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Abstract16

President is a popular card game in which players may play one to four cards of the same rank.17

Since it is less enjoyable with too few human players, to address this, we study the player-simulation18

problem for President: realizing the moves of a virtual player while keeping its hand hidden. We19

propose a selection protocol, which selects multiple cards of the same rank uniformly at random20

from a hidden virtual player’s hand, whose rank exceeds the latest played cards. Our construction21

reduces the task to secure sorting, so the overall efficiency is dominated by the underlying sorting22

protocol. To address this bottleneck, we design an efficient sorting protocol, which reduces the23

number of steps from O(m log m) to O(m), compared to the existing sorting protocols.24
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1 Introduction35

President is a card game in which each player aims to be the first to dispose of all cards36

in their hand. In each round, the first player can play one to four cards of the same rank;37

thereafter, each player chooses either “play” the same number of cards of a strictly higher38

rank or “pass.” When all players pass consecutively, the last player who played a card wins39

the round and becomes the first player of the next round. For example, suppose that the40
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following pairs are played in a round:41

3♣ 3♥ → 5♣ 5♠ → 9♥ 9♦ → J♥ J♣ → K♣ K♦ → 2♥ 2♦ ,42

where the order of rank is: 3 < 4 < · · · < 10 < J < Q < K < A < 2. Then the player who43

plays the pair of 2 wins the round and becomes the first player of the next round. At the44

end of the game, the player who goes out first (resp. second) becomes the role of president45

(resp. vice-president), whereas the player who goes out last (resp. second-to-last) becomes46

the role of scum (resp. vice-scum). At the beginning of the next game, the scum (resp.47

vice-scum) must give their two cards (resp. single card) of highest rank to the president (resp.48

vice-president), and the players who receive cards from the bottom positions always hand49

back an equal number of cards that they do not want to hold.50

President can be played with as few as two players; however, to make the game enjoyable,51

the game typically requires at least four players. When the number of players is insufficient,52

one natural approach is to introduce virtual players. The simplest implementation is to reveal53

the entire hand of each virtual player and to have the human players execute the virtual54

player’s moves according to a predetermined strategy. However, revealing the virtual player’s55

hand diminishes the uncertainty of the game and hence reduces its enjoyment. Therefore, we56

need to solve the player simulation problem to realize the moves of a virtual player while57

keeping its hand hidden.58

Existing studies have proposed card-based cryptographic protocols simulating virtual59

players for Old Maid [30] and UNO [26]. Specifically, the protocol for UNO [26] allows a60

virtual player to play a single card from its hand, without revealing any other cards. This61

protocol can be applied to President; however, its output is restricted to a single-card play,62

and hence it does not support multi-card plays such as pairs, three of a kind, or four of a63

kind. If we implement a virtual player using the existing protocol supporting only single-card64

plays, the virtual player would be forced to pass whenever a multi-card play is required. This65

significantly weakens the virtual player and removes the original fun of the game.66

1.1 Contribution67

We propose a selection protocol for k ∈ {1, 2, 3, 4}, which selects k cards of a kind uniformly68

at random from all k cards of a kind in a virtual player’s hand, whose rank is greater than69

the latest played cards. For example, if a virtual player’s hand is70

3♥ 3♦ 4♣ 5♣ 5♥ 7♣ 7♥ 10♦ Q♦ K♣ K♠
71

and the latest played cards are 5♦ 5♠ , then the protocol for k = 2 selects either 7♣ 7♥ or72

K♣ K♠ uniformly at random.73

In addition to a standard deck of playing cards for playing President, we use help-74

ing cards to construct a protocol. The number of helping cards used in our protocol is75

max(cardlot, cardsort) + 52 · 3, where cardlot and cardsort denote the numbers of helping cards in76

the covert lottery protocol [33] and a sorting protocol, respectively, where a sorting protocol77

rearranges a sequence of face-down cards representing x1, x2, . . . , xm ∈ {0, 1} in descending78

order without revealing any information. The number of shuffles used in our protocol is79

R · (shufsort + 1) + shuf lot + 2, where R denotes the number of ranks greater than the latest80

played cards, and shuf lot, shufsort denote the numbers of shuffles in the covert lottery protocol81

and a sorting protocol, respectively. Thus, the dominant parameter of the efficiency of our82

selection protocol is the efficiency of the underlying sorting protocol.83
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Table 1 The efficiency of secure sorting protocols described in terms of the following: m is the
number of inputs; ℓ is the input bit-length; c is the number of comparators of the underlying sorting
networks, where c = O(m log m). The values for [15] here are under the assumption that m is a
power of two. The number of shuffles for [9] is an expected value.

