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Abstract10

The Calisson puzzle is a recent tiling game in which one must tile a triangular grid inside a hexagon11

with lozenges, under the constraint that certain prescribed edges must remain tile boundaries and12

that adjacent lozenges along these edges have different orientations. We present the first polynomial-13

time algorithm for this problem, with running time O(n3) for a hexagon of side length n. This14

algorithm, called the advancing surface algorithm, can be executed in a simple and intuitive way,15

even by hand with a pencil and an eraser. Its apparent simplicity conceals a deeper algorithmic16

reinterpretation of the classical ideas of John Conway and William Thurston, which we revisit from17

a theoretical computer science perspective.18

We introduce a graph-theoretic and difference constraints overlay that complements Thurston’s19

theory of lozenge tilings, revealing its intrinsic algorithmic structure and extending its scope to20

tiling problems with interior constraints and without necessarily boundary conditions. In Thurston’s21

approach, lozenge tilings are lifted to monotone stepped surfaces in the three-dimensional cubic22

lattice and projected back to the plane using height functions, reducing the tiling problem to23

the computation of heights. We show that, at an algorithmic level, selecting a monotone surface24

corresponds to selecting a directed cut (dicut) in a periodic directed graph, while height functions25

are solutions of a system of difference constraints. In this formulation, a region is tilable if and only26

if the associated weighted directed graph contains no cycle of strictly negative total weight. This27

new graph layer completing Thurston’s theory shows that Bellman–Ford’s shortest path algorithm28

is the only algorithmic primitive needed to decide feasibility and compute solutions. In particular,29

our framework allows us to decide whether the infinite triangular grid can be tiled while respecting30

a finite set of prescribed local constraints, a setting in which no boundary conditions are available.31
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1 Introduction37

Lozenge tilings are found in art, architecture, and monuments around the world. They are38

universal patterns. In science, their geometric and combinatorial properties have intrigued39

mathematicians for centuries, drawing the attention of renowned researchers like John Conway40

and William Thurston in recent decades.41
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In 2022, Olivier Longuet, a mathematics teacher in a French high school, introduced a42

geometric logic game called the Calisson puzzle (original name, le jeu du calisson2). The43

puzzle consists in tiling a hexagonal region of the triangular grid with lozenges subject44

to local constraints. Olivier Longuet writes a blog (in French) at https://mathix.org/45

calisson/blog/https://mathix.org/calisson/blog/ where he presents the rules of the puzzle46

and more than five hundred instances of the game [4]. The game can also be played online at47

https://martialtarizzo.github.io/Calisson-Game/index.en.html [5]. The rules are48

simple. They are illustrated in Fig. 1.49

Figure 1 The rules of the puzzle (Courtesy of Olivier Longuet’s blog [4]): we give ourselves
a set of edges, as drawn in in the top left-hand corner. The goal is to tile the hexagon with lozenges
in such a way that the edges given as input are adjacent to two lozenges of different colors.

Rules of the Calisson puzzle

Input: a triangular grid bounded by a regular hexagon and a set of edges of the
triangular grid that we denote X2 (notation used in the later).
A lozenge is a pair of adjacent triangles. There are three types of lozenges, each
associated with a yellow, red or blue color, depending on their direction.

Goal: the problem is to tile the grid with lozenges in such a way that the input edges
are not overlapped (such a condition is called non overlapping constraint) and are
adjacent to two lozenges of different colors (saliency constraint).

50

The puzzle appeals to the classical observation that lozenge tilings can be viewed as51

perspective images of stepped surfaces. As exercise, we invite the reader to solve some of the52

instances of the puzzle drawn in Fig. 2.53

Surprisingly, the Calisson puzzle introduces a saliency constraint (the requirement that54

lozenges adjacent to a given edge have different orientations) that usual tiling algorithms55

2 The name Calisson comes from a traditional French sweet shaped like a lozenge and produced in
Aix-en-Provence, a town in the south of France.

https://mathix.org/calisson/blog/
https://mathix.org/calisson/blog/
https://mathix.org/calisson/blog/
https://martialtarizzo.github.io/Calisson-Game/index.en.html
https://mathix.org/calisson/blog/
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Figure 2 Instances of the Calisson puzzle. The instance of size n = 6 is solved in Fig. 18.
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cannot handle directly. The most classical algorithmic strategy for tiling regions by dominoes56

or lozenges is to reduce the problem to the computation of a matching. The interest of the57

Calisson puzzle comes from the fact that this strategy fails, as illustrated in Fig. 6, while the58

other classical algorithm, Thurston’s algorithm cannot take into account prescribed interior59

edges. It makes from the computational complexity of the puzzle an interesting question.60

The first contribution of this paper is a polynomial-time algorithm for solving the Calisson61

puzzle. We called this algorithm the advancing surface algorithm since its strategy works62

by adding cubes so that their surface seems to advance from the back of the hexagon to its63

front. This algorithm is sufficiently simple to be carried out with pencil and paper, and is64

illustrated in Fig. 3.65

Figure 3 The advancing surface algorithm for solving an instance of the Calisson puzzle.
We start from a tiling looking as the surface of an empty cube and make it advance little by little
by adding small cubes in order to satisfy new constraints. It leads sometimes to loose a previously
satisfied constraint but it is part of the algorithm.

Since this algorithm is not a straightforward application of existing results, it naturally66

raises several questions. Does it extend to arbitrary regions? How does it relate to the67

classical theory of lozenge tilings? Addressing these questions leads us to the central part of68

the paper where we revisit and complete the theory and folklore of lozenge tilings from an69

algorithmic point of view. In Conway and Thurston approach, a lozenge tiling of a simply70

connected region is lifted to a monotone stepped surface in a three-dimensional cubic lattice.71

This surface can then be projected back to the plane using a height function defined on the72

vertices of the triangular grid. In this framework, tiling a region reduces to finding a height73

function satisfying local constraints.74

We reformulate Thurston’s theory in the language of directed graphs. Monotone stepped75

surfaces in the three-dimensional cubic lattice are interpreted as directed cuts (dicuts) in76

a periodic directed graph whose vertices correspond to unit cubes. Within this framework,77

height functions naturally arise as solutions of systems of difference constraints. It shows78

that lozenge tilings can be computed by solving shortest-path problems in weighted directed79

graphs. With negative weights, the shortest paths algorithm is Bellman–Ford [1]. This80

original process is illustrated in Fig. 4.81

The directed graph overlay introduced in this work constitutes a substantial complement82
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Figure 4 Solving a lozenge tiling instance with non-overlapping and saliency con-
straints through distance computation. The first step builds a weighted directed graph, with
weights +1 for blue edges, 0 for brown edges, and −1 for black and red edges. The second step
computes shortest-path distances from an arbitrary source vertex s. If the graph contains a cycle of
strictly negative total weight, the distance constraints are infeasible and the tiling instance admits
no solution. Otherwise, as shown here, a tiling is recovered by connecting adjacent vertices whose
distance to s differ by exactly 1.

