEà Ó c¥æ8æ;cDÙ �'Û¨nEÜ�c8Þ�Ù��gp

�

��� ��
 �@� � � 
 � 41G6H9@+,]@¥27@+.l4�27@E$g0I,=HIBC*-,�Gg(EH\.xS 43$  @+*[:O4�A84)070)( �O4)0Â0IBC*  (E$U,=0\K x + y → x $TS 4I0I,dGg(+0: ! ,]4)HIA;*-$U*F0I,]4 �/GU@+BCH�./(8, � ! @+HI*54 ! Z)BU(E,=*5@E$U$643.-./4���������� � >_27@+$U0I*5: ! HJ@+$U0 σ = {x 7→ 0, y 7→ 0} 4), τ = {x 7→

〈0, 0〉, y 7→ 〈0, 0〉} ` �[@+BX0D@��3, 43$6@E$g0'K (x+ y)σ = 0 = (x+ y)τ 4), xσ = 0 6= 〈0, 0〉 = xτ `
� (EH%27@+$¨,=H94?./4�G6H9@+,]@¥27@+.l4%0IBC*  (E$U,�4)0I,�: ! , 43HIA[*-$¨*F0I, 4�KU./(  (+.l4)BCH^:�4 h(x+y) 4)0I,TBC$U*5Z3BU4)A14)$¨,�: ! , 43HIA;*-$ ! 4BC$N4_&)@E*F0'./(  (E./4)BCH;:�4 x+ y � � ! 4� A �)A14D07*_./(�A8(E, 2��X*-$��Ö0IB �)0I,=*-,PBC,=*5@E$ÿ$TS 4)07,�GU(V0DBC$U*5Z3BU4 � >R./(  (+.l4)BCH8:�4

h(h(y)) 4I0I,_BC$¨*5Z)BU43A14)$¨,?: ! ,]4)HIA;*-$ ! 4'BC$64<&)@E*F0D./4)0  (+.l4)BCH70':�4 x+ y 43, x 29@E$U$¨BU4I03`
{

x+ y → h(x+ y)

x → h(h(y))

^ h?egk�à¨×'m)kOeU×JhlÕCo¥fJkOeU×MàgeUc�nEàgØJf9c1ØJägo¥k�f9h/c�o¥å¢àUn+Ø9h/kOegegc Ó/Ó cÖk�ü�h Ó c)îChl×xØJc�àgeûf9o¥×Jà Ó Ø7n+Ø[Õgc�ÕChF×xàUegh»Ô6m3n+Ø9h/kOen Ó kOf9×%m)c3ØxØ9cYm¥nEf7n�m)ØJo3f9hF×JnEØJhlk�eÖc�×²ØdÕCo�m)hFÕgnEë Ó cMÕgn�eU×^m)c3ØxØJcYØ9ägo3kOfJhlc�p
� 5 � ���6D � 	a<=EWD �BE � : ���I> ��C���� EWD 5

��kOàU×�ÕCo3ÔUeghF×J×Jk�e¨×^ÕTé n�ë¨kOf9Õ�ìòk�f9æ8c ÓlÓ c¥æ8c3e¢Ø�m)cDå¢àjé c¥×xØ%àUe\× è ×xØJú3æ8cMÕCcDm3k�e¢ØJf7nEhle¢ØJc¥×?c3Ø�c)îCÛ Ó hlå¢àgkOeU×^m)kOæ Yæ8c3e¢ØkVQÛ¨nEfJØJhlf�ÕTé àge�Ûgf9kEØJkCm3k Ó cÂ×Jk�à¨× Ó n�ìòk�f9æ;c\Õjé àgeUcÿ×xo�å¢àgc3eUm3c\ÕCc\æ8c¥×9×9nEÜ�c�×8fJc�ç)àU×Öc)Ø�c¥e¢áOk è o�×8egk�àU×m3k�eU×xØJf9àghF×xkOeU×?àge�× è ×²Ø9ú3æ8cDÕCcMm)kOe¢ØJf7nEhleOØ9c¥×¥p
Þ�ÚE÷



� � ��������&8�2#����&n�����#���%���#/��$�z� �#&��

� d��Xdge � �  �dv �gvxr � � d
�dk�àU×Lm)kOeU×xØJf9àghl×Jk�e¨× V�ÛUnEfJØJhlfãÕTé àge[ÛUfJk�ØJkCm)k Ó c

P
ßVÕgo¥m)f9h/ØL×Jk�àU× Ó ndìòkOfJæ8c?ÕTé o�m7äUnEeUÜ�c%ÕCcRæ8c�×J×9nEÜOc¥×�c3eXá�k è o¥×c3Ø�fJc�ç)àU×¥ßXàgeð× è ×xØJú¥æ;cDÕgcYm3k�e¢ØJf7nEhle¢ØJc�×

C
p

P :=







u1 → v1ppp
un → vnñRc8× è ×xØJú¥æ;c;ÕCc8m)k�e¢Ø9f9n�h/e¢ØJc�×�æ8kCÕCo Ó hF×xc Ó c;Û6k�hleOØMÕCc[á¢àUc;ÕCc Ó é nEØxØ9nOå¢àUnEe¢Ø¥p H é hleOØ9fJà¨×dÛgf9c3e¨Õ\c3e�å¢àgc Ó å¢àgc×Jk�fJØJc�Û¨k¢×J×Jc¥×9×Jh/kOeÖÕCà�f9o¥×Jc¥n�àjßOh Ó á�kOh»Ø?ÛUn�×9×xc¥f_Ø9k�àU× Ó c¥×?æ8c¥×9×Jn�Ü�c¥×_c)Ø%h Ó c�×²Ø^m3n�ÛUnEë Ó c�Õjé c¥e¢áOk è c¥fRÕCc�×_æ8c¥×9×9nEÜ�c�×n�àCî�Õgh»âNo3f9c3e¢Ø9×DÛUnEfJØJhFm)hlÛUnEe¢Ø7×3p H nÂÛgf9c3æ8h/ú¥fJcÖm3k�e¢ØJf7nEhle¢ØJcÖm3k�e¢ØJhlc3e¢Ø'×Jàgf Ó nÂÛUnEfJØJhlc1ÜOn�àUm7ägc Ó nðm)k�eUeUnEhF×J×9nEe¨m)chlegh/ØJhFn Ó c[ÕCc Ó é hle¢ØJf9àU×