Proposer # Helping Cards # Shuffles

[9] 3m + ℓ + 2 ℓ(2m + 1 + (m + 1)
∑m

i=1
1
i
)

[15] ℓ + 20 5ℓc

This work m + 2 2ℓm

Another contribution of our work is to design an efficient sorting protocol. Table 184

summarizes a comparison between the existing sorting protocols [9, 15] and our sorting85

protocol in terms of the number of helping cards and the number of shuffles. By plugging86

our sorting protocol into our selection protocol, the resulting numbers of helping cards and87

shuffles are 160 and 6R + 3, respectively, where R is the number of ranks greater than the88

latest played cards. Moreover, our selection protocol also supports the maximum or the89

minimum strategy, which selects the maximum or the minimum rank.90

Our approach for President is broadly applicable to games in which a player may play91

multiple cards at once, and we expect it to serve as a milestone for future work on virtual-92

player simulation.93

1.2 Related Work94

This paper connects games with cryptography and falls within the line of research referred95

to as fun with cryptography.96

A representative research theme in fun with cryptography is applying cryptographic97

techniques to puzzles. In particular, zero-knowledge proof protocols for pencil puzzles98

have been extensively studied for a decade. These are cryptographic protocols where a99

prover who knows a solution to a puzzle convinces a verifier that the prover indeed knows a100

solution, without revealing the solution itself. Protocols have been proposed for many puzzles,101

including Sudoku [8,23,24,28,34,35], Kakuro [3, 19], Slitherlink [10,17], Moon-or-Sun [10],102

Sumplete [12], Sukoro [27], Usowan [18], Zeiger [25] and so on. Another theme is to generate103

an instance of permutation puzzles such as the Rubik’s Cube uniformly at random while104

keeping the generated instance hidden [29].105

There are other research topics applying cryptography to games, to which our work also106

belongs. Typical topics include simulating virtual players [26, 31] and removing a game107

master [11, 13, 20]. In particular, research on simulating virtual players has so far been108

proposed only for Old Maid and UNO. Since this line of work is still in its early stage, even109

basic methods for simulating card plays have not been fully clarified.110

Another important theme in fun with cryptography is to execute cryptographic protocols111

in an understandable and enjoyable manner. A representative area in this direction is112

card-based cryptography [1, 5, 21]. There has been research on representing differential113

privacy using card-based cryptography [7], as well as research on constructing private114

simultaneous messages using card-based cryptography [32]. Beyond card-based cryptography,115

many protocols have been proposed that implement cryptographic primitives using familiar116

physical tools, such as physical auction protocols [6] and physical ring signatures [2].117

FUN 2026
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2 Preliminaries118

We define the notations and introduce the existing protocols.119

2.1 Notation120

Card. President typically uses a standard deck of commonly available cards excluding jokers.121

Each card has a unique pair of rank in {A, 2, . . . , K} and suit in {♠,♦,♣,♥} and is denoted122

as follows:123

A♠ 2♠ 3♠ · · · K♠ A♦ 2♦ 3♦ · · · K♦ A♣ 2♣ 3♣ · · · K♣ A♥ 2♥ 3♥ · · · K♥ .124

Our protocol also uses a two-color deck of cards, ♥ and ♣ . The backs of all cards are125

identical, denoted by ? . A Boolean value is encoded with the order of two cards, i.e.,126

♣ ♥ = 0 and ♥ ♣ = 1. Such two cards encoding a bit x ∈ {0, 1} is called a commitment127

to x and is denoted as follows:128

? ?︸ ︷︷ ︸
x

.129

Shuffling. To introduce a randomness, our protocol uses a pile-scramble shuffle [14]. Given130

m piles each consisting of the same number of cards, denoted by (p1, p2, . . . , pm), it rearranges131

the order uniformly at random, i.e., for a random permutation r uniformly chosen from the132

symmetric group of degree m, denoted by Sm, the resulting order is (pr(1), pr(2), . . . , pr(m)):133

134 [ p1

? ? · · · ?
∣∣∣ p2

? ? · · · ?
∣∣∣ · · · ∣∣∣ pm

? ? · · · ?
]
→135

pr(1)

? ? · · · ?
pr(2)

? ? · · · ? · · ·
pr(m)