of Thurston’s classical theory of lozenge tilings. It provides a unified and flexible algorithmic83

framework, allowing one to incorporate interior constraints—such as non-overlapping and84

saliency constraints—in a simple and systematic way. To the best of our knowledge, such85

constraints had not previously been integrated explicitly into the height-function framework.86

This approach makes it possible to solve a wide variety of lozenge tiling problems, several87

of which are illustrated in Fig. 5. Finally, beyond its theoretical interest, the method has88

an appealing pedagogical aspect: before understanding the underlying theory, computing a89

tiling by merely running a shortest-path algorithm, as in Fig. 4, has the flavor of a magic90

trick, which can surprise and attract the attention of young audiences who are sensitive to91

recreational mathematics.92

The paper is organized as follows. In Section 2, we present a state of the art of the93

classical algorithm that can be used for solving the Calisson puzzle and which turn out to94

fail. In Section 3, we state formaly a generic problem of tilability and present our results.95

In Section 4, we explain how the lozenges tiling problems can be reduced to systems of96
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Figure 5 The tiling problems that we solve. The left image is an instance of the problem
that we denote Tiling(R, X1, X2). Given the finite simply connected region R and two sets of
edges X1 (the green edges) and X2 (the orange edges), the problem is to tile the region R without
overlapping the green and orange edges (non overlapping constraint). The lozenges adjacent to
orange edges also must have different orientation (saliency constraint). The right image illustrates
the toy problem Tiling(△2, X1, X2) where the region R to be tiled is the whole triangular grid
denoted △2 and thus has no boundary. The main contribution of the paper shows how to solve
these problems through a system of difference constraints and thus with distance computations.

difference constraints. This equivalence passes through directed cuts in a periodic directed97

graph. The algorithms are presented in details in Section 5.98

2 Classical Algorithms Fail to Solve the Calisson puzzle99

A reasonable idea for solving Calisson puzzles is to use classical techniques from tiling100

problems. The classical Thurston’s algorithm for determining whether a region R is tilable101

by calissons can take into account neither the interior edges of the instance, nor the saliency102

constraints. It is therefore not directly able to solve the Calisson puzzles without the kind of103

complement that we describe in the paper. However, there are other approaches, either used104

for tilability by dominos or for general combinatorial problems. Three methods are worth ex-105

amining: 3-SAT, matching in a bipartite graph and a reduction to Maximum Independent Set.106

107

3-SAT. The Calisson puzzle is easily expressed as a 3-SAT formula. Consider a variable108

ac for each lozenge c of the region to be tiled. The variable ac is equal to 1 if the lozenge c is109

included in the solution’s tiling and 0 otherwise. We have four classes of clauses.110

1. 3-clauses for expressing the condition that all the triangles of the region must be covered111

by at least one lozenge (for boundary triangles, these are 2-clauses or even 1-clauses).112

2. 2-clauses for avoiding to cover twice a given triangle.113

3. 1-clauses for expressing the non overlapping constraints of the input edges.114

4. 2-clauses for expressing the saliency constraints.115

Unfortunatly, this reduction to 3-SAT does not provide a polynomial time algorithm.116

117

Matching. A classic, non-exponential approach to compute tilings by dominoes (calis-118

sons are made up of two adjacent triangles) is to reduce the problem to the computation119

of a perfect matching in the graph of adjacency of the triangles (see for example [3]). This120

approach is illustrated in Fig. 6. It allows us to tile the region R by taking into account121
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the non overlapping constraints given by the edges of X, but not the saliency constraints.122

Adapting the matching strategy to take into account the saliency constraints does not seem123

easy.124

125

Figure 6 Try to solve a puzzle through a matching computation. Left, an instance of
the Calisson puzzle. In the center, the adjacency graph of the triangles and a perfect matching
of the triangles. On the right, the resulting tiling satisfies the non overlapping condition (i) but
violates the saliency condition (ii).

Figure 7 Reducing Calisson puzzles to maximum independent set. In the first row,
the interior edges of the triangular grid are represented by white nodes. A pair of edges/nodes is
connected iff the pair of edges share a triangle. Then an independent set of white nodes corresponds
to a non overlapping set of lozenges. In the second row, we consider an instance of the Calisson
puzzle. The puzzle constraints are taken into account by removing the input edges/nodes and
reconnecting the orphan nodes (by the green edges). A solution of the Calisson puzzle is given by
an independent set of 3n2 edge/nodes.

Maximum Independent Set in an almost perfect graph. The idea is to consider126

a dual graph whose nodes are the edges of the triangular grid and where nodes/edges are127

linked when they belong to a common triangle. In this graph, an independent set of nodes128

can be seen as a set of lozenges which do not overlap. It reduces the computation of a tiling129

of a region to the computation of a maximum independent set as done in Fig. 7. The saliency130

constraint can be taken into account by replacing the forbidden edges by crossed links (green131

crosses in the second row of Fig. 7). Unfortunatly, this new graph is no more a line perfect132
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graph for which a maximum independent set is known to be computable in polynomial time.133

3 Problem Statement and Results134

We first provide a general formulation of lozenge tiling problems with optional non overlapping135

and saliency constraints. We then state the main results of the paper.136

3.1 Problem Statement137

Regions to which our results apply. We use the letter R to denote a region of the triangular138

grid. Formally, R is a simplicial complex whose sets of triangles, edges, and vertices are139

respectively denoted by R2, R1, and R0. Motivated by the Calisson puzzle, particular140

attention is paid to regular hexagonal regions. The regular hexagon of size n is denoted by141

9n.142

The results presented in this paper do not require the region R to be compact: unbounded143

regions are allowed. However, we assume that R is simply connected (it is connected and144

it contains no holes). In particular, we consider instances where the region R is the entire145

infinite triangular grid, denoted R = △2, together with a finite set of input edges. The146

boundary of R is denoted by ∂R.147

Our results can also be extended to regions whose boundary passes several times through148

the same vertices or edges. As long as no saliency constraint is imposed on such shared edges,149

this can be handled by duplicating boundary vertices and edges, as illustrated in Fig. 8. For150

the sake of simplicity, we omit these cases from the formal statements and proofs.151

Figure 8 A region R within the scope of our results that requires duplication of boundary
vertices and edges to apply our framework.