T0
c)ØM×xàUf Ó nÖÛUn�fxØ9h/c;ÕCf9k�h/ØJc Ó c'ÛUfJc¥æ;hlc3f�æ8c¥×9×Jn�Ü�cDf9c¥ç3à

u1
Û6c3eUÕUnEe¢Ø�àgeUc;×Jc¥×9×xhlk�eÿegk�ffYæ1n Ó c�ÕgàûÛgf9kEØJkCm3k Ó c1ÛUnEf Ó c�ÛUfJc¥æ;hlc3f[nEÜ�c¥e¢Ø¥p H n\×Jc¥m)kOeUÕCcÖm3k�e¢ØJf7nEhle¢ØJcÖm)kOe¢ØJhlc3e¢Ø[×Jàgf[×9nðÛUn�fxØ9h/cÖÜ¢nEàUm7äUc�ß Ó nm3k�ege¨nEhF×J×9nEeUm3c'hlegh/ØJhFn Ó cÖÕCc Ó é h/e¢Ø9fJàU×YÛ Ó àU× Ó c8æ8c¥×9×Jn�Ü�c

v1
c3eXá�k è o[m)kOæ8æ;c8f9o3Û6k�eU×Jc1nEà�æ8c¥×9×Jn�Ü�c

u1
ß�c)ØD×xàUfÓ nÂÛUn�fxØ9h/c1ÕCf9k�h/ØJc Ó c1Ûgf9kXm7ä¨nEhle�æ8c¥×9×9nEÜ�c8o�m7äUnEegÜOo�pG[dh/eU×Jh Ó nÂm)kOegeUnEhF×9×Jn�eUm)c1ÕCc Ó é hle¢ØJf9àU×Mc�×²Ø'm3fJkOhl×9×Jn�e¢ØJc�p H ce�YPhlú3æ8cYc)ØdÕCc¥fJeUh/c¥f^æ;c�×J×9nEÜOc�f9c¥ç3à�c�×²Ø

un
c3Ø Ó n;f9o3Û6k�eU×JcYo3æ8hF×xcYc¥×xØ

vn
p

C :=







T0  u1

T0, v1  u2ppp
T0, v1, . . . , vn−1  un

T0, v1, . . . , vn−1, vn  s
�dk�àU×�egk�à¨×dhle¢ØJo3f9c¥×9×Jk�eU×!V Ó nÖÛgf9k�Ûgf9hlo)ØJo;ÕCc[×Jc¥m3fJc3Ø *5`-4�` ß6×9nVá�kOh/fd×Jh�àgeÿhle¢ØJf9àU×dÛ6c3àgØYÕCo�ÕCàghlfJc[àge�×Jc¥m3fJc3Ø

s
p�i�kOàgfDæ8kCÕCo Ó hF×xc¥f'm)c3ØxØJc�ÛgfJkOÛgf9h/o3ØJo Ó é hFÕCo3c�c¥×xØ[ÕCcÖf7n��²kOàCØJc¥fMàgegc�ÕCc¥fJeUh/ú¥fJcÖm3k�e¢ØJf7nEhle¢ØJc1nEàû× è ×²Ø9ú3æ8cÖÕgnEe¨×Ó n�å¢àgc Ó/Ó c Ó é h/e¢ØJf9àU×�ÕCk�h/Ø�Õgo¥ÕCàghlf9c Ó c;×Jc¥m3fJc3Ø

s
VÖÛUn�fxØ9h/f�ÕCc¥×�æ8c¥×9×Jn�Ü�c�×�o¥m7ä¨nEegÜOo¥×�ÛUfJo�m)o¥Õgc3æ8æ8c3e¢Ø¥p ^ é h Ó c)îChF×²Ø9càUegcÖ×xk Ó àgØJhlk�e Vðm)c1× è ×xØJú¥æ;cÖÕgcÖm)k�e¢Ø9f9n�h/e¢ØJc�×Yn Ó k�f7×Yh Ó c3îChl×xØJc8àgegcÖnEØxØ7n�å¢àgc1Û6c3f9æ;c3ØxØ7nEe¢Ø�V Ó é n+ØJØ9n�å¢àUn�e¢ØMÕgcm3k�ege¨n��FØJf9c

s
p �dk�àU×MÕCc¥á�kOeU×Mm)kOeU×xhFÕCo¥fJc¥f�Ø9k�àU× Ó c¥×'× è ×xØJú3æ8c�×MÕCc1m)k�e¢Ø9f9n�h/e¢ØJc�× VÂàgegc1m)kOeOØ9f9n�h/e¢Ø9c;ÛUàghl×MÕgc3àCîm3k�e¢ØJf7nEhle¢ØJc�×�c)Ø7m

. . .
ßTnEàCîgå¢àgc Ó ×�egk�àU×�n��²kOàCØJkOeU×nV�m7äUnOåOàUcDìòk�hF× Ó n�m)kOeOØ9f9n�h/e¢Ø9c'å¢àghLÛ¨c¥fJæ8c)Ø*V�àgeÿhle¢ØJf9àU×�ÕgcÕgo¥ÕCàghlf9c Ó cÖ×Jc¥m3fJc3Ø
s
VÂÛUn�fxØ9h/f'ÕgàQÕgc3f9egh/c¥fDæ8c¥×9×Jn�Ü�c8o¥m7ä¨nEegÜOo�ßjm)kOæ8æ;c1eUk�àU× Ó é nVá�k�e¨×dì5n�h»Ø;×xàgf Ó cÖ× è ×²Ø9ú3æ8cm3k�æ8Û Ó c)Ø