? ? · · · ? ,136

where the application of a pile-scramble shuffle is denoted by [·| · · · |·]. Note that the order of137

cards within each pile pi unchanges. When m = 2, a pile-scramble shuffle is called a random138

bisection cut [22] in the literature.139

2.2 Mizuki–Sone’s AND Protocol140

Given two commitments to x, y ∈ {0, 1}, the Mizuki–Sone’s AND protocol [22] (MS-AND in141

short) produces a commitment to x ∧ y as well as a commitment to x ∧ y without revealing142

anything:143

? ?︸ ︷︷ ︸
x

? ?︸ ︷︷ ︸
y

♣ ♥ → · · · → ? ?︸ ︷︷ ︸
x∧y

? ?︸ ︷︷ ︸
x∧y

♣ ♥ .144

We describe the procedure for MS-AND as follows.145

1. Place the two input commitments to x, y along with a commitment to 0 as follows:146

? ?︸ ︷︷ ︸
x

? ?︸ ︷︷ ︸
y

? ?︸ ︷︷ ︸
0

.
147
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2. Apply a pile-scramble shuffle as follows:148 [
?

? ?

∣∣∣∣∣ ?

? ?

]
→

?

? ?

?

? ? .
149

3. Reveal the above two cards and obtain the output as follows:150

♣ ♥

? ?︸ ︷︷ ︸
x∧y

? ?︸ ︷︷ ︸
x∧y

or
♥ ♣

? ?︸ ︷︷ ︸
x∧y

? ?︸ ︷︷ ︸
x∧y

.151

2.3 Covert Lottery Protocol152

Shinoda et al. [33] presented a covert lottery protocol that selects a pile uniformly at random153

from all piles with a commitment to 1 while keeping the commitments hidden. Although the154

original covert lottery protocol selects a random pile among all piles if there is no commitment155

to 1, Ruangwises and Shinagawa [26] modified the protocol in such a way that no pile is156

selected if there is no commitment to 1. Hereafter, we consider the modified version and refer157

to it simply as the covert lottery protocol. It takes m commitments to x1, . . . , xm ∈ {0, 1}158

associated with m piles of the same number of cards (p1, p2, . . . , pm) as input:159

p1

?
? ?︸ ︷︷ ︸

x1

p2

?
? ?︸ ︷︷ ︸

x2

· · ·

pm

?
? ?︸ ︷︷ ︸

xm

.
160

From these, we want to select a pile pi uniformly at random among all piles pi with xi = 1. If161

there is no such pile, i.e., xi = 0 for every i, 1 ≤ i ≤ m, the protocol outputs ⊥. For example,162

when (p1, . . . , p5) and (x1, . . . , x5) = (0, 1, 1, 0, 1), the protocol outputs a pile pi uniformly at163

random from the set {p2, p3, p5}.164

The covert lottery protocol proceeds as follows.165

1. Prepare a commitment to t := 1 called a token.166

2. Repeat the following for i = 1, 2, . . . , m.167

a. Obtain commitments to xi ∧ t and xi ∧ t using MS-AND [22] from the commitments168

to xi and t (along with a commitment to 0):169

? ?︸ ︷︷ ︸
xi

? ?︸ ︷︷ ︸
t

? ?︸ ︷︷ ︸
0

→ MS-AND → ? ?︸ ︷︷ ︸
xi∧t

? ?︸ ︷︷ ︸
xi∧t

.170

b. Place the commitment to yi := xi ∧ t below pi, and update the token by replacing it171

with the commitment to xi ∧ t.172

3. After this loop, we have m piles, each consisting of pi and yi, where yi = xi ∧
∧

j<i xj . In173

particular, for any index i′ with yi′ = 1, we have xi′ = 1, xj = 0 for all j < i′, and yk = 0174

for all k ̸= i′. Hence i′ is the leftmost index such that xi′ = 1.175

4. Apply a pile-scramble shuffle to the m piles.176

5. Reveal the commitments to all yi to find at most one commitment to 1. Select the pile177

above that commitment. If there is no commitment to 1, then output ⊥.178

The number of helping cards is four: the token used in Step 1 requires two cards ♣ ♥ ,179

and MS-AND in Step 2 requires two additional cards ♣ ♥ .180

FUN 2026
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3 Sorting Protocol for Commitments181

This section provides a sorting protocol for m commitments to x1, . . . , xm ∈ {0, 1} associated182

with some cards: Given183

c1

?

? ?︸ ︷︷ ︸
x1

c2

?

? ?︸ ︷︷ ︸
x2

· · ·

cm

?

? ?︸ ︷︷ ︸
xm

,
(1)184

we want to have185

ci1

?