Edge constraints. We consider two types of constraints on edges of the triangular grid.152

The first set, denoted X1, consists of edges that must not be overlapped by any lozenge; this153

is the non overlapping constraint. The second set, denoted X2, consists of edges that must154

not be overlapped and whose two adjacent lozenges must have distinct orientations; this155

additional requirement is the saliency constraint.156

Generic lozenge tiling problem. This leads to the following general tiling problem:157

Tiling(R, X1, X2)158

Input: A region R ⊆ △2 and a set X ⊆ △1 of edges of the triangular grid, partitioned159

into two subsets X = X1 ∪ X2.160
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Output: A lozenge tiling of the region R such that (i) no edge of X is overlapped by a161

lozenge, and (ii) for every edge in X2, the two adjacent lozenges have different orientations.162

A Calisson puzzle with a set of interior saliency constraints X2 corresponds to the instance163

Tiling(9n, ∅, X2).164

3.2 Results165

We present two algorithmic approaches, both rooted in the three-dimensional interpretation166

of lozenge tilings as stepped surfaces.167

The Advancing Surface Algorithm. The advancing surface algorithm is illustrated in168

Figs. 3 and 18 on an instance of the Calisson puzzle Tiling(9n, ∅, X2). It fills an initially169

empty cube of size n × n × n by progressively adding unit cubes, each time adding as few170

cubes as possible, so as to satisfy the non overlapping and saliency constraints as a simple171

graph traversal algorithm. It can be easily extended to bounded, simply connected regions of172

the triangular grid. This extension only requires to add a preprocessing step that computes173

the minimal and maximal tilings (for instance by running classical Thurston’s algorithm).174

The advancing surface algorithm then progressively adds unit cubes in the volume between175

these two extremal tilings.176

▶ Theorem 1. The advancing surface algorithm solves Tiling(R, X1, X2) for a bounded,177

simply connected region R in running time O(|∂R| · |R|).178

In the special case of the Calisson puzzle, the region is the hexagon 9n. Then the two179

extremal tilings are straightforward (the projections of the surface of an empty and a full180

n × n × n cube).181

▶ Corollary 2. The advancing surface algorithm solves Calisson puzzle instances182

Tiling(9n, ∅, X2) with running time O(n3).183

Reduction of Tiling(R, X1, X2) to a System of Difference Constraints. The main con-184

tribution of this paper is the completion of Thurston’s theory of lozenge tilings with a185

graph-theoretical layer. This additional structure allows us to translate the tiling problem186

Tiling(R, X1, X2) into an equivalent system of difference constraints [2]. This system is in-187

duced by a weighted directed graph, denoted DC(R, X1, X2), whose construction is described188

below, after introducing two definitions.189

An oriented edge u → v of the triangular grid is said to be positive if it points in the190

direction of twelve, four, or eight o’clock, and negative if it points in the direction of two, six,191

or ten o’clock.192

We also introduce lateral edges, which complement the edges of the triangular grid. Given193

an edge u, v of the triangular grid, let w and w′ be the two vertices adjacent to both u and194

v. The lateral edges associated with u, v are the two oriented edges w → w′ and w′ → w.195

We now describe the construction of the graph DC(R, X1, X2) encoding the difference196

constraints associated with the instance Tiling(R, X1, X2) (Fig. 9). Its vertex set is the set197

R0 of the vertices of the region R. Its directed edges are defined as follows:198

Every positively oriented edge contained in R is assigned weight +1.199

For every edge e in X = ∂R ∪ X1 ∪ X2, the negatively oriented version of e is assigned200

weight −1. These edges encode the non-overlapping constraints.201
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Figure 9 Construction of the graph DC(R, X1, X2). All the edges of the region in positive
direction are weighted by +1. Each edges e of ∂X (in black) or of X1 (in green) generates an edge
directed in a negative direction of e weighted by −1. Each edge e2 of X2 (drawn in orange) generates
an edge directed in a negative direction of e1 weighted by −1 and a pair of lateral edges of weights 0.

For every edge e ∈ X2, the pair of lateral edges associated with e is assigned weight 0.202

These edges encode the saliency constraints.203

A system of difference constraints induced by a weighted directed graph consists in204

assigning a value h(v) to each vertex v such that, for every directed edge u → v with weight205

w, the inequality h(v) − h(u) ≤ w is satisfied (see for instance CLRS [2] section 24.4 and206

Fig. 10).207

Figure 10 Two difference constraints systems. The system induced by the left directed
weighted graph admits a solution in black while the right system is not feasible because it contains a
cycle with strictly negative total weight.

We claim that the tiling instance Tiling(R, X1, X2) is equivalent to the system of208

difference constraints induced by DC(R, X1, X2).209

▶ Theorem 3. There is a one-to-one correspondence between tiling solutions of Tiling(R, X1, X2)210

and integer-valued functions h : R0 → Z satisfying the system of difference constraints induced211

by DC(R, X1, X2), up to an additive constant.212

Classically, systems of difference constraints are solved by shortest-path algorithms such213

as Bellman–Ford [2]. If the graph contains a directed cycle of strictly negative total weight,214

then the system has no feasible solution. Otherwise, shortest-path distances from an arbitrary215

source yield a valid solution of the constraints.216

This dichotomy is illustrated in Fig. 11.217
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Figure 11 Tilability characterization. The tiling instance Tiling(R, X1, X2) is feasible if
and only if the directed weighted graph DC(R, X1, X2) contains no cycle of strictly negative total
weight (also called an absorbing cycle). Top: an instance without absorbing cycle. The distances
computed by the Bellman-Ford algorithm yield a valid tiling. Bottom: an instance with a negative
cycle. The tiling problem has no solution.

As a direct consequence of Theorem 3, we obtain the following corollary.218

▶ Corollary 4. For any finite simply connected region R, the tiling problem Tiling(R, X1, X2)219

can be solved in time O(|R|2) by applying the Bellman–Ford algorithm to the graph DC(R, X1, X2).220

We conclude this section by considering the decision problem of tiling the entire triangular221

grid △2 with a finite set of constraints X1 and X2.222

▶ Corollary 5. Let X1 and X2 be finite sets of edges. The feasibility of Tiling(△2, X1, X2)223

can be decided by solving a finite system of difference constraints derived from DC(△2, X1, X2),224

in time O(|X1 ∪ X2|3).225

Due to the absence of boundary conditions and the infinite number of tiles, this last prob-226

lem cannot be addressed by classical approaches such as matching-based methods, Thurston’s227

original algorithm, SAT encodings, or maximum independent set formulations. The corollary228

5 illustrates that the difference constraints formulation induced by DC(R, X1, X2) is not229

a mere technical rewriting of Thurston’s theory, but rather an essential complement that230

clarifies the algorithmic theory of lozenge tilings and enables the solution of tiling problems231

beyond the reach of standard methods.232

4 Why it Works233

The goal of this section is to prove Theorem 3 by showing that solving the generic tiling234

problem Tiling(R, X1, X2) is equivalent to solving the system of difference constraints235

induced by the weighted directed graph DC(R, X1, X2).236

This equivalence is obtained through a sequence of transformations that can be summarized237

as Tiling −→ Roof −→ Directed cuts −→ Height functions −→ Difference constraints238

Each transformation is the purpose of a dedicated subsection, and an additional subsection239

is devoted to the treatment of unbreakable edges encoding non-overlapping and saliency240

constraints. Thurston’s original approach follows the shorter path Tiling −→ Roof −→241
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Height function which is sufficient for simply connected regions without interior constraints.242