C
p 	]Ó ì5n�àCØ�c¥eU×xàUh»Ø9c'o)Ø9àUÕChlc3fYm7äUn�å¢àgc[× è ×xØJú3æ8c;ÕCc[m3k�e¢ØJf7nEhle¢ØJc¥×¥p ^ h�àgeÿÕgc¥×�× è ×xØJú3æ8c�×�Û6kO×9×xú�ÕCcDàgegc×Jk Ó àCØ9h/kOe8n Ó kOf9×�h Ó c3îXhF×xØJc^àgegc�nEØxØ7n�å¢àgc^Û6c3f9æ;c3ØxØ7nEe¢ØUV Ó é hleOØ9fJà¨×<ÕCcdÕCo�ÕCàghlfJc Ó c�×Jc¥m)f9c)Ø

s
p ^ hUnEàUm3àgeÖ× è ×xØJú¥æ8c?eUcÛ6kO×9×Jú¥ÕCcdÕgc�×Jk Ó àCØJhlk�ejßXn Ó k�f7×<h Ó ejé c3îChl×xØJc�ÛUn�×RÕTé nEØxØ7n�å¢àgc�×Jàgf Ó c�Ûgf9kEØJkCm3k Ó c�×xkOàU× Ó c¥×Rä è Û¨k�ØJägú�×xc�×_m)kOeU×JhlÕCo¥fJo¥c¥×¥p

� ØJàUÕChlc3f_ØJkOàU×_m3c¥×_× è ×²Ø9ú3æ8c¥×<c¥×xØ_ego¥m3c¥×9×Jn�h/f9c�ßEm¥nEf<h Ó ×xc^Û6c3àCØ%å¢àjé àUeÖ× è ×xØJú3æ8c�Û6kO×9×Jú¥ÕCc^àgeUc�×Jk Ó àCØJhlk�e8Û6k�àgf Ó c�×m3h/e¨å8ÛgfJc¥æ8h/ú¥fJc�×?m3k�e¢ØJf7nEhle¢ØJc�×3ßXå¢àghTÛ¨c¥fJæ8c3ØxØJc¥e¢Ø^ÕgcYÕgo¥ÕCàghlf9c Ó cM×xc�m)f9c)Ø^n Ó k�f7×Rå¢àjé nVá�c�m^ØJkOàCØJc�× Ó c�×%m)k�e¢Ø9f9n�h/e¢ØJc�×Ó c'× è ×²Ø9ú3æ8cMegcDÛ6kO×9×xú�ÕCcDÛUnO×�ÕCc'×Jk Ó àCØ9h/kOejp�_�nEeU×dm)c'm¥n�× Ó V Ó é hle¢ØJf9àU×�Û6c3àCØ�ëghlc3e\×��gf�k�ëgØJc3eUh/f Ó c'×Jc¥m3fJc3Ø�æ1nEhF×Û Ó àU×<Ø9n�f9Õ Ó é c3îCo¥m)àgØJhlk�eÖÕCà1Ûgf9kEØ9kCm)k Ó c�×¥é n�fJf q)Ø9c3f7ndc3Ø Ó c�Ûgf9kEØJkCm3k Ó c^egc�Û6c3àCØ q)ØJf9c�c¥eOØ9h/ú¥fJc¥æ8c3e¢Ø_c)îCo�m)àCØ9o�p0_�nEe¨×Ó nD×Jàgh/ØJcdeUk�àU×Rm)k�e¨×xhFÕCo3f9c3f9k�e¨×Làge�×Jc3à Ó × è ×xØJú3æ8cdÕgc�m)kOe¢ØJf7nEhleOØ9c¥×¥ß�m3n�fãØJkOàU×?m)c¥×R× è ×xØJú¥æ;c�×_×Jc3f9k�e¢Ø<f9o¥×Jk Ó àU×ãÛUn�fÓ n;æ6q3æ8cYØJc�m7ägeghFåOàUc�p
�B�	���@������|����Gy ��� � �8� � 
�� � � }'|��%� � ~�� �%� ����� � $N4 m3k�e¢ØJf7nEhle¢ØJc � HJ4)0PGT`LBC$N4 m)kOe¢ØJf7nEhleOØ9cYàgegcMo)Ø7nEÛ6c > àgeUcm3k�e¢ØJf7nEhle¢ØJc

ME � 4)0I,_BC$ð0	�7Z3BU4)$¨,?:�4'./(d&)@+HIA14 T  u � HJ4)0=Gj` T 1 u
> T ME

u � @�� T 4I0I,_0)@EBX0 � 4)$U0)43A �)./4
� $U*ã:�4 T (F ,X ) 4), u ∈ T (F ,X ) `��[@+BX0D(9GOGg43./@+$U0 T Ó é c3eU×Jc3æ[ë Ó cYÕCc�×%ä è Û6kEØ9ägú¥×Jc¥× :�S BC$64[29@E$U,PHJ(+*-$¨, 4�` � $× è ×²Ø9ú3æ8cMÕCcDm)kOe¢ØJf7nEhleOØ9c¥× 4)0I,_BC$N4Y0	�7Z)BU43$6274':O4829@E$U,PHJ(+*-$¨, 4)03`
�B�	���@������|������ ���I|z� � �8��|���� � � ��� � � �8� � 
�� � � }'|��%� � ~����%� ����� � $64 03@+.WBC,P*5@+$ :�S BC$ 0��V0I,��)A14Ð:�427@E$U,PHJ(+*-$¨, 4)0 C � HJ4)0=Gj`LBC$64
�),](9GU4I>

ME � 4)0I,_BC$64M0IB �I0I,P*-,=BC,P*5@+$ σ ,]43.-./4[Z3BU4
� GU@+BCH'2��g(�Z3BU4 T  u ∈ C *-.�4 �O*F0I, 4'BC$64%G6HJ43B��V4;:�4 Tσ ` uσ �

Þ�ÚgÞ



� � �O/��#/����2�#�f� &\�v� �
�`��&!���#& �%����� ���#�����#&��

� Gg@EBCH'2 �U(�Z3BU4 T 1 u ∈ C
.l4D,]4)HIA14 uσ 4)07,^: �7:EBU2),P*�).l4;43$\BC$N4 �3, (7Gg4;:�4 Tσ �

� Gg@EBCH'2 �U(�Z3BU4 T ME
u ∈ C ./4[, 43HIA84 uσ 4)0I,?:��9:EBU2),P*�3./484)$\BC$N4
�3,](9GU4 ME

:�4 Tσ `
��� ��
 �@� � �Gy  @+$g0I*5:��)HJ@E$g0�.l4MGNHJ@+,]@�29@E./4�$6( � &10IBC* �+(+$U,DK%.JS ( �¢4)$¨, A 43$ �+@+*54�./4û#ÿ@+B 4 �X2).WBX0I* &8a :�4�03@+$*5:O4)$¨,=*-, � A 43,�:jS BC$Q03472)H94), s 2)H	�9GN, ��( �+492ÖBC$64123./4=&'034723H��),]4;0	�+A �),PHI*5Z)BU4 k 27@E$U$UBU4�:�4 A 43,d:�4 B > �EH���274(EBÂ2��X* �^H94)A14)$¨,R:�4��¨43HI$6(+A1` � S ( �¢43$U, B 29@E$U$N(+*F0703(+$U,_./(Ö23./45& k Gg43BC,R:O@+$62DHJ43$ �+@ ��43H�.l4MA14I0703( �¢4 s⊕A �.xS ( �O43$U, A `

1 A → B : A⊕ k ⊕ s

2 B → A : A⊕ s
�'@EBX0'0IB�G�GU@V03@E$g0ÖZ)BU4Ö.xS *-$U,PHIBX0827@+$¨$6(E*F09034Ö./4I0Ö27@+$U07,](+$¨, 4)0 A 4), B Z3BC*%HJ4]G6H��)034)$¨, 43$U,�.l4I08*5:�43$U,P*-, �)0Ö:�4.xS ( �O43$U, A 4),�:O4%.xS ( �O43$U, B `��[@+BX0^29@E$g0I,PHIBC*F0)@E$g0_.l4?0	�V07,��3A84�:O4d27@+$¨,=H9(+*-$U,]4)0?27@+HIHJ4)0PGg@E$6:�(E$U, �M294�G6HJ@E, @�27@+./4�K

{

A,B  x⊕ k ⊕ s

A,B, x⊕ s  k
�I.�4��O*F0I, 4'BC$64M0IB �I0I,P*-,=BC,P*5@+$ σ = {x→ A⊕ k ⊕ s} ><$6@+BX0D@��3,]4)$N@+$g0':O@+$62;K

{

A,B  A

A,B,A⊕ k  k
� S *-$¨,=HIBX0DGg43BC,D:�@+$N2\27@+$¨$6( !-,PHJ4�./(Q23./4=& k 4)$Â&)(+*F03(E$U,D./4û#�@+B 4��X23.WBX0I* &1a :+B\G6HJ43A;*54)HÂ4),':EBû034729@E$6:A14I0703( �¢4)><$6@+BX0'@��),]4)$N@+$U0 k .l(�23./45&M0)4723H��3, 4[4)$¨,=HJ4'./4)0D( �O43$U,=0 A 43, B `

� 5 � ���6D � 	a<=EWD �BE � : ���I> ��C���� EWD �BC�E� �
��� �BC�DR5

��kOàU×DÕCo3ÔUeghF×J×Jk�e¨×Yæ8n�h/e¢Ø9c3eUn�eOØ Ó c¥×DegkEØ9h/kOeU×DÕCcÖ×Jk Ó àCØJhlk�e�egkOe�c3â6kOeUÕCf7nEe¢ØJcOß
F ′ Y ×Jk Ó àCØJhlk�e�ßj× è ×xØJú3æ8cÖÕCcm3k�e¢ØJf7nEhle¢ØJc¥×Rëghlc3eðÕCo3ÔUeghPp J kOàCØJc�×�m)c�×%egkEØ9h/kOeU×^×Jc3f9k�e¢Ø?àgØJh Ó hF×xo¥c¥×�ÕUnEeU× Ó cMm7äUnEÛgh/ØJf9c8Þ¥÷;ÛUn�Ü�c;Þ3ö�]Cp

�B�	���@������|�� � �
���I|����I����|�� �@|�� � �R| ��� � ~ �%� � � � $64ð0)@E.WBC,P*5@+$ σ :�S BC$�0	�V0I,��3A84�:�4�27@+$¨,=HJ(E*-$U,]4 C 4I0I,egkOe�c3â6kOeUÕCf7nEe¢ØJc 07*6GU@+BCHM,]@+BC, u, v ∈ StE(C) \ X ,]4).W0DZ3BU4 uσ =E vσ
(+./@EH70 u =E v

`
�B�	���@������|�� � � �

F ′ � �8|z� � �8�v| � � � * F ′ 4)0I,jBC$64R03@+BX0 � 0I* ��$6(+,PBCHJ4^:O4 F (E./@+H70%BC$64R03@+.»BC,=*5@E$ σ :�S BC$80	�V07,��3A84:O4[27@+$¨,=H9(+*-$U,]4)0M4)0I,%(7G�GU4). �74 F ′ Y]×xk Ó àgØJhlk�e 0I* xσ ∈ T (F ′,X ) GU@+BCHM,]@+BC, x ∈ dom(σ) `
� � 
 ~ � � � � y � * σ 4)07,8BC$N4ð03@+.»BC,=*5@E$ :�S BC$64Q27@+$¨,=HJ(E*-$U,]4 T  u � HJ4I0PGj`MBC$64 �3, (7Gg4�27@E$U,PHJ(+*-$¨, 4)07>