? ?︸ ︷︷ ︸
xi1

ci2

?

? ?︸ ︷︷ ︸
xi2

· · ·

cim

?

? ?︸ ︷︷ ︸
xim

,
186

such that xij
≥ xij+1 for every j, 1 ≤ j ≤ m− 1.187

3.1 Idea188

Given a sequence of ♣s and ♥s of length m, namely (s1, . . . , sm) ∈ {♣,♥}m, the following189

algorithm sorts it in descending order where ♣ < ♥.2190

1. Set i := 1.191

2. If the last element in the current sequence is ♣ , then move it just before the i-th element;192

if the last element is ♥ , then move it to the first position.193

3. Set i := i + 1. If i ≤ m, return to Step 2.194

For example, a sequence ♥♣♥♣♥ is rearranged as:195

1
♥

2
♣

3
♥

4
♣

5
♥ →

5
♥

1
♥

2
♣

3
♥

4
♣ →

5
♥

4
♣

1
♥

2
♣

3
♥ →

3
♥

5
♥

4
♣

1
♥

2
♣ →

3
♥

5
♥

4
♣

2
♣

1
♥ →

1
♥

3
♥

5
♥

4
♣

2
♣ .196

More precisely, let k0 and k1 be the numbers of ♣s and ♥s in (s1, . . . , sm), respectively, let197

s♣,i for each i ∈ {1, . . . , k0} be the i-th element (counting from the left) among those having198

♣, and let s♥,i for each i ∈ {1, . . . , k1} be the i-th element among those having ♥ ; then, the199

above algorithm transforms (s1, . . . , sm) into200

(s♥,1, s♥,2, . . . , s♥,k1 , s♣,k0 , s♣,k0−1, . . . , s♣,1).201

3.2 Basic Protocol202

Assume m commitments to (x1, . . . , xm) ∈ {0, 1}m. Let k0 and k1 be the numbers of 0 s203

and 1 s in (x1, . . . , xm), respectively, let xF,i for each i ∈ {1, . . . , k0} correspond to the i-th204

commitment (counting from the left) among those having 0 (False), and let sT,i for each205

i ∈ {1, . . . , k1} correspond to the i-th commitment among those having 1 (True). We here206

provide a basic protocol for sorting the m commitments:207

? ?︸ ︷︷ ︸
x1

? ?︸ ︷︷ ︸
x2

· · · ? ?︸ ︷︷ ︸
xm

→ · · · → ? ?︸ ︷︷ ︸
xT,1

· · · ? ?︸ ︷︷ ︸
xT,k1

? ?︸ ︷︷ ︸
xF,k0

· · · ? ?︸ ︷︷ ︸
xF,1

. (2)208

2 This problem is sometimes called the “binary array sorting,” and one can easily confirm that the
PARTITION subroutine of QUICKSORT (see, e.g., [4]) solves it, although the algorithm here is different.
Our algorithm is somewhat similar to the “two-way insertion” sorting (e.g., [16]).
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That is, our basic protocol partitions the commitments such that the order of those having 1209

is kept stable while the order of those having 0 is reversed.210

Given m commitments along with two helping cards ♣ ♥ , the protocol proceeds as211

follows, where s0
i , s1

i ∈ {♣,♥} for every i, 1 ≤ i ≤ m, denote the first and second cards of212

the i-th commitment, respectively, i.e.,213

? ?︸ ︷︷ ︸
x1

? ?︸ ︷︷ ︸
x2

· · · ? ?︸ ︷︷ ︸
xm

= ?
s0

1

?
s1

1

?
s0

2

?
s1

2

· · · ?
s0

m

?
s1

m

.214

1. Rearranging the cards to make two sequences of face-down cards as follows:215

?
s0

1

?
s0

2

· · · ?
s0

m

♣

?
s1

1

?
s1

2

· · · ?
s1

m

♥
→

?
s0

1

?
s0

2

· · · ?
s0

m

?
♣

?
s1

1

?
s1

2

· · · ?
s1

m

?
♥

.
216

2. For each sequence, move the m-th card to the first position:217

?
s0

1

?
s0

2

· · · ?
s0

m

?

?
s1

1

?
s1

2

· · · ?
s1

m

?
→

?
s0

m

?
s0

1

· · · ?
s0

m−1

?

?
s1

m

?
s1

1

· · · ?
s1

m−1

? .
218

Set i := 2.219

3. Apply a pile-scramble shuffle where the top and bottom sequences are regarded as piles:220

? ? · · · ? ?