Our contribution is to make explicit the intermediate graph-theoretic structure of directed243

cuts, which provides a complete and uniform framework before passing to height functions244

and difference constraints. This additional layer makes it possible to incorporate interior245

constraints and to rely on classical algorithmic tools from Theoretical Computer Science.246

4.1 Notations247

We first introduce a few notations.248

The Grids □, △, and the Projection φ. The primary unit cube is [0, 1]3. The cubes of the249

cubic grid are denoted (x, y, z) + [0, 1]3, with (x, y, z) ∈ Z3 (see Fig. 12). The sets of cubes,250

faces, edges, and vertices of the cubic grid are respectively denoted □3, □2, □1, and □0.251

Throughout the paper, we follow the convention that a superscript k ∈ {0, 1, 2, 3} indicates252

the dimension of the objects in the corresponding set.253

The infinite triangular grid △ is obtained by projecting the edges of □1 using a map254

φ. More precisely, φ denotes the projection of the three-dimensional space R3 onto a plane255

H of equation x + y + z = h, along the direction 1 = (1, 1, 1). The plane H is naturally256

decomposed into a simplicial complex △ = △2 ∪ △1 ∪ △0 consisting of triangles, edges, and257

vertices.258

Any vertex of △0 is incident to six edges. Their directions are given by φ(1, 0, 0), φ(0, 1, 0),259

φ(0, 0, 1), and their opposites. Rather than using two-dimensional coordinates in the plane H,260

we use homogeneous coordinates: a point of H is represented as φ(x, y, z) with (x, y, z) ∈ R3.261

Clearly, φ(x, y, z) = φ(x + k, y + k, z + k) for any k ∈ R. Adding such a constant changes262

the depth in the 1 direction without affecting the projection.263

This notion of depth was introduced by W. Thurston under the name of height. We264

adopt this terminology and define the height as x + y + z, equivalently as the depth in the 1265

direction.266

Figure 12 The hexagonal region 9n of the triangular grid △ used in Calisson puzzles of
size n = 6. The vertex φ(0, 0, 0) is at the center, surrounded by the projection φ(C) of the primary
cube C = [0, 1]3. We also show three edges of △1 in the directions φ(1, 0, 0), φ(0, 1, 0), and φ(0, 0, 1),
as well as a yellow, a red, and a blue lozenge.
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The Lozenges. Our two-dimensional tiles are lozenges. A lozenge is defined as the projection267

under φ of a two-dimensional face of the cubic grid □. Since the faces of □ have three268

possible orientations, there are exactly three types of lozenges. Blue, red, and yellow lozenges269

are respectively the projections of square faces with normal directions (1, 0, 0), (0, 1, 0), and270

(0, 0, 1).271

4.2 From Tilings to Roofs (Thurston’s Theorem)272

William Thurston showed that any lozenge tiling T of a simply connected region R can be273

lifted through φ−1 to a monotone stepped surface of the cubic grid □, where monotonicity is274

considered with respect to the direction 1. This surface is unique up to translations in the 1275

direction. By fixing the height of a single point, the lifting φ−1 is therefore uniquely defined.276

In [6, 7], this surface φ−1(T ) is called the roof of the tiling T .277

▶ Theorem 6 (Thurston). Any lozenge tiling T of a simply connected region R of the278

triangular grid △ can be lifted to a surface of the cubical 2-complex, denoted φ−1(T ) and279

called the roof of T , such that the projections of the square faces of the roof are exactly the280

lozenges of T .281

Moreover, the height of a vertex v ∈ R0 is defined as the value x + y + z of the unique282

point in φ−1(v) that belongs to the roof φ−1(T ). This height is defined up to an additive283

constant, but height differences are unambiguous and play a central role in what follows.284

Figure 13 An excluded region. The regions with holes are excluded from Thurston theorem
because they admit tilings which can not be lifted in monotone surfaces of the cubic complex □.

4.3 From Roofs to Directed Cuts285

At this point, we depart from the standard geometric viewpoint introduced by Thurston286

to adopt a graph Theoretical Computer Science framework (directed cuts and difference287

constraints systems) that is best suited to address the algorithmic questions arising in the288

computation of lozenge tilings with local constraints.289

The Ascendant Graph HR of Cubes and Its Projection. With our notation, each cube290

(x, y, z) + [0, 1]3 of □3 is identified with its base point (x, y, z), yielding a natural one-to-one291

correspondence between □3 and Z3. We define □3
R ⊂ □3 as the set of cubes whose base292

points project into the region R, that is, such that φ(x, y, z) ∈ R. Equivalently, □3
R consists293

of infinite stacks of cubes φ−1(φ(x, y, z)) above the vertices φ(x, y, z) ∈ R in the direction 1.294

We endow □3
R with a directed graph structure, called the ascendant graph and denoted295

HR = (□3
R, ∧R). There is a directed edge (x, y, z) + [0, 1]3 → (x′, y′, z′) + [0, 1]3 in ∧R if296

and only if the following two conditions hold:297

(a) the cube (x′, y′, z′)+[0, 1]3 is one of the three cubes (x+1, y, z)+[0, 1]3, (x, y+1, z)+[0, 1]3,298

or (x, y, z + 1) + [0, 1]3. In other words, edges of HR go from a cube to one of its three299

face-adjacent cubes of height exactly one unit higher.300
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(b) The projection of this edge by φ, φ(x, y, z) → φ(x′, y′, z′), is an edge of the triangular301

grid belonging to the region, that is, φ(e) ∈ △1
R.302

When the boundary of the region folds back onto itself, Condition (b) prevents the303

introduction of spurious edges.304

By construction, the edges of the ascendant graph HR correspond to square faces of the305

cubic grid whose projections by φ are either entirely contained in R or overlap boundary306

edges of R. This observation will play a central role in the sequel.307

▶ Remark 7. The projection of an edge of HR from (x, y, z) + [0, 1]3 to (x + 1, y, z) + [0, 1]3308

is precisely the lozenge overlapping the edge φ(x, y, z), φ(x + 1, y, z) of the triangular grid.309

The same remark holds for the two other coordinate directions.310

The ascendant graph HR is acyclic, hence a directed acyclic graph (DAG). Moreover,311

it is invariant under translations by vectors of the form (k, k, k) with k ∈ Z, and therefore312

admits a Z-periodic structure. This periodicity is essential and will be exploited later.313

Roofs as Directed Cuts of the Ascendant Graph. We now return to the roof associated314

with a lozenge tiling T of a simply connected region R and interpret it as a directed cut of315

the ascendant graph HR.316

Each square face of the roof is adjacent to a pair of cubes (x, y, z) + [0, 1]3 and (x′, y′, z′) +317

[0, 1]3, where (x′, y′, z′) equals one of (x + 1, y, z), (x, y + 1, z), or (x, y, z + 1). Since the318

projection of this square face by φ lies in the region R, both cubes belong to □3
R and therefore319

define an edge of HR. It follows that the square faces of the roof correspond exactly to a320

subset of edges of the ascendant graph.321

We now introduce the notion of a directed cut (or dicut) of a directed graph. A dicut is a322

partition of the vertex set into two non empty subsets that we denote bottom and top such323

that all edges crossing the cut are directed from bottom to top. The difference between a324

simple cut and a dicut is illustrated in Fig. 14).325

Figure 14 Cuts and dicuts. On the left, a directed graph. In the middle, a cut is drawn. It is
not a dicut because the edges from one part to the other are not uniformly directed due to the red
directed edge. On the right, a dicut with bottom in green and top in blue.