ME27@+$¨,=H9(+*-$U,]4 � >_(E./@+H70 σθ 4)0I,%(EBX0707*ãBC$N4Y03@+.»BC,=*5@E$�:�4 T  u GU@+BCHM,]@+BC,]4Y0IB �)0I,=*-,PBC,=*5@E$ θ `
�B�	���@������|�� �%w ��� � �\� � 
�� � � }0| �%� � ~�� �%� ��� � � ��� �@� � �@� ����� $�0	�V07,��3A84�:�4�29@E$U,PHJ(+*-$¨, 4)0 C = {Ti 

ui}1≤i≤k
4I0I, ëgh/c¥e�Õgo)ÔUegh 0I*_K

� ` õòæ8k�egk�ØJkOegh/cVù GU@+BCHM,]@+BC, i < k K Ti ⊆ Ti+1
>

� ` õòk�f9hlÜ�hleUn+Ø9h/kOe¨ù GU@+BCHY, @EBC, 4M0IB �I0I,P*-,=BC,P*5@+$ θ K Cθ 03(E,=*F0ò&)(+*-,%./(YG6HJ@7G6HI* �3, �'0IBC* �+(+$U,]4;K
∀i ≤ k > ∀x ∈ vars(Tiθ)

> ∃j < i , 43.�Z3BU4 x ∈ vars(ujθ).

��� ��
 �@� � ���  4M0	�V0I,��3A14[:O4[27@+$¨,=H9(+*-$U,]4)0Y$TS 4)0I,TGU(V0 �)*543$�:�� � $U*5`
C :=

{

T0  X ⊕ Y

T0, X  Z

 (+H[./(�07B �)0I,=*-,PBC,P*5@+$ θ = {Y → X} $N@+BX0[:�@E$U$N4'BC$ÿ0	�V07,��3A848:�4127@E$U,PHJ(+*-$¨, 4)0 Cθ Z)BC*_$NS 4)0I,jGU(V0 �)*543$&)@EHIA �;274[Z3BC*_27@+$U,PHJ47:+*-,R./(MG6HJ@7G6HI* �3, �8:jS @EHI* �E*-$N(+,P*5@+$N`
Cθ :=

{

T0  0

T0, X  Z

Þ�Ú�Ú



� � ����) " �'� �3�#�
�2���#��� �������2��� �6� ���$&8�2��+��#� & �'�B& ��&\� ����������#���z�v��/-� �%� �#& 	������ ��� �����m�

ñRc3ØxØJc1eUkEØJhlk�e�ÕCc1× è ×xØJú¥æ;c1ÕCc1m3k�e¢ØJf7nEhle¢ØJc¥×�ëghlc3eQÕCo)Ô¨egh<c¥×xØMh/e¢Ø9fJkCÕCàgh/ØJc8ÛUn�f �UpGZðh ÓlÓ c¥e�c3Ø��[p ^ ägæ1n+Ø9h Y
�Ok+á F Z ^ ÷OÝ�K pgô ÓlÓ c�c�×²ØdÕgo)ÔUeghlcMÕCcMæ1nEeghlú3f9cY×xhlæ8h Ó nEhlfJcYÛ6k�àgf Ó c¥×^× è ×²Ø9ú3æ8c¥×^ÕgcYm3k�e¢ØJf7nEhle¢ØJc�×RàUegcYo)Ø9n�Û¨cÖõ5fJc�×xÛ�p
ME

ù)p%_�nEe¨×�m3c[Û¨nEÛghlc3f Ó c�×YnEàCØ9c3àgf7×�o)ØJà¨ÕCh/c¥e¢Ø�àgeUc8m Ó nO×J×Jc�íÖf9n�hl×Jk�eUeUnEë Ó c[ïÿÕCc8ÛgfJk�ØJkCm)k Ó c�×3ß Ó c�×�ÛgfJk�ØJkCm)k Ó c�×íDëghlc3eÂÕCo)ÔUeUhl×^ïOp ��kOàU×?æ;kOe¢ØJf9k�eU×?å¢àgc�ØJk�à¨×RÛUfJk�ØJkCm)k Ó c�×_ÕCo3ØJc3f9æ8h/eUhl×xØJc�×%Û¨c¥àgá�c¥eOØXq)Ø9fJc�f9c3Ûgf9o¥×Jc3e¢ØJo�×_Û¨nEf?àge× è ×²Ø9ú3æ8cMÕCcDm)kOe¢ØJf7nEhleOØ9c¥×?ëghlc3eÂÕCo)Ô¨egh=p
� 5 � � � � � ?B>@: �@: �R: 	\E �
� �@EX>M<=C��BC�D � E ��EX>MD � � D � D � 	a<=E �kE

� : ���I> ��C���� EWD �BC�E� �
��� �BC'5

iãnEf[m)k�e¨×²Ø9fJàUm)ØJhlk�e Ó c�× è ×xØJú¥æ;cÖÕgcÖm)k�e¢Ø9f9n�h/e¢ØJc�×Mm)kOeU×²Ø9fJàUh»Ø VÂÛ¨nEfJØJhlfDÕTé àUeûÛgf9kEØJkCm3k Ó c8Õgo)ØJc¥fJæ8hleghF×²Ø9c1c¥×xØæ8kOegkEØ9k�egcOp 	]Ó egcMfJc�×²Ø9cYÛ Ó à¨×�å¢àjé V;æ8k�e¢Ø9fJc¥f Ó n;Ûgf9k�Ûgf9h/o3ØJoMÕTé k�f9h/ÜOh/e¨n+ØJhlk�e�p
{	��
�
�� �Gy � * P 4I0I,MBC$�G6H9@+,]@¥27@+.l4ÿ: �3,]4)HIA;*-$U*F0I,]4ÿ(+.l@+H70Â./4�0	�V0I,��3A84ÿ:�4ÿ27@E$U,PHJ(+*-$¨, 4)0Â(+0903@�2)* ��4I0I,��3*543$:�� � $U* �3# � 43.-. � :�4 � $N47:1a � `