? ? · · · ? ?
→

? ? · · · ?
s0

m−i+1

?

? ? · · · ?
s1

m−i+1

?
or

? ? · · · ?
s1

m−i+1

?

? ? · · · ?
s0

m−i+1

? .
221

Note that the m-th cards are either s0
m−i+1, s1

m−i+1 or s1
m−i+1, s0

m−i+1 (from top to222

bottom) equally likely.223

4. Reveal the m-th card of each sequence:224

1
?

2
? · · ·

m

? ?
? ? · · · ? ?

→
1
?

2
? · · ·

m

♣ ?
? ? · · · ♥ ?

or
1
?

2
? · · ·

m

♥ ?
? ? · · · ♣ ? .

225

This means to reveal xm−i+1 or xm−i+1, each of which occurs with a probability of 1/2226

(and hence, no information leaks).227

5. As in the algorithm explained in Section 3.1, move the revealed ♣ just before the i-th228

card, and move the revealed ♥ to the first position:229

1
?

2
? · · ·

i

? · · ·
m

♣ ?
? ? · · · ? · · · ♥ ?

→
1
?

2
? · · ·

i

♣ · · ·
m

? ?
♥ ? · · · ? · · · ? ?

230

or231

1
?

2
? · · ·

i

? · · ·
m

♥ ?
? ? · · · ? · · · ♣ ?

→
1
♥

2
? · · ·

i

? · · ·
m

? ?
? ? · · · ♣ · · · ? ? .

232

6. Turn over the two face-up cards. Set i := i + 1. If i ≤ m, return to Step 3.233

FUN 2026
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7. Note that each of the top and bottom sequences (excluding the last cards) has been234

sorted now. Apply a pile-scramble shuffle and reveal the rightmost cards:235

? ? · · · ? ?

? ? · · · ? ?
→

? ? · · · ? ♣

? ? · · · ? ♥
or

? ? · · · ? ♥

? ? · · · ? ♣ .
236

If the revealed card in the top sequence is ♥ , swap the top and bottom sequences. Then, in237

either case, the top sequence (excluding the last card) is (s0
♥,1, . . . , s0

♥,k1
, s0

♣,k0
, . . . , s0

♣,1)238

and the bottom sequence is (s1
♥,1, . . . , s1

♥,k0
, s1

♣,k1
, . . . , s1

♣,1), where s0
♣,1, s0

♥,1, . . . and239

s1
♣,1, s1

♥,1, . . . are defined in a similar manner to Section 3.1.240

8. Reverse the order of the first m cards in the bottom sequence; then, we have241

?
s0
♥,1

· · · ?
s0
♥,k1

?
s0

♣,k0

· · · ?
s0

♣,1

♣

?
s1

♣,1

· · · ?
s1

♣,k1

?
s1
♥,k0

· · · ?
s1
♥,1

♥ .
242

9. Rearrange the cards (excluding the rightmost ones) as follows:243

?
s0
♥,1

?
s1

♣,1

· · · ?
s0
♥,k1

?
s1

♣,k1

?
s0

♣,k0

?
s1
♥,k0

· · · ?
s0

♣,1

?
s1
♥,1

= ? ?︸ ︷︷ ︸
xT,1

· · · ? ?︸ ︷︷ ︸
xT,k1

? ?︸ ︷︷ ︸
xF,k0

· · · ? ?︸ ︷︷ ︸
xF,1

.244

Thus, this protocol uses m shuffles to establish the sorting transition in Eq. (2). Here-245

inafter, by γ(x1,...,xm) ∈ Sm or simply by γ ∈ Sm, we denote the permutation corresponding246

to the sorting:247

? ?︸ ︷︷ ︸
xT,1

· · · ? ?︸ ︷︷ ︸
xT,k1

? ?︸ ︷︷ ︸
xF,k0

· · · ? ?︸ ︷︷ ︸
xF,1

= ? ?︸ ︷︷ ︸
xγ(1)

? ?︸ ︷︷ ︸
xγ(2)

· · · ? ?︸ ︷︷ ︸
xγ(m)

.248

3.3 Sorting Protocols249

Next, let us extend the basic protocol so that a sequence shown in Eq. (1) can be sorted.250

Given a sequence shown in Eq. (1), we use m helping s3 as “padding cards,” as follows:251

c1

?

? ?︸ ︷︷ ︸
x1

c2

?

? ?︸ ︷︷ ︸
x2

· · ·

cm

?