One of the properties that we use in the following is that a directed path in a directed326

graph cannot be cut twice by a dicut.327

The roof of the tiling T being a monotone surface, it provides a partition of the cubes of328

□R which are above and below it. This partition is a dicut of HR.329

▷ Claim 8. The roof of a tiling T of a simply connected region R defines a dicut of the330

ascendant graph HR.331
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At this stage, the correspondence is only one-way. While the roof of a tiling of R always332

induces a directed cut of the ascendant graph HR, the converse is not true in general: there333

exist dicuts of HR whose projections (the projections of the square faces separating the two334

sides of the cut) do not form a valid tiling of the region R, because some projected lozenges335

may overlap boundary edges of R or violate interior constraints.336

From the algorithmic perspective of solving an instance of Tiling(R, X1, X2), the central337

question therefore becomes the following: under which conditions does the projection of338

a dicut of the ascendant graph HR yield a valid tiling of the region R satisfying the non339

overlapping and saliency constraints encoded by X1 and X2?340

4.4 Encoding the Local Constraints by Unbreakable Edges341

We arrive at the step where the dicut perspective is essential. We express the constraints342

that a dicut must satisfy for providing a valid solution of Tiling(R, X1, X2) by introducing343

the notion of unbreakable edges. Certain edges of the ascendant graph must not be crossed344

by a dicut, because cutting them would produce projected lozenges that violate the tiling345

constraints. We now explain how the non overlapping and saliency constraints translate into346

unbreakable edges in HR.347

Non Overlapping Constraints. The first type of constraint enforces that no lozenge overlaps348

either a boundary edge of ∂R or an interior edge belonging to X = X1 ∪ X2. Consider,349

for instance, an edge of the triangular grid between the vertices φ(x, y, z) and φ(x, y, z + 1)350

that must not be overlapped by a lozenge. By Remark 7, the lozenge overlapping this351

edge is exactly the projection of the square face separating the cubes (x, y, z) + [0, 1]3 and352

(x, y, z + 1) + [0, 1]3.353

Therefore, forbidding this overlap is equivalent to requiring that the directed edge of HR354

from (x, y, z)+[0, 1]3 to (x, y, z+1)+[0, 1]3 does not belong to the dicut. The same restriction355

applies to all translated pairs (x + k, y + k, z + k) + [0, 1]3 and (x + k, y + k, z + k + 1) + [0, 1]3356

for any k ∈ Z. In other words, all directed edges between these pairs of cubes are declared357

unbreakable. Conversely, if a directed cut does not cut any of these unbreakable edges, then358

the corresponding lozenge overlapping the edge φ(x, y, z), φ(x, y, z + 1) cannot appear in the359

projection. Equivalent claims hold for the two other directions. It shows that by declaring360

unbreakable some pairs of cubes (x+k, y+k, z +k)+[0, 1]3 and (x+k, y+k, z +k+1)+[0, 1]3361

for any k ∈ Z, we exactly encode the non overlapping constraints.362

Saliency Constraints. We now consider the saliency constraints imposed by the edges of X2.363

Assume that the edge e between the vertices φ(x, y, z) and φ(x, y, z + 1) belongs to X2. The364

saliency constraint requires that the two lozenges adjacent to e have distinct orientations.365

To encode this condition in the ascendant graph, we introduce four families of cubes for366

each integer k:367

Lk = (x + k, y + k − 1, z + k) + [0, 1]3,

Rk = (x + k − 1, y + k, z + k) + [0, 1]3,

Fk = (x + k, y + k, z + k) + [0, 1]3,

Bk = (x + k − 1, y + k − 1, z + k) + [0, 1]3,

368

as illustrated in Fig. 15. Each of these cubes has a face whose projection is a lozenge adjacent369

to or overlapping the edge e.370
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Figure 15 The Bk, Lk, Rk and Fk cubes for a given integer k around an edge e of the
triangular grid.

Figure 16 The different potential cuts of the ascendant chain Bk → Lk/Rk → Fk → Bk+1

and the corresponding tiling configurations

With this notation, the non overlapping constraint on e is expressed by declaring the371

edge from Fk to Bk+1 unbreakable. We now show how the saliency constraint itself can be372

enforced. The ascendant graph HR contains the following chain of cubes: · · · → Bk →373

Lk and Rk → Fk → Bk+1 → · · · Any directed cut must intersect this infinite periodic374

chain at least once, otherwise one side of the cut would be empty. Several cutting patterns375

are possible, as shown in Fig. 16.376

Cutting the two edges Bk → Lk and Bk → Rk satisfies the saliency constraint (Case 1 in377

Fig. 16). In contrast, cutting Bk → Rk together with Lk → Fk (Case 2), or symmetrically378

cutting Bk → Lk together with Rk → Fk (Case 2′), produces two adjacent lozenges of the379

same orientation and therefore violates the saliency constraint. Cutting both edges Lk → Fk380

and Rk → Fk is valid (Case 3). Finally, cutting Fk → Bk+1 violates the non overlapping381

constraint on e.382

The conclusion is that the saliency constraint on the edge e is satisfied if and only if the383

two cubes Lk and Rk lie on the same side of the dicut. Equivalently, for every k ∈ Z, the384

pair Lk, Rk must not be separated by the dicut. Thus, the saliency constraint is enforced by385

declaring an unbreakable edge between Lk and Rk for all k.386
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The Enhanced Ascendant Graph HX1,X2
R . A simple way to enforce that two vertices u387

and v of a directed graph belong to the same side of any dicut is to add a pair of opposite388

directed edges: one from u to v and one from v to u. Indeed, no dicut can separate u and v389

without cutting at least one of these edges in a wrong direction. We refer to such pairs as390

unbreakable edges.391

This observation provides a simple mechanism for incorporating non overlapping and392

saliency constraints into the ascendant graph. We denote by HX1,X2
R the enhanced ascendant393

graph, obtained from HR by adding, for every unbreakable constraint induced by ∂R, X1,394

and X2, a pair of edges in opposite directions between the corresponding cubes.395