� H94)B��+4 o ^ àgÛgÛ6kO×Jk�eU×;å¢àjé àUeê× è ×xØJú¥æ;c�ÕCc�m3k�e¢ØJf7nEhle¢ØJc�×MegcÂ×xkOh»Ø'Û¨n�×[ëgh/c¥eêÕCo3ÔUeghPß�Û¨nEf[m3k�eU×Jo¥å¢àgc¥e¢Ø'h Óc3îChl×xØJcYàgegcD×JàgëU×xØJh/ØJàgØJhlk�e
µ
c3Ø^àgegcMá+nEf9hln�ë Ó c

x
Ø9c Ó ×^å¢àgc

x ∈ vars(viµ)
c)Ø
x /∈

⋃

j<i vars(ujµ)
p

^ kOh»Ø
a, b
ÕCc3àgî�m)kOeU×xØ9nEe¢Ø9c¥×Yå¢àghãegcÖ×Jk�e¢Ø�Û¨n�×YàCØ9h Ó hl×Jo3c�×MÕgnEe¨× Ó c8Ûgf9kEØ9kXm3k Ó c'Ø9c ÓlÓ c�×Må¢àgc

µa = {x 7→ a}c3Ø
µb = {x 7→ b}

pNi<àghF×9åOàUc
x 6∈

⋃

j<i vars(ujµ)
eUk�àU×MnVáOk�eU×

vjµµa = vjµµb
Û6k�àgf�Ø9k�àCØ

j < i
ßTæ8n�hl×

uiµµa 6= uiµµb
p6ñRc�m)h�m3k�e¢ØJf9c¥Õgh»Ø Ó c�ì5n�h»Ødå¢àgc Ó cYÛgf9kEØJkCm3k Ó c�×Jk�h/ØdÕCo)Ø9c3f9æ8h/eghF×xØJc�p

�
� c¥æ1nEf7åOàUk�eU×�å¢àjé àUe�× è ×xØJú¥æ8c;ÕCc8m)kOe¢ØJf7nEhleOØ9c¥×�ëghlc3e�Õgo)ÔUeghãe�é c�×²ØYÛUn�×�ìòkOf9m3o3æ8c3e¢Ø�hF×9×xà�ÕTé àUe�Ûgf9kEØ9kCm)k Ó cÕgo)ØJc¥fJæ8hleghF×²Ø9cYm3k�æ8æ8c Ó cYæ8k�e¢Ø9fJc Ó é c3îXc¥æ8Û Ó c'Ú�Ùgp

��� ��
 �M� � � � � B�GOGg@+03@+$g0'Z3BU4 f(a, a) = c 4), f(b, b) = c ./4^G6H9@+,]@¥27@+.l4D0IBC* �+(+$¨,_$TS 4I0I,jGg(+0[: �3, 43HIA[*-$¨*F0I, 4�`
1 A → B : f(x, x)

2 B → A : x

� 4M0	�V0I,��)A14[:O4[27@E$U,PHJ(+*-$¨, 4)0M(+070)@�23* �;4)0I,jGU@+BCHI,](+$¨, �3*54)$Q: � � $¨*_K
{

T0  f(x, x)

T0, x  . . .

�dk�àU×_egk�àU×<h/e¢ØJo¥fJc�×J×Jk�e¨×<nEà1m3nO×_nOmIØJh/ìTÛ¨kOàgf Ó nYØJäUo3k�f9hlc^o¥å¢àUn+Ø9h/kOegegc Ó/Ó cWLON�PRQRSXß�ÛUn�fxØ7nEe¢Ø_ÕTé àgeÖÛgf9kEØ9kCm)k Ó cÕgo)ØJc¥fJæ8hleghF×²Ø9c;eUk�àU×�Û6k�àgáOk�eU×Yn�×9×JkXm3h/c¥f�àUe�× è ×²Ø9ú3æ8c1ÕCc1m)k�e¢Ø9f9n�h/e¢ØJc�×3ß6egkOàU×�ÛgfJkOÛ¨k¢×xkOeU×�ÕgnEeU× Ó n�×xàgh/ØJc8àgeUcÛUfJkCm)o�ÕCàgf9c_ÕCc?fJo�×xk Ó àgØJhlk�e'ÕCc�×�m3c¥×�× è ×xØJú¥æ;c�×�Õgc?m3k�e¢ØJf7nEhle¢ØJc¥×¥p8_�nEe¨× Ó cRm7ä¨nEÛgh/ØJf9cRødÛUnEÜOcdÞ�ÚOÝCß�egk�à¨×�æ8k�e¢Ø9fJkOeU×àUe1fJo�×xà Ó Ø9nEØR×Jàgf Ó é àgeUh»Ô¨m¥n+Ø9h/kOeÖæ8kXÕgà Ó k�LON�PRQRS�eUo¥m)c�×J×9nEhlf9c?Û6k�àUf_egk�ØJf9c^ÛgfJkCm3o¥ÕCàgf9c�ÕCc�ÕCo¥m3hl×Jh/kOejpEi<àUhl×?ÕgnEe¨×Ó c%m7äUnEÛgh/ØJf9c ��ÛUn�Ü�cdÞ�Ù��Uß3egkOàU×�ÛgfJkOÛ¨k¢×xkOeU×jàUegcRæ8o3ØJägkCÕCc^ÕCc?fJo�×xk Ó àgØJhlk�e'ÕTé o¥å¢àUnEØJhlk�eU×�ÛUn�fxØ9hlm3à Ó hlú3f9c¥×�å¢àghXegk�à¨×Û6c3f9æ8c)ØdÕCc�Ø9c3f9æ;hlegc¥f^egkEØ9fJcMn Ó Ü�kOfJh/ØJäUæ;cMÕCcYf9o¥×Jk Ó àCØJhlk�eÂÕCcMm)kOe¢ØJf7nEhleOØ9c�ÕUnEeU× Ó cMm7äUnEÛUh»Ø9fJc8Þ¥÷;ÛUn�Ü�c;Þ3ö
]Xp