? ?︸ ︷︷ ︸
xm

.
252

After turning over the padding cards, we move the top sequence below the bottom sequence253

so that we have 2m two-card piles:254

c1

? ?

? ?︸ ︷︷ ︸
x1

c2

? ?

? ?︸ ︷︷ ︸
x2

· · ·

cm

? ?

? ?︸ ︷︷ ︸
xm

→ ? ? ? ? · · · ? ? .255

3 Instead of s, the padding cards could be ♣ s.
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We apply the procedure of the basic protocol presented in Section 3.2 to the above 2m piles256

(where we consider a two-card pile as a single card) along with two helping cards, and turn257

over the padding cards; then, we obtain:258

? ? ? ? · · · ? ? → · · · →

cγ(1)

?

? ?︸ ︷︷ ︸
xγ(1)

cγ(2)

?

? ?︸ ︷︷ ︸
xγ(2)

· · ·

cγ(m)

?

? ?︸ ︷︷ ︸
x

γ(m)

.
259

Thus, this protocol uses m + 2 helping cards and m shuffles. While only one card is attached260

to each commitment in Eq. (1), the number of attached cards to each commitment can be261

arbitrary. Furthermore, if the number of attached cards to each commitment is an even262

number, then we do not need any padding cards, and hence, the protocol can be executed263

with only two helping cards.264

Note that if we apply the above protocol twice, we obtain the stable sorting because the265

order of those having 0 (False) will be reversed:266

(xT,1 · · ·xT,k1 , xF,k0 . . . xF,1) → (xT,1 · · ·xT,k1 , xF,1 . . . xF,k0).267

Therefore, we can have a stable-sort version protocol with m + 2 helping cards and 2m268

shuffles.269

Applying the stable-sort version protocol, we can construct a sorting protocol for multi-bit270

(i.e., ℓ-bit) inputs: Given m ℓ-bit inputs, each of which consists of ℓ commitments, along271

with attached cards, we can sort the sequence digit by digit based on radix sort. Such a272

protocol requires m + 2 helping cards and 2ℓm shuffles.273

4 Selection Protocol for Multiple Cards of a Kind274

Let P1, P2, . . . , Pn be n players, each either real or virtual. We now want to simulate a virtual275

player P ’s action, where P is one of P1, P2, . . . , Pn. We propose a selection protocol for k276

cards of a kind for k ∈ {1, 2, 3, 4}, which selects k cards of a kind in P ’s hand, whose rank277

is greater or equal to a given rank r. Our protocol admits three strategies: rand, min, and278

max. When the strategy is rand, the protocol selects k cards of a kind uniformly at random279

from all k cards of a kind in P ’s hand. Similarly, when the strategy is min (resp. max), it280

selects k cards of a kind of lowest (resp. highest) rank from all k cards of a kind in P ’s hand.281

Suppose a rank r ∈ {3, 4, . . . , K, A, 2}, the number of cards k ∈ {1, 2, 3, 4}, and a strategy282

s ∈ {rand, min, max} are given. Our selection protocol for (r, k, s) proceeds as follows.283

1. Place all cards in a horizontal line as follows:284

? ? · · · ?︸ ︷︷ ︸
P1

? ? · · · ?︸ ︷︷ ︸
P2

· · · ? ? · · · ?︸ ︷︷ ︸
Pn

? ? · · · ?︸ ︷︷ ︸
discard pile

.285

Here, the virtual player P is one of P1, P2, . . . , Pn. It does not matter whether the other286

players are real or virtual.287

2. Place i on the bottom of the Pi’s cards (1 ≤ i ≤ n) and 0 on the bottom of the discard288

pile as follows:289

? ? · · · ? ? ? · · · ? · · · ? ? · · · ? ? ? · · · ?290

1 1 · · · 1 2 2 · · · 2 · · · n n · · · n 0 0 · · · 0 .291
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3. Place a commitment to 1 (♥♣) on the bottom of P ’s cards and a commitment to 0 (♣♥)292

on the bottom of the other cards as follows:293

? ? · · · ? ? ? · · · ? · · · ? ? · · · ? ? ? · · · ?294

1 1 · · · 1 2 2 · · · 2 · · · n n · · · n 0 0 · · · 0295

? ? · · · ? ? ? · · · ? · · · ? ? · · · ? ? ? · · · ? .296

4. Turn all cards face-down and apply a pile-scramble shuffle as follows:297 
? ? ? ? ? ? ? ? ? ? · · · ?

? ? ? ? ? ? ? ? ? ? · · · ?