We can now state the central correspondence between tilings and dicuts.396

▶ Proposition 9. A tiling T is a solution of the generic tiling problem Tiling(R, X1, X2) if397

and only if T is the projection by φ of a dicut of the enhanced ascendant graph HX1,X2
R .398

Moreover, the corresponding dicut is unique up to a global translation along the vector399

1, reflecting the classical height-shift ambiguity.400

Proof. Most of the work has already been done. By Thurston’s theorem, any tiling solution401

T of the region R can be lifted to a roof, which is a dicut of the ascendant graph HR. Since402

the projection of T satisfies the non overlapping and saliency constraints, this dicut does not403

cross any unbreakable edge, and therefore is also a dicut of the enhanced graph HX1,X2
R .404

Conversely, let us consider a dicut of HX1,X2
R . We have shown that the unbreakable edges405

enforce the non overlapping and saliency constraints. It remains to prove that the projection406

of the cut defines a valid tiling of R, that is, that every triangle of the region is covered by407

exactly one lozenge.408

First, assume that a triangle of R is not covered. For instance, consider the triangle with409

vertices φ(x − 1, y, z), φ(x, y, z), and φ(x, y, z + 1). In this case, none of the edges of the410

infinite ascendant chain411

· · · → (x−1, y, z)+[0, 1]3 → (x, y, z)+[0, 1]3 → (x, y, z+1)+[0, 1]3 → (x, y+1, z+1)+[0, 1]3 → · · ·412

is cut. This implies that one side of the dicut is empty, which contradicts the definition of a413

dicut. Hence, every triangle of R is covered by at least one lozenge.414

It remains to show that no triangle is covered by more than one lozenge. Assume that the415

same triangle φ(x − 1, y, z), φ(x, y, z), φ(x, y, z + 1) is covered twice. Then the corresponding416

ascendant chain above is cut at least twice. This contradicts the property any directed path417

can be crossed at most once by a dicut. Therefore, each triangle of R is covered by exactly418

one lozenge, and the projection of the dicut defines a valid tiling. ◀419

The goal of the next steps is to transform the problem of computing a dicut in the420

periodic graph HX1,X2
R into a system of difference constraints. This type of reduction is not421

specific to the graph HX1,X2
R : it applies more generally to Z-periodic directed graphs. Since422

a full general treatment is beyond the scope of this paper, we only illustrate the mechanism423

in Fig. 17, using Z-periodic graphs different from HX1,X2
R . The purpose of this illustration is424

to provide intuition for why dicuts in Z-periodic graphs can be characterized and computed425

via systems of difference constraints.426

.427

4.5 From Dicuts to Height Functions428

Any dicut of the enhanced ascendant graph HX1,X2
R can be characterized by the heights of429

the highest cubes belonging to the bottom part of the cut. Equivalently, a dicut induces430
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Figure 17 Computing a dicut in a Z-periodic graph can be reduced to difference
constraints systems. In a) and e), an ascendant Z-periodic graph G decomposed in layers of
different heights. In b) and f), the graph is projected into one layer and each edge is weighted by
the height difference between its target and source. In c) the difference constraints system has a
cycle of strictly negative total weight. Then in this case, the graph G has no dicut, as shown in d),
due to the infinite descending path. In g), there is no absorbing cycle. The difference system admits
solutions which can be lifted in a dicut.

an integer-valued function h : R0 → Z, defined on the vertices v of the triangular grid,431

where h(v) is the maximum height of a cube of φ−1(v) and that lies below the cut (with432

the association cube (x, y, z) + [0, 1]3 / point (x, y, z) that we use, the height of the cube433

(x, y, z) + [0, 1]3 is the height of the point (x, y, z)).434

The function h is defined up to an additive constant, reflecting the invariance of HX1,X2
R435

under translation by the vector (1, 1, 1). Up to this global shift, h coincides with Thurston’s436

classical height function associated with lozenge tilings.437

4.6 From Height Functions to Difference Constraints438

Each directed edge cu → cv of the enhanced ascendant graph HX1,X2
R induces a local

constraint on the height function h. Here cu (resp. cv) is a cube projecting onto a vertex u

(resp. v) of the region R. We denote by w(u, v) the fixed height increment associated with
this edge, namely

w(u, v) = height(cv) − height(cu).

Let c′
v be the highest cube based in φ−1(v) that lies below the cut. By definition, its439

height is h(v). By the Z-periodicity of the graph HX1,X2
R , the directed edge cu → cv appears440

at all vertical levels. In particular, there exists a cube c′
u based in a point of φ−1(u) such441

that c′
u → c′

v is an edge of HX1,X2
R . Since this edge has height increment w(u, v), the cube442

c′
u has height h(v) − w(u, v).443
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As c′
u lies below the cut, we must have h(u) ≥ h(v) − w(u, v), or equivalently,

h(v) − h(u) ≤ w(u, v).

Thus, each directed edge of HX1,X2
R yields a difference constraint on the height function h.444

In the enhanced ascendant graph HX1,X2
R , the value of w(u, v) depends only on the type445

of the edge. There are three types of edges:446

1. The original ascendant edges of HR, which go from a cube to one of its three upper447

adjacent cubes. These edges increase the height by 1 and therefore have weight +1.448

2. The descending edges added to encode non overlapping constraints through unbreakable449

edges (arising from ∂R and from X = X1 ∪ X2). These edges go from (x, y, z) + [0, 1]3 to450

(x − 1, y, z) + [0, 1]3, (x, y − 1, z) + [0, 1]3, or (x, y, z − 1) + [0, 1]3, and decrease the height451

by 1. Their weight is −1.452

3. The unbreakable edges encoding saliency constraints, which connect pairs of cubes at the453

same height (such as the cubes Lk and Rk). These edges have weight 0.454

Collecting all such inequalities yields a system of difference constraints whose variables455

are the values h(v) for v ∈ R0. In Section 2, we have denoted by DC(R, X1, X2) the weighted456

directed graph encoding these constraints. This last step ends the sequence of transformations457

of the generic tiling problem Tiling(R, X1, X2) and proves Theorem 3458

▶ Theorem 3. There is a one-to-one correspondence between tiling solutions of Tiling(R, X1, X2)459

and integer-valued functions h : R0 → Z satisfying the system of difference constraints induced460

by DC(R, X1, X2), up to an additive constant.461

Absorbing Cycles and Feasibility. A classical result on systems of difference constraints462

states that such a system is feasible if and only if the associated weighted directed graph463

contains no cycle of strictly negative total weight. These two cases are illustrated in Fig. 11.464

It shows the next corollary of Theorem 3.465

▶ Corollary 10. A tiling instance Tiling(R, X1, X2) admits a solution if and only if the466

graph DC(R, X1, X2) has no cycle of strictly negative weight.467

When there is no cycle of strictly negative weight, a feasible height function can be468

computed using classical shortest-path algorithms for graphs with possibly negative weights,469

such as the Bellman-Ford algorithm [1]. The resulting height function directly defines a dicut470

of HX1,X2
R and therefore a valid tiling of the region R. It provides the first algorithm that we471

now discuss with its variants.472

5 Algorithms473

We now discuss the algorithms that can be used to solve the system of difference constraints474

induced by DC(R, X1, X2), which encodes the generic tiling problem Tiling(R, X1, X2).475