Þ�Ú�Ù
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Chapitre 8
� ������� �������	��


� ������������� ��� � ��������� ��! "�#� ��%$��'&(��) ��%)��*�+�#)-,/.0 Ó�1 Ø�24365
798;:<:>=@?BA�C

Ñ�D�E Ë!F�ÎlÃO¤�GIHg£KJ!FO£C¤�L�F�§N£MG �TÁ�Ã¢¤�GNHg£OF�¤�ÎIF�PML�H �NÎ��RQSFÖÍKFSJ7Ì�Á+§�LTG/¤7ÌUDVDWDXDWDXDWDWDXDYE��[Z¸]\_^`\_^ª©�� ´¢½¢¯��¢¬I3�²¯W«�½;�7¶ �_½¢±7¬7�9¶]¶²¥¯°µ²�`\V\a\a\a\b\a\a\9\a\a\a\9\a\a\9\a\a\a\9\a\a\a\b\a\a\c^)�3É¸]\_^`\ � ©�� ´¢½¢¯��¢¬I3�²¯W«�½;½ � �7¶ �_³X3¶_¶]´4dM¶²¥½+�²�`\e\b\a\a\9\a\a\a\9\a\a\9\a\a\a\9\a\a\a\b\a\a\c^)�3ÉÑ�D/� f8£MG �TÁ�Ã¢¤�GNHg£hgji/kml/nRDUDWDXDWDXDWDWDXDWDXDWDWDXDWDXDWDWDXDWDoDWDXDWDWDXDWDXDWDWDXDYE����¸]\ �]\_^ª©U¯W�7½8�7½+�]µ²�%´O½¢¯��X¬I)�²¯W«�½8�9�_±�p+´¢3�²¯W«�½O¶Rº�¯W«�³[q¢¥½+�²¯W�7½¢½O�7¶�\"\9\a\a\a\9\a\a\a\b\a\a\c^)�Tr¸]\ s]\ s �R½83®»Æ¥«¥µ²¯ut'q¢·�v�º � ´¢½¢¯��¢¬I%t²¯W«�½;±7®W±7·�v7½#tx¥¯°µ'v`\;\a\a\a\9\a\a\9\a\a\a\9\a\a\a\b\a\a\c^I¾`s¸]\ s]\ ¾ w?±9½¢±9µx3®6´¢½O¯��X¬I�t²¯»«¥½yx{z{|j}/~#\W\a\a\a\b\a\a\9\a\a\a\9\a\a\9\a\a\a\9\a\a\a\b\a\a\c^I¾%�Ñ�D/À ��G�J)§N£KG �jÁ�ÃO¤�GIHg£hg{i/kml@nRDXDWDXDWDWDXDWDXDWDWDXDWDXDWDWDXDWDoDWDXDWDWDXDWDXDWDWDXDYE�À��
� 3�����2R3UÕU�/Ø��I243e3��`����×J× 1 �I���MÛM2�à���å¢à�� Ó �DÛ���2�ë Ó ú¥æ��[ÕU�[×��T�3à����/Ø��[×B2R�»Ø�Õ��T���FÕ 1 ë Ó �'æ�2CÕCà Ó 2Öà�3��DØ9ä��%2R���I���å¢à 1 Ø��N2R3�3�� ÓlÓ �W��×²Ødå¢à�� Ó é à�3��/ÔK� 1 Ø��I243Âæy2XÕgà Ó 2"�%�)ØxØ��MØJä��%24���I�Y×�24�/ØdÕU�`���FÕ 1 ë Ó �45 �o2�àU×�æ�2R3¢Ø���243U×%ÕTé 1 ëM24�7Õ Ó ��×��� Ó�1 Ø��N2R3U×�å¢à��j�)îU�l×xØ��T3¢Øo�%3¢Ø������%�¥×dÕ��3àCîÂÛ���2�ë Ó ú3æy�¥×T5Uô;3U×xà��»Ø���ßM3�2�àU×dÕU�3áR� Ó 2�ÛgÛM243U×dà�3 1EÓ Ü42R���/ØJäUæ��DÕjé à�3��»Ô�Y� 1 Ø��N2R3�ÛM2�à�� Ó�1 ØJä��T24���N�(��åOà 1 Ø��I243�3�� ÓlÓ � L�NOP QRS��%3�àCØ�� Ó �l× 1 3¢Ø�à�3�� 1 ÛgÛ���2U�7ä���ë 1 ×��%�M×xà�� Ó ��× 1 àCØ�2�æ 1 Ø��¥×T5

��5\7 � E 	 � � C\: �kD E� � >@E � �kC � � � � C�: � E � 	�E;?B>@:�� 	 	a<=E �BE;D � � �k>MC � ��5

�o2�àU×�æy243¢Ø���243¨×�å¢à�� Ó�1 ÕU�`���FÕ 1 ë�� Ó �»Ø��?Õ�� Ó é à�3��/ÔK� 1 Ø��I243���×²ØLà�3;Û 1 � 1 æ8ú3Ø����;3��`���¥×9× 1 �I���<æ 1 �l×�Û 1 ×�×Jà �Ö× 1 3¢ØÛM2�à��ÖåOà�� Ó �ðÛ���2�ë Ó ú¥æ��ðÕU�\×��T�3à����»Ø��Â×�24�/Ø�ÕU�`���FÕ 1 ë Ó �45 ^ � Ó é à�3��/ÔK� 1 Ø��I243���×²Ø��I3UÕU�`���FÕ 1 ë Ó � Ó �ðÛ���2Oë Ó ú¥æy�ÂÕ��×��T�3à����»Ø��e�¥×xØ Ó à�� 1 àU×9×B�o�N3UÕ��T���FÕ 1 ë Ó �Oß<Û 1 ����2R3OØ����ð×�� Ó é à�3��»ÔK� 1 Ø��N2R3���×²Ø�ÕU�T�%�lÕ 1 ë Ó �e3�2�àU×y3��\ÛK2Oàgá42R3U×8Û 1 ×�%243�� Ó à�����ÛK2Oà�� Ó �YÛ���2Oë Ó ú3æy�MÕU�D×B�`�)à����/Ø��45
Þ�ÚOÝ
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�XdfeOdge ��� 	��o?���-=��U?B8 � C�� � � ��-C�� �R=m?BA�C d
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� 2����I�����:�B�T3 $ 243Q��&�! 1)( 24�G&µ��3���,y� $ F�2�&U��&������%��20�1� $ �I243µ�M20���@&U�:�I�8S�� $ +3,y�%�I�I�N3�� 1 �I���:��&�! �%��� 1)$ �I243��
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��� �!�#"�. $!��"����0�!�C��. )
�!�/
�
�0" �+����"�"
�
. )
�0"0.