? ? ? ? ? ? ? ? ? ? · · · ?


.

298

5. Open the topmost row and sort the piles as follows:299

3♣ 3♦ 3♥ 3♠ 4♣ 4♦ 4♥ 4♠ 5♣ 5♦ 5♥ 5♠ · · · 2♣ 2♦ 2♥ 2♠
300

? ? ? ? ? ? ? ? ? ? ? ? · · · ? ? ? ?301

? ? ? ? ? ? ? ? ? ? ? ? · · · ? ? ? ? .302

Put aside columns of smaller rank than r. The following shows the case of r = K:303

K♣ K♦ K♥ K♠ A♣ A♦ A♥ A♠ 2♣ 2♦ 2♥ 2♠
304

? ? ? ? ? ? ? ? ? ? ? ?305

? ? ? ? ? ? ? ? ? ? ? ? .306

6. Turn all cards face-down and apply a pile-scramble shuffle to each four piles of the same307

number as follows:308 
? ? ? ?

? ? ? ?

? ? ? ?


︸ ︷︷ ︸

r

· · ·


? ? ? ?

? ? ? ?

? ? ? ?


︸ ︷︷ ︸

2

.

309

7. For each i ∈ {r, . . . , A, 2}, apply our sorting protocol (presented in Section 3.3) to the four310

piles of i according to the commitments in the bottom row. Now we have a sequence311

of piles (pr, . . . , pA, p2). Let x
(i)
j ∈ {0, 1} be the value of the j-th commitment (counting312

from the left) of pi as follows:313

pi =
? ? ? ?
? ? ? ?
?︸︷︷︸

x
(i)
1

?︸︷︷︸
x

(i)
2

?︸︷︷︸
x

(i)
3

?︸︷︷︸
x

(i)
4

,
314

where x
(i)
1 ≥ x

(i)
2 ≥ x

(i)
3 ≥ x

(i)
4 . We call the commitment to x

(i)
k the leading commitment315

of pi. We note that the value of x
(i)
k determines whether P has at least k cards of rank i316

or not. Let qi be the pile obtained from pi by removing its leading commitment.317
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8. Execute the following procedures according to the strategy s:318

Case min: Open the leading commitment of pi in ascending order of rank, i.e., i =319

r, . . . , A, 2, until the commitment to 1 is opened. If pi is the first pile having 1, go to320

Step 9. If all opened values are 0, then announce that “there is no k cards of a kind in321

the P ’s hand” and go to Step 10.322

Case max: Open the leading commitment of pi in descending order of rank, i.e., i =323

2, A, . . . , r, until the commitment to 1 is opened. If pi is the first pile having 1, go to324

Step 9. If all opened values are 0, then announce that “there is no k cards of a kind in325

the P ’s hand” and go to Step 10.326

Case rand: Apply a covert lottery protocol for (qr, . . . , qA, q2) with their leading com-327

mitments. If it outputs qi, then go to Step 9. Otherwise, go to Step 10.328

9. Determine {1, . . . , k}-th cards in the topmost row of qi as the “k cards of a kind” and329

remove {1, . . . , k}-th columns of qi as follows:330

1
?

2
?

3
?

4
?

? ? ? ?
? ? ?︸ ︷︷ ︸

qi

→
1
?

2
?︸ ︷︷ ︸

k cards

and

3
?

4
?

? ?
? ? .

331

10. Return the columns put aside in Step 5, and remove the bottom row from all piles and332

apply a pile-scramble shuffle as follows:333  ? ? ? ? ? ? ? ? ? ? · · · ?

? ? ? ? ? ? ? ? ? ? · · · ?


.

334

11. Open the bottom row and sort the piles as follows:335

? ? · · · ? ? ? · · · ? · · · ? ? · · · ? ? ? · · · ?336

1 1 · · · 1 2 2 · · · 2 · · · n n · · · n 0 0 · · · 0 .337

Return the cards to Pi’s hand and discard pile, respectively. Output the k cards if Step 9338

is executed, and return ⊥ otherwise.339

The number of helping cards is cardselect = max(cardsort, cardlot) + 52 · 3, where cardsort340

and cardlot are the numbers of helping cards of our sorting protocol in Step 7 and of the341

covert lottery protocol in Step 8. Since our sorting protocol requires 2 helping cards and342

the covert lottery protocol requires 4 helping cards, we have cardselect = 160. The number of343

shuffles of the protocol shufselect is given as follows:344

shufselect =
{

R · (shufsort + 1) + 2 if s ∈ {min, max},
R · (shufsort + 1) + shuf lot + 2 if s = rand,