We start with the Bellman–Ford algorithm, then revisit Thurston’s classical algorithm and476

present the advancing surface algorithm. We conclude the section with the special case where477

the underlying region is the infinite triangular grid subject to finitely many local constraints.478
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5.1 Bellman-Ford479

The Bellman–Ford algorithm is the standard method for solving systems of difference480

constraints [1]. Given a weighted directed graph, it detects the presence of a cycle of strictly481

negative total weight, and otherwise computes a feasible assignment of distances satisfying482

all constraints. Its time complexity is O(|V ||E|) for a graph with vertex set V and edge set483

E.484

A direct strategy for solving Tiling(R, X1, X2) consists of first constructing the weighted485

directed graph DC(R, X1, X2), which can be done in linear time with respect to the size486

of the region, and then applying the Bellman–Ford algorithm to the resulting system of487

difference constraints. This approach is illustrated in Figs. 4 and 3.488

In the graph DC(R, X1, X2), the vertex set is R0, and the number of edges is linear489

in |R0|. Therefore, running Bellman–Ford on DC(R, X1, X2) requires O(|R0|2) time or490

equivalently O(|R|2) time. In particular, for the Calisson puzzle Tiling(9n, ∅, X2), where491

|R| = Θ(n2), the Bellman–Ford approach runs in time O(n4).492

5.2 Thurston’s Algorithm Revisited493

Thurston’s classical algorithm applies to simply connected, bounded regions without interior494

constraints, that is, to instances of the form Tiling(R, ∅, ∅). Its efficiency relies on the495

special structure of the graph DC(R, ∅, ∅) when R is bounded.496

By construction, every boundary edge of R appears in DC(R, ∅, ∅) with weight +1 in the497

positive orientation and −1 in the opposite orientation. Consequently, if the total weight498

of the boundary cycle is x in one direction of traversal, it is −x in the other direction. It499

follows that if the total weight is nonzero in either direction, then the instance is not tilable.500

We now assume that the boundary cycle has total weight zero. In the setting of501

Tiling(R, ∅, ∅), the graph DC(R, ∅, ∅) contains no negatively weighted edges in the interior502

of the region.503

We recall a classical observation underlying Thurston’s algorithm: if a region R satisfying504

the previous boundary condition is nevertheless not tilable, then there exists a shortcut505

between two boundary vertices, meaning a path in the interior whose total weight is strictly506

smaller than that of the corresponding boundary path.507

Indeed, if R is not tilable, Theorem 3 implies that DC(R, ∅, ∅) contains a cycle of strictly508

negative total weight. Since all negatively weighted edges lie on the boundary, such a cycle509

must involve at least two boundary vertices. Let (vi) denote the sequence of boundary vertices510

encountered along this cycle. For at least one pair (vi, vi+1), the interior path connecting511

them has strictly smaller weight than the boundary path between the same vertices, yielding512

a shortcut.513

We now come back to Thurston’s algorithm and explain how it works. First, it computes514

the heights of the boundary vertices by traversing ∂R. If the total weight of the boundary515

cycle is nonzero, the algorithm immediately concludes that R is not tilable. Otherwise, since516

all interior edges have nonnegative weight, the algorithm computes the remaining distances517

in DC(R, ∅, ∅) using a Dijkstra-like shortest-path procedure. If, during this process, the518

distance of a boundary vertex is decreased, a shortcut has been detected and the region is519

not tilable. If no such decrease occurs, the computed distances/heights define a valid tiling520

of R.521

This algorithm runs in time O(|R| log |R|).522
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5.3 The Advancing Surface Algorithm523

We now present the advancing surface algorithm for solving tiling instances Tiling(R, X1, X2)524

with interior non-overlapping and saliency constraints. Unlike the previous approaches, this525

algorithm does not compute a height function on the vertices of the region. Instead, it works526

directly in the graph of cubes by constructing a dicut of the enhanced ascendant graph527

HX1,X2
R .528

The key idea is that it is not necessary to consider the full infinite graph HX1,X2
R . One529

can restrict attention to a finite domain delimited by two extremal dicuts and then compute530

a solution by a graph traversal procedure.531

First step: Lower and Upper Dicuts. As in Thurston’s algorithm, we first examine the532

boundary of the region R. If the directed boundary cycles has nonzero total weight, then R533

is not tilable and we stop. We therefore assume that the boundary cycle has total weight534

zero.535

We temporarily ignore the interior constraints and work in the cube graph H∅,∅
R . The536

boundary cycle of R can be lifted to a directed cycle c in this graph. By periodicity, this537

yields an infinite stack of directed cycles, each translated from the previous one by the vector538

1 = (1, 1, 1). If the region R is tilable, the graph H∅,∅
R admits a dicut, and each cycle of this539

stack lies entirely either in the bottom or in the top part of the cut. Consequently, there540

exists a pair of consecutive cycles c0 and c1 such that c0 lies in the bottom part and c1 in the541

top part of the dicut. Then all cubes that can reach a cube of c0 by a directed path belong542

to the lower part of a new dicut, which we call the lower cut. Dually, all cubes reachable543

from a cube of c1 belong to the upper part of a second new dicut, called the upper cut. Any544

dicut of HX1,X2
R separating c0 and c1 must lie between these two extremal cuts.545

The first step of the algorithm therefore consists in computing the lower and upper dicuts546

of H∅,∅
R using Thurston’s algorithm. Either this step determines that R is not tilable, or it547

provides the two extremal dicuts.548

Second step: Incorporating Interior Constraints. Assuming the first step succeeds, we549

now incorporate the interior constraints given by X1 and X2. These constraints introduce550

additional directed edges in the enhanced graph HX1,X2
R , which may create new predecessors551

for cubes in the lower cut.552

The second step consists of a graph traversal starting from the lower cut: we iteratively553

add to the lower part of the lower dicut all cubes that have a directed edge leading to an554

already known cube of the lower part.555

If during this process a cube belonging to the top part of the upper cut is added, then no556

dicut separating c0 and c1 exists. In this case, the instance Tiling(R, X1, X2) is not feasible.557

Otherwise the growth of the bottom part of the lower dicut eventually ends when it remains558

no predecessor to add, providing a dicut of the graph HX1,X2
R and thus a tiling solution of559

Tiling(R, X1, X2) .560

Complexity. The time complexity of the first step is that of Thurston’s algorithm. The561

second step visits only cubes lying between the lower and upper dicuts of H∅,∅
R . The vertical562

distance between these two cuts is bounded by the length of the boundary, namely |∂R|.563

Therefore, the number of cubes in this intermediate region is at most O(|R| |∂R|), which564

bounds the running time of the second step.565

Overall, the advancing surface algorithm runs in time O(|R| |∂R|).566
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In the particular case of the Calisson puzzle Tiling(9n, ∅, X2), the lower and upper567

cuts are trivial: they correspond respectively to the empty and full n × n × n cube. Since568

|R| = Θ(n2) and |∂R| = Θ(n), the advancing surface algorithm runs in time O(n3).569

Figure 18 Solving an instance Tiling(96, ∅, X2) of the Calisson puzzle using the
advancing surface algorithm. All drawn interior edges belong to X2. For a hexagonal region,
the lower and upper cuts are trivial. At each step, the algorithm adds the minimal number of cubes
needed to satisfy a violated constraint. Several additions may occur in parallel.