Z/2Z[h]
'

{ 1 3�����3t�����%,y�N�T� $ �3,p���%rM3�20���(��2R3����1&U�T��2R3��9� 1 �B�1A43 1)$ �����
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A1,1.X1 ⊕ . . .⊕A1,n.Xn = B1555
Am,1.X1 ⊕ . . .⊕Am,n.Xn = Bm2�q@�N�:�

Ai,j
r
Bj

�B2R3 $ &U�%���K2��#S 30T�,y�%�e&��
Z/2Z[h]

r[� $ �N�:�;�I3��%243�3/���%�e�N�:�
Xi

��243 $b1 ���8���Q&��%���K2��#S 30T�,��:�e&U�
Z/2Z[h]

5/�o20���R&��%3�2 $ 243Q��� 1 �
(H)

�I���8S�� $ +3,y�-F�20,y20A�+%3�� 1 �>�B2U�%�N�-H
(E) �+,�T, �I�4�DS�� $ +%,��W20q $ 2����J�N�:� Bj� 1 �I�%3 $

0
5
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A1,1.X1 ⊕ . . .⊕A1,n.Xn = 0555
Am,1.X1 ⊕ . . .⊕Am,n.Xn = 0
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� 	 P9�KJ � >��){ ���?>^=�� � �%���\I)=�����h � � P`Z ��
 ��� � 
� 	 P��MJ � ���M=?>�J 
 �M=?E����\>
I"= �

σ′

� >�P��M=?>D>��T=�� � >3�M@A=�P������9Z �
S
�
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 @ � >
z′
P � @B>3I)= �

z′ ≺ z<�)=?>3Z 	;V ���B>D>3���?> �
z′σ′ = zσ

J��M= 

z′ ∈ Z ′ \ {z}
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z = z[N,M ]z �

z

� >�P�J?@F=?>  
 �2�?Z I"= �
Qmax

���M=?>/Z 	GV ���A>X>B�����\>
K, r ∈ E

P � @�I"= �
0 ≤ r < Qmax

� P
zσ =

r +K ·Qmax

� P���)=?>LJ��)>3���?> �

z[N,M ]σ′ = r
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� @HI"= ���
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 � "��)I"= �
i ∈ L \ {N}

r
uiσ − uiσ

′ = 0¢ uNσ − uNσ
′ = K ·QmaxtMσ<��M=?>jZ � E����?>aZ����K� 
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 ���Mf�@ �

X ′
i

��� 

�� >UJ����?Z �
Xiσ−Xiσ

′

�












uX1

1 uX2

1 . . . u
Xp

1���

uX1

N uX2

N . . . u
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vars(C)

P � @
I"= �	�

Xiσ
′ = Xiσ − ci � tMσ i = 1, . . . , p

A
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 I)=����?>&I"= � � � >&h0��Z�� V ���
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z ≺ z′

A �MJ�J
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z ≺ z′
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 ���Mf�@ � �,���"P ��� P �

z[i, q]
�0q

i = N

� P
q > M

r
�)=

i > N
��) � 
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z ≺ z[i, q]
�M@�� 
 >L>3�4�FP

q = M

� P
i > N
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z[i, q]σ +

n+i−1∑

j=n+N

(

p
∑

l=1

tXl

j · cl) · z[i, j]σ
>B�
q = M, i > N

z[i, q]
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r = z[N,M ]σ −K ·Qmax
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n+N−1∑

j=1

z[N, j]σ′ � tjσ
′

=
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j=1

z[N, j]σ′ � tjσ
′ + z[N,M ]σ′ � tMσ′ +
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IE�
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Xiσ
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tjσ
′ =

∑

v∈FactE(C)\vars(C)

(tvj � v)σ
′ +

∑

v∈vars(C)

(tvj � v)σ
′

=
∑

v∈FactE(C)\vars(C)

(tvj � v) +

p
∑
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(tXl

j �Xlσ)−

p
∑
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j .cl � tMσ)
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z[i, j]σ′ � tjσ
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=
M−1∑

j=1

z[i, j]σ′ � tjσ
′ + z[i,M ]σ′ � tMσ′ +

n+N−1∑
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z[i, j]σ′ � tjσ
′ +

n+i−1∑

j=n+N

z[i, j]σ′ � tjσ
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M−1∑

j=1

z[i, j]σ � tjσ + z[i,M ]σ′ � tMσ′ +
n+N−1∑

j=M+1

z[i, j]σ � tjσ +
n+i−1∑

j=n+N

z[i, j]σ � tjσ
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Zu�� ¸�J��  � �%¸�y � � P
z[N, j]σ = z[N, j]σ′ J��M=



j 6= M

�

=
M−1∑

j=1

z[i, j]σ � tjσ + (z[i,M ]σ +
n+i−1∑

j=n+N

(

p
∑

l=1

tXl

j · cl) · z[i, j]σ)� tMσ

+
n+N−1∑

j=M+1

z[i, j]σ � tjσ

+

n+i−1∑

j=n+N

z[i, j]σ · (
∑

v∈FactE(C)\vars(C)

(tvj � v)

+

p
∑

l=1

(tXl

j �Xlσ)−

p
∑

l=1

(tXl

j · cl � tMσ))
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σ
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