345

where R := |{r, r + 1, . . . , A, 2}| is the number of ranks greater than or equal to r, and346

shufsort, shuf lot are the numbers of shuffles of our sorting protocol in Step 7 and of the covert347

lottery protocol in Step 8, respectively. Since shufsort = 4 and shuf lot = R + 1, we have348

shufselect = 5R + 2 if s ∈ {min, max} and 6R + 3 if s = rand.349
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5 Playing President with Virtual Players350

We show how to play President with virtual players using our card-based protocols described351

in the preceding sections. In the following, we describe how to simulate the virtual player352

P ’s action. For the simulation of P , we need to choose the strategy of P . In particular, we353

need to choose three parameters (s1, s2, s3) each from the following list:354

s1 ∈ {min, rand} is the parameter for selecting cards to scum and (vice-)scum.355

s2 ∈ {min, max, rand} is the parameter for playing cards in a round.356

s3 ∈ {min, max, rand} ×D is the parameter for the first play, where D is the whole set of357

probability distribution over {1, 2, 3, 4}.358

These parameters may differ for each virtual player. Even for the same virtual player, the359

parameters may change depending on the game’s progress.360

After dealing cards. The cards are dealt in the usual way. After dealing cards, each virtual361

player P ’s action is simulated as follows.362

If P is scum (resp. vice-scum), then select the two (resp. one) highest cards from P ’s363

hand using the selection protocol for (3, 1, max) twice (resp. once) and transfer them to364

president (resp. vice-president).365

If P is president (resp. vice-president), then select two (resp. one) cards according to the366

parameter s1 as follows:367

Case min: Execute the selection protocol for (3, 1, min), and pass the cards to scum368

(resp. vice-scum).369

Case rand: Choose the cards uniformly at random from P ’s hand, and pass them to370

scum (resp. vice-scum).371

The play in a round. The P ’s play in a round is simulated as follows.372

Suppose that P is not the first player in the round and that k cards of rank r have just373

been played before P ’s turn. If P ’s hand is less than k cards, then P ’s turn is passed.374

Otherwise, execute the selection protocol for (r + 1, k, s2), and play the cards (or pass if375

it outputs ⊥).376

Suppose that P is the first player in this round. Then P ’s action is simulated according377

to s3 = (s′
3,D) as follows: First, choose k ∈ {1, 2, 3, 4} according to the distribution D.378

Then, execute the selection protocol for (3, k, s′
3) cards of a kind. If it outputs k cards of379

a kind, play them. Otherwise, update k ← k − 1 and then execute the selection protocol380

for (3, k, s′
3) until the cards are found4.381

A major difference between a human player and a virtual player P is that, while a human382

player may be able to play but still choose to pass strategically, P cannot behave in this383

way. Consequently, if P passes for k cards of a kind of rank r, the information that “P384

does not hold k cards of a kind of rank greater than r” is inevitably revealed. One possible385

mitigation is to allow the virtual player P to pass probabilistically even when it is able to386

play. In particular, it suffices to set the commitments placed under P ’s cards in Step 3 of387

the selection protocol to be 1 with probability 1− ϵ and 0 with probability ϵ. Then, even388

if P passes in a given situation, it does not mean that P will always pass under the same389

situation in the future, thereby the uncertainty of the game is not compromised.390

4 In this case, the fact that P does not possess k cards of a kind is leaked, although this information can
be obfuscated using the mitigation mentioned below.



D. Miyahara, P. Lafourcade, T. Mizuki, and K. Shinagawa 26:13

6 Conclusion391

In this paper, we studied the player-simulation problem for President. In particular, we392

proposed a selection protocol for k cards of a kind, which enables to simulate multi-card plays.393

Our construction relies on secure sorting, and hence the overall efficiency is dominated by394

the underlying sorting protocol. Motivated by this, we proposed an efficient sorting protocol.395

President has many variants worldwide, e.g., “Daifugo” in Japan or also “Asshole” in the396

U.S., and it also admits various local rules; thus, it remains an important direction for future397

work to study the player-simulation problem under a wide range of rule sets. Moreover, to398

make player-simulation protocols practically playable and enjoyable, it is necessary to further399

reduce the numbers of shuffles and cards. Another key challenge is to enhance the strategic400

behavior of virtual players, or more fundamentally, to identify what kinds of strategies make401

the game enjoyable for human players. Addressing this last question may require user studies402

for cognitive-psychological investigations.403
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