With a Pencil and a Rubber. Although the mathematical framework underlying the570

advancing surface algorithm is nontrivial, its implementation in the context of the Calisson571

puzzle is remarkably simple. Using only a pencil, an eraser, and a good three-dimensional572

intuition, one can simulate on the paper the successive additions of cubes. The previous573

analysis guarantees that this naive-looking procedure never misses a solution when one exists.574

Figure 18 illustrates several steps of the algorithm applied to one of the instances shown in575

Fig. 2.576

5.4 Deciding whether the Whole Triangular Grid Can Be Tiled577

We now consider tiling instances of the form Tiling(△2, X1, X2), where the region △2 is578

the entire triangular grid and X1 and X2 are two finite sets of input edges. The problem is579

to decide whether such an instance admits a tiling. This problem is of particular interest580

since, to the best of our knowledge, none of the classical algorithms from the lozenge tiling581

literature can be applied in this setting. In contrast, our graph-theoretical framework yields582

a remarkably simple solution. The key idea is to reduce the infinite system of difference583
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constraints induced by the graph DC(△2, X1, X2) to an equivalent system induced by a584

finite graph.585

Decomposition into Positive and Negative Graphs. We now describe this reduction directly586

on the infinite graph DC(△2, X1, X2). The strategy consists in decomposing it into two587

directed weighted graphs, called the positive graph G+ and the negative graph G−.588

The positive graph G+ contains all strictly positively weighted edges of DC(△2, X1, X2)589

and their incident vertices. Its vertex set is △0, hence it is infinite. By construction,590

all its edges are directed along the three lattice directions and have weight +1. As a591

consequence, the graph G+ has an infinite number of vertices but it is highly regular and592

its distance function can be computed explicitly (Fig. 19).593

The negative graph G− contains all edges of weight 0 or −1, namely the edges encoding594

the non-overlapping constraints of X1 ∪ X2 and the lateral edges encoding the saliency595

constraints of X2, together with their incident vertices. Since X1 and X2 are finite, the596

graph G− is finite.597

We now construct a finite graph G+− as follows. Starting from G−, we add a directed598

edge from any vertex u of G− to any other vertex v of G−. The weight of this new edge is599

defined as the distance from u to v in the positive graph G+.600

▷ Claim 11. The system of difference constraints induced by the infinite graph DC(△2, X1, X2)601

is feasible if and only if the system of difference constraints induced by the finite graph G+−
602

is feasible.603

Proof. We first prove the forward implication. Assume that the system of difference con-604

straints induced by G+− is not feasible. Then G+− contains a directed cycle of strictly605

negative total weight. By construction of G+−, each positively weighted edge of this cycle606

corresponds to a shortest path in the positive graph G+. Replacing each such edge by the cor-607

responding path yields a directed cycle in DC(△2, X1, X2) with the same total weight. Hence,608

DC(△2, X1, X2) contains a strictly negative cycle, and its system of difference constraints is609

not feasible.610

Conversely, assume that the infinite graph DC(△2, X1, X2) contains a directed cycle of611

strictly negative total weight. This cycle necessarily contains at least one edge of non-positive612

weight, and thus intersects the negative graph G−. Any maximal subpath of this cycle613

consisting solely of positively weighted edges can be replaced by a single edge of G+− whose614

weight is the corresponding shortest-path distance in G+. This replacement does not increase615

the total weight of the cycle. As a result, we obtain a directed cycle of strictly negative total616

weight in G+−, showing that the system of difference constraints induced by G+− is not617

feasible. ◀618

The claim 11 allows us to reduce the infinite system of difference constraints associated619

with DC(△2, X1, X2) to the finite system induced by G+−. The resulting algorithm for620

solving Tiling(△2, X1, X2) consists in constructing G+− and running the Bellman-Ford621

algorithm on it.622

The distances in G+ can be computed in constant time using the formula

d(φ(x, y, z) → φ(x′, y′, z′)) = (x′ − x) + (y′ − y) + (z′ − z) − 3 min{x′ − x, y′ − y, z′ − z}

illustrated in Fig. 19. If n denotes the total number of edges in X1 ∪ X2, then the number623

of vertices of G+− is O(n), and the number of edges is O(n2). Consequently, Bellman–Ford624

runs in time O(n3). This proves Corollary 5.625
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Figure 19 Distances in the positive graph G+ on the triangular grid. For vertices
φ(x, y, z) and φ(x′, y′, z′), the distance is d = (x′ −x)+(y′ −y)+(z′ −z)−3 min{x′ −x, y′ −y, z′ −z}.

This final algorithmic result illustrates once again that the graph-theoretical and difference-626

constraints layer added to Thurston’s theory is not merely a reformulation, but a powerful627

extension that makes it possible to solve tiling problems far beyond the scope of classical628

methods.629

Perspectives630

A natural direction for future work is to investigate whether the graph and difference631

constraints overlay introduced in this paper can be extended to other tiling problems that632

admit a height-function formulation. Is this approach specific to lozenge tilings or does it633

apply to a broader class of planar tilings whose configurations can be encoded by monotone634

surfaces?635

As an illustration, Fig. 20 shows how domino tilings with interior non-overlapping636

constraints can also be solved by reducing the problem to a system of difference constraints637

and computing shortest paths. This example strongly suggests that the graph-theoretical638

framework developed here may provide a unifying algorithmic viewpoint for a wide range of639

constrained tiling problems.640
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Figure 20 Domino tilings computed via shortest paths. On the left, two instances of
domino tilings with interior edges (shown in orange) that must not be overlapped. The corresponding
weighted directed graph encoding the difference constraints contains blue, black, and red edges.
Blue edges have weight +1 and are oriented clockwise around alternating faces (as on a chessboard).
Black and red edges are oriented in the opposite direction and have weight −1. In the third column,
distances are computed from an arbitrary source. As for lozenge tilings, if the graph contains a cycle
of strictly negative total weight (second row), the tiling instance has no solution. Otherwise (first
row), a tiling solution is obtained by connecting adjacent vertices whose distances to the source
differ by 1.